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Prefa Ce 


Problems Plus т HT Mathematics is meant for students who aspire to take the entrance 
examinations of different technical institutions, especially ИТ. In writing this book, І һауе 
drawn heavily from my experience in teaching students preparing for JEE (IIT). Many students 


do well at the board examinations and in their coaching courses, and yet falter at JEE (П f). The 
reasons for this are: 


* They are unable to apply their knowledge to new situations. 


. They often cannot detect the area(s) of mathematics on which a problem is based. At 
JEE (IIT), the student's ability to apply the concepts learnt to new situations is tested. 


A number of concepts from different areas of mathematics are mixed, creating a new 
situation. 


They fail to complete the paper within the given time. 


They are often unable to detect the ‘form’ of the problem. A problem may be set in 
any one of the following forms: 


1. Direct 2. Indirect 3. Inverted 


LJ 


To illustrate the different forms, we take three problems from coordinate geometry. 


: 1 : а 
1. Prove that the points (1, -3), (-2, 1) and И , -2 are collinear. [Direct form] 


2. Find the value of a such that the point (a, -2) is on the diameter of the circle 


x? +y? + 4х - 2y - 20 = 0 through the point (1, -3). [Indirect form] 
3. Find the point whose ordinate is -2 and which is collinear with the points (1, -3) 
and (-2, 1). | [Inverted form] 
Basically, the three problems test the same knowledge, namely the condition of 
collinearity of three points. 
You know that three points (х,, у,); r =1, 2, 3 are collinear if the area of the triangle 
with the points as its vertices is zero, i.e., 


011" ^ 1 
A== | X V2 1| =0. 
2 

ху y 1 

1 -3 1 

1 
Problem 1 is easily solved by proving that 2 -2 1 1-0. 

| 1 

1 -2 1 


For Problem 2, we have to find the third point which is the centre of the circle [or the 
other end of the diameter, because (1, -3) is on the circle]. So, the knowledge of 
finding the centre from the equation of a circle is also required. Here, centre = (—2, 1) 
and (1, -3) satisfies the equation of the circle. So we have to find the value of a such 


(iii) 


‚ collinear, і.е., 
that the. points. (а, -2), (-2, 1) and (1, -3) are coll А 2 


1 
\\ hich хи VITE 4 
' to fi ‚ unknown а by us; 
2), So, we have to find the y using 


1) and (A, -2). Many students find it 
fashion shown above. 


Eor Problem 3, we take any point (2, ~ J 
collinearity of the three points (1, inc 5. He 
ч ' ‘ ie’ 4 n 
litticultto visualise the ‘basics’ of a proble | 
dittic nt practice in a methodical manner to help student, 
| T one through stand 
7 ¢ Tem rd that they have already g andard 
overcome these difficulties. It is assumed | ind ihis lers 
textbooks of the +2 level and know the different mathematical egi si aijo The 
a certain level of difficulty, and are n аду to tackle 
tion or in some cases, additional knowledge. The 
been dubbed Problems Plus. The salient features of 


The aim ot this book is to provide sufficie 


Know how to solve problems up to 
problems which require a bit more applica 
collection of these problems has, therefore, 
the book are: 
* At the beginning of every chapter, a summary 
techniques are given, with examples wherever necessary. 


tricks, techniques, etc., have been given and marked with the icon 


A large number of problems of higher-difficulty level have been worked out. These 
include many problems already set in competitive examinations, and which illustrate 
an important point or technique, and many newly framed ones. Since basic 
knowledge of the chapter is assumed, the Selected Solved Examples section starts with 
problems with slightly higher level of difficulty. 
A large number of the problems in the exercises are newly framed. They have been 
put in short-answer, long-answer and objective forms. Problems have been given in 
direct, indirect and inverted forms. 
At the end of each chapter there is a time-bound chapter test. Students should try to 
finish the test within the time indicated. 
At the end of the book, seven practice tests, based on the knowledge of all the 
chapters, are given. 
* This is followed by Miscellaneous Exercises. This will help the reader in gaining 
confidence in solving problems without prior knowledge of the chapter(s) to which 
the problems belong. d 


of facts, formulae and working 
A number of finer points, 


The book contains about 1000 worked-out problems and about 4000 problems given as 
exercise. After going through this book, I am certain that the readers will find themselves more 
comfortable and confident in facing new problems: Any suggestion to improve the book will 
be thankfully received. NT 


Asit Das Gupta 


Note to the Third Edition 


! am grateful to the students and teachers, particularly Dr S S Chawla of FIITJEE for sending 
invaluable suggestions. In this edition a number of new problems have been added, especially 


1) 


in Miscellaneous Exercises. 
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(iv) 


CONTEHNLS 


Algebra 
1. Progressions, Related Inequalities and Series 
2. Determinants and Cramer's Rule 


3. Equations, Inequations and Expressions 
4. Complex Numbers 


5. Permutation and Combination 
6. Binomial Theorem for Positive Integral Index 


7. Principle of Mathematical Induction (PMI) 
8. Infinite Series 


9. Matrices 


Trigonometry 
1. Circular Functions, Identities 
2. Solution of Equations 
3. Inverse Circular Functions 


4. Trigonometrical Inequalities and Inequations 
5. Logarithm 


6. Properties of Triangle 
7. Heights and Distances* 


Coordinate Geometry 


-.. 1. Coordinates and Straight Lines 
2. Pair of Straight Lines and Transformation of Axes 
3. Circles 
4. Parabola 
5. Ellipse and Hyperbola 


Calculus 


1. Function 
2. Differentiation 
3. Limit, Indeterminate Form 
4. Continuity, Differentiability and Graph of Function 
5. Application of dy/dx 
6. Maxima and Minima 
7. Monotonic Function and Lagrange's Theorem 
8. Indefinite Integration of Elementary Functions 


(v) 


A-3 
А-39 
А-69 
А-115 
А-151 
А-181 
А-207 
А-235 
А-245 


В-3 
В-25 
В-37 
B-47 
B-57 
B-63 
B-85- 


C-3 

C-31 
C-43 
С-75 
C-93 


D-3 
D-15 
D-29 
р-41 
D-57 
D-67 
D-83 
D-95 


aw 


OR нде тты нығына. 


ctions 
9. Indefinite Integration of Rational and Irrational Fun 


10. Definite Integration i 

11. Properties and Application of Definite QE | 
12. Area _ | | 
13. Differential Equation of the First Order 


Vectors 


1. Vectors and Addition of Vectors 
2. Product of two Vectors 

3. Product of three or more Vectors 
4. Application of Vectors 


Probabilit 
1 


s.. 


Algebra 


1. Progressions, Related Ine 


quali ilies and Series 


Recap of Facts and Formulae 


1. General forms of progressions 


ү) An arithmetic progression is known by its first term 
MG ‘ TS 


д and the common difference d. So while solving а 
problem on AP, we have to take the first term and 
the common difference. If given then take them as 
they are given, otherwise assume the first term =a 
and the common difference - d. 


General form of an AP is a, a 4 d, a 2d, a + За, ... . 


If three or four numbers in AP are to be considered, 
they can be taken conveniently as a-d, a, a +d or 
a-3d,a-d,at+d,a+3d. 


(b) A geometric progression is known by its first term a 


(c) 


2: 


and the common ratio r. So while solving a problem 
on GP we have to take the first term and the 
common ratio. If given then take them as they are 
given, otherwise assume the first term =a and the 
common ratio - r. 


: NIE 
General form of a GP isa, ar, ar^, ar^, ... . 


If three or four numbers in GP are to be considered, 
they can be taken conveniently as 


a a a 3 
—,0,87 OF r—rar, ar”. 
r p3 T 
^ harmonic progression is known by the AP formed 
by the reciprocals of its terms. 
General form of an HP is 
1 1 1 1 


а a4d a42d a43d °°" 


If three or four numbers in HP are to be considered, 
they can be taken as 


1 1 1 


oy 


a+d 
1 1 1 
a-3d а-а a+d a+3d 


Or 


respectively. 


Classification of a given progression 


When we are required to verify whether a given 
sequence is in AP, GP or HP we proceed as follows: 


Tem 


NOR TERRITI me 


e The arithmetic mean А of n numbers пу, Az @з, ... 


(here t, = nth term) 


* Ift, — f, у = constant, for all и 22 


then the sequence is in АР. 


If 


= constant, for all n > 2 
п-1 


then the sequence is in GP. 


1 
pcc 
hd 


then the sequence is in HP. 


= constant, for all n > 2 
n-i 


. Relations between variables and facts about AD 


nth term = Ё, = а + (и — 1)d. 


Sum to n terms = S, -5 Qa + (n — 1d) = ^ {а + t,,}. 


By knowing the sum to n terms of an AP we can know 


the nth term using f, = S,,—5S,,_4. 


The terms of an AP are either increasing (when d > 0) 
or decreasing (when d < 0), i.e., 
tn> tn- or 


In the AP 2,,25, аз, 


tn <ta- for all ı1 > 2. 
... , à, we have the following: 
42 — 04 = 43—05 =... = Ay -Я 1 
= common difference 
Ai +4, =4,+4,_,=... = constant 
ау + К,а» + К,аз + k, ... , a, + К are also in AP 
fork» 0 or k<0 
a, x К,а» x К,аз x k, ... , au x k are also in AP 
for any k 
п, аз, 95, ... are also in AP 


1 2 
ар, Ap + ge Ap + 2gr +++ ATE also in AP. 


e The arithmetic mean A of two numbers а, b is 


a+b 

773 | 
,8,418 
ау + 92 +93 +... + n 

о‏ ی کے 

n 


ПИТ 
nun рс д... А 
bers are Mserted between a and b such that 


Ay, | 
Vela; eg, б\н, b are in AP then 
A ------ jos 
А, Зач (гат 1) fom 
na] 
+h 
and A, 4. Азы As euo Ad rb 


a 


pe 


2 Relations between variables and facts about GP 


nth term = hisar”), 


„п 
Sum of i terms = S„ = Mer | 
l-r 


a 
l-r 
* Ву knowing the sum to п terms of a GP we can know 

the nth term using f, = 5,-5 


Sum of infinite terms = § = provided | r | <|. 


п- 1: 
* In a GP оғ Positive terms the terms are either 
increasing (when ; > l)or decreasing (when r < 1), 


e InaGP 1, 05, 05, ... , a, we have the following: 


(5 43 ay 
а. ^з == comm 1 
а m an mmon ratio 


MAr = Aa Ap A S PT constant 
Ai- К, 45 - К,аз - k, 47 k are also in СР, (к= 0) 
Чт, A3, A5, ... are also in СР 
4, Ap a qr p «29, ... are also in GP. 
* The geometric mean G of two numbers a and р is 


G = Vab. 


e The geometric mean G of 17 numbers a,, Az, A3, ... , A, iS 


H 
С = Ya, +a, Рет 


* If i numbers are set between а and b such that 
а, Gi, Gs, ... , G,, b are in GP then 


1 


bın +1 
Gn = ar" where r = В 


а 


and G,.G,.G,... С, = (Naby". 


5. Relations between variables and facts about HP 


1 


* nth term = f, = nth term of corresponding AP ` 


e Ifa, а», ау, ... , a, are т HP then 


1 


й,-1 


В 71 
92 а ау а, 


= = = constant. 


1 
ay 
* The harmonic mean of two numbers a and b is 


H- 2ab 


a+b 
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mean of п nonzero Dump, 
| S 


harmonic 
Uy 15 


. The 


Ay, 05, 03, oo 


If i1 numbers are set between a and b such that 
* ІШ - 2 M | б S 
a, H,, H Hy, b are in НР then 
„І, 2 see 


1 sre = қ Г 
Ни == where d=" 


—+ md 
a 


6. Relations between AM, GM and HM 
—establishing inequalities of positive numbers 

- For two numbers, AH = С°, i.e., А, G, H are т GP 

e For two positive numbers, A 2 С>Н, 
equality holding for equal numbers. 

• For n nonzero positive numbers, A > G > Н, 
equality holding when all the numbers are equal, 


7. Summation of series of natural numbers, 
n 
>нбеху 1= n 
itel 


H 
0 0 
6 5 n ag pI ES 


п= 1 


H n(n + 1) 
e X Pe DEL I. а 

Hsi 

s 2124224324 42,01 * Dn + 1) 
e У п? t. = ы” 
П-1 6 

S nmn-ly? (" y 
6 У шымды : | =| Ул 

= N=] 


e E п* can be found by using the identity 
H-1 


K^- 6-1? =5k4— 1064 10425641 


which gives 


n 
=5 > 
k=] 


H n n H 
К%—10 Ж К3510542-59 Ё+У 1. 
К= 


1 k=] k=1 kel 
п п 
2 
Vas) E af +2 У Ai lj, 
i=1 i<j=1 


* (05 054... 


i.e., (Sum of numbers)? 


= sum of squares of numbers + 2 (sum of 
products of numbers taking two at a time) 


Progressions, Related Inequalities and Series 


his formula is useful to find the sum of - The sense NUTS ! "n 
о e d 'oata li i E ПАПЕ, fror 
y jucts of numbers taking буо ata time ifthe : last but one ы ; 1 Қ the 9 - 
Е proc 5 DA і the sum of their : а | risa GP which o S EM to the 
- oe ETS anc ; | itg od 
| sum of the umber | * SOME Series have their terme ; added. 
an be obtained. HMM 


| forms, b th N nome 
" ires € у п ) rear vH ino One , 
squc y “Тап пр the T 
series whi 


For example |2 


two or nore TMS wo о 


ch can be 
~2 13? 4 


\ 1 2 | Tins Pr E 
peu ІП two series as follows; ‚ Càn be 
(1 ЗБ | 


Ay 
тес Т 


| rear ang 
umm ation of related series 
5. Ы 


Ifthe nth term of a series is of the form 
e li 


2 m М 
ы a$ -4 ) 
! = {N 3 + рп ксп } d k] 


kr? 
li 


... © 10 terms) 
~ (2+ 4%6- 
( РО. o TO tore 
and each of the serj ae 

rie ? easi 
| i : $ сап Бе easily summed. 
35 Yn^4cXn + аЛ + Кр : 
MOS oz aS ban’ + CLM + AZ } 
о. Кс ЛТ 4 bE 
then Sp zn 


` 


қ . | | 
be obtained by using the foi mulae for =n”, etc., 9. Method of difference in summation of series 
can be obte \ 

the series Ep " being in GF. 


| • If the nth term of a series can be wri tten as 
; of following forms admit of summation Бу 


iis | tn = f(1) - f(1 +1) 
| 2. the above method (known by X method): n | 
using t | 
G) a.b (a + 4)(ф + с) + (а + 24) + 2c) +... e Sas жыш TN 
which is obtained by the sum of the products of п=1 Hel n=1 


corresponding terms of two (or more) APs. 


= fa) +f(2) а *f(n) 
For example 1-4+3-7+5-10+... 


; СОР " 
in which the first factors 1, 3, 5, ... as well as the (F(2) + 3) +... un 
second factors 4, 7, 10, ... are in АГ. 

(ii) a,a + b, a + 2b c, a + ЗВ + 3c, а + 46 + 6c, ... 
in which the differences of consecutive terms are 


when ‘+’ sign is taken 


or (f(1)*-f(2) +... + fun) 


i : - (F(0) + FO) +... For - 1) 
b, b c, b + 2c, + Зс, ... and these are in AP. : if ( : 4. 
Eon |i : when ^-' si s tak 
, "bins Е 
и | =f(1)- then ‘+’ sign is taken 
(iii) in which the differences of consecutive terms are : -f()-f( 1) Уу ү 8 
b, br, br? and these are in СР. А ог f(n) - f(0) when '-' sign is taken 
А NW, Jr pt | | | P 
X method is not applicable in a series whose nth : , Jf the series be such that the rth term and б "Dn 
gs " annot be written as sum of positive integral : term can be related as follows then also the series can 
term f,, с 
наве of n and powers of constant, ie, : be added. 
; 34 bıı? e cn +d - kp". If t, contains a term of the : (ў) kt =f(r)t,-f(r+ Dty, 
an Л : 
form n-p” or n*p", etc, the X method cannot be : Then | 
Д п п 
applied. | 


Eki-Zf(nt-Ef(r*Ut.i 


r=1 r=1 r=1 


К, =f) ti -f(2: f+ +f (1) + hi) 


E 
In series like a - b + (a + d)br + (a + 2d)br^ + ..., 
which is obtained by the sum of the products of 


E Or 
corresponding terms of an AP and a GP, we get а term | NN ТЕ 
as mentioned above. Such series аге known. as : - (FQ): t а 
arithmetico-geometric series. The method of solving н yo — T n 
қ А = : Or Әя = k tf AAT 
such series is as follows: 


S, = ab + (a + d)br + (a + 2d)br? +... 


+ (a-n—1d)r"^! 


п-1 


Gi) kt, =f (r + Dt +1 “FOr 


Then x 

i n s M 
r-S,= abr + (a + d)br? +... +(а+и-2 d)br : и, = Efe + ea c fOr 
+(a+n—1d)br" um xs 


SC : ht. 

or К, = УВ xfa +f (n)ty) 
К fah +f(2) ht- n 
Subtracting, ` : Е 


(1 - 7)$, = ab + dbr + dbr? +... + db" 71 : _1 
тете H е Or Sn = k 
— (a + n —1 d)br 


„++ Ditra) 


{(п + 10 +1 -fü) * tl. 


о Problems Plus in ІШ Mathemalics 
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Selected Solved Examples 


(2k - 1k? + 6k + 12) = 0 


> . + 
L Prove that square tools of three unequal prime о! 
numbers cannot be three terms of an АР. E 1, other values are imaginary, 
қ —5 = , 
| possible det yp wor be three. terms of ап AP. 2 T ; 
vts M, — where psgz and they are prime : | За 34 1 3b 4,2. gr EE 
тауер. 200. b 2 € 
Ect them be the 4th, pth and vth terms respectively. : a 7 b 4 E u 
‚ or Poo pee ы за 1 
MPERA- Па b 6 с 
: b c a с 
Моби Ту оо 449,225, 4.5 
0 7744 3 14 
ME =A ue ЛИ : 4 b €, 
NP S Ng = (A = ud : ps 14 12 9 d 
and ge vr = (t= v)d : multiplying by 14 x 18, 18a = 21b = 28c 
№ № | А-у : ог 18log x= 21log y = 28log 2 
Ng 3 Vr B EE Ы 21 28 
! : . x Boy 277, 


or OP = NOG + vr) А-у 


Oq ~ Vr)(Nq + vr) = u-v 


3. If x, y, z are real numbers satisfying the equation 


= ы езе Е ,2 2 2 _ T 
Or Ура + Vpr — 4- Vqr = t и. (9 = ғ) 25(9x +y )*9z – 15(5ху + yz + 32x) = 0 


К-У | then prove that x, y, 2 are in AP. 
| — — -— А-и We have 
Ог  Vpg + Npr — Ngr =q kB. , 
; Te и-у =) : (15х)? + (5y) 2+ (32)* - (15х)(5у) 
= rational number. : - (5y)(3z) - (32)(15x) =) 


AS р,д,ғ аге unequal primes, Ура, Vpr and Үй” are : or (15% - 5y) 2 (5y - 32) * (3z – 15x)*=0 
unequal pure irrational numbers. Hence, LHS is : ج‎ 2 2 
irrational. But irrational x rational. Е БИБ ады. 


Hence, the problem. 1 
problem = > а — b)? + (b — c)? + (c-a) 


=  lox-5y-0,5y -3z-0,3z— 15x =0 
2. If3, 3log, x, 3log, y, Лор; z be in АР show that 


; Tm X y z 
rayna : > 15х-5у-32 = 1-53-24) 
Let log x = а, log y =b, log z = c. From the question, 201 xsky-8kz-5k 
log x о : і 
,3198x „1ору Бела. азы ИБ : Sox,y,zarein AP. 
logy ` logz log x 
of 3:3 4, 3 b JE aret AP : 4. For what values of the parameter a are there real 
) а : 
‘ values of x such that BUX g1-* Ü 5x25" ar 
ы NND 5 Ё 
p Irk S2, 27059453 : three consecutive terms of an AP? 
where k is the common difference. : We should have 


Multiplying these, a A | | | 
ee T 2:57 )5' ** + 51-3) + (25% 12525 


(3 + (3 + 2098 + 3k) 7777-269 : be 12585 457) 4 6245-20 

2k? + 11k? + 18k 12 =0 | 55" - 5-2) 2.2.550. 5-12) 
or 2k?-k?. 12k? + 18k - 12-0 | : + {6*5 2+255 
or k*(2k—1) + 6(2k? + 3k - 2) =0 : = SG Б 952. о еж 545 


or k*(2k—1) + 6(2k - 1)(k + 2) =0 "o* 425.242.415. 


Progressions, Related Inequalities and Series A-7 


Ul 


. Let ay, ds, ds ... , d, be in AP where a, = 0 and common 


difference = 0. Show that 


аҙ Ay 45 n 1 1 1 

2, |в... + 

ay tla ay аң sT 2 а; tlg -2 
Ин-т m 


Here t, = 4; =0; 


common difference = d, — 4, = d — Û = 4. 


2. 45 — ay 4 — Ay as — й» Ay 4 - (5 ay 
LHS = + + +... +— + 
2 45 aly 44-2 Qy - 1 
د‎ a Q4 Пн EN y 
———— + + 
da й5 ay [rm c "m -1 
( `. f, — common diff. = ty.) 
2 а, a, (n — 170; 
-(n-3)- -(п-3)-------- 
n-i ai (n — 2)05 
( `. a, = common difference} 
( д п-1 0) 
=(1-3)+ а, = 
n-2 ) 
ау (1 — 2)4- а» 
RHS = к------ 
й- ay + (n x 2)а, 
1 
= (п - 2) + =(п- 3) +1 + 
п-2 1-2 
3) п-1 
= (п - 3) + 
^ n-2 
LHS = RHS. 


6. Prove that (22)? where n е М can be expressed as the 
sum of п terms of a series of integers in AP while 
(211 + 1)? can be expressed as 5, + 1 where s, is the sum 


of an AP of # terms. 
Qu)! 24n? = 4(1 + 3 +5 +... ton terms) 
— 4 + 12 + 20 +... ton terms, 


which is in AP whose common diff. = 8. 
п(п +1) 


1 
2 t 


(2м + 1)?24n? + An + 12 An( n + 1) £1 =8 ° 


=8{1+2+3+...+n}+1 
= {8 + 16 + 24 +... +8п} +1 
= 53 +1 


where s,, is the sum of terms of the AP 8, 16, 24, .... 


7. Let Ay Ay Az --- , Anr ... , be an АР and 
Sk = Aik iii + Ak- пн+2 + (К-а +3 К F Akn 
Prove that Sy Sy 53, ... are in AP whose 
common difference 
= n? x (the common difference of the given AP). 


Here 5ұ-а us FAK 1042 F t Ode. нен 
= [ау + (К - 1rd] + fa, + ((k — 1n + Vd) +... 
+ fa, + (Kk — Туи + (и — 1))4], 
where d = common diff. of the given АР. 
= на: + (k - 1nd . n + {1 + 2 + 3 +... {и – 1)}4 


(n — Оп 
2 


E 
DF d+ eed - Din? 


= на; + d + (k-1)dn? 


Shay =a, + 


Sk +1 = 5= dn? for all k =1, 2, 3, ... 
5,-51-5ҙ-9ҙ-..; $i, Sor $3, ... are in AE. 


The common difference is dn’, ie, n ?^xd, іе, 
n? x (common difference of the given АР). 


8. The sum of > terms of an AP is denoted by S, and 


S 2 

Sa Find the ratio of the mth term and the nth 
n n 

term of the AP. 


Let the first term = a, the common difference - d. 


5, ey [2a + (m — 1)4] 
n 
and $, => [2a + (и – 1)4] 


= {2a + (m - 1)d} 


n 
2 Qa + (n — 1)d) 


m m^ m 2a + (т- 114 
n? n 2a+(n-1)d 


ЖЕ 2а+(т-1)4 т 
2a+(n-—1)d n 

So, putting 2m – 1 for m and 2n — 1 for n we get 

2a + (2/m-1- 1d 2m-1 

Qa+(2n-1-1)d 2n-1 

аз(т-14 2т-1 

-аз(п-1й 2n-1 

mth term _ 21-1. 

nth term 2n-1 


. This is an identity in m and n. 


Or 


9. Let r be the common ratio of the GP ара», Ay ... а, 
Show that 
1 1 1 
А... + 


т m 
ay t 05 


1- T" - n) 


De m o мы Cel ы ыл CM 
m m m m m жетеді: 
а» + аз ан -1 + An 04 (r m -r ту 


! 


TUTTI m UN prr e О pre RR REPRE не 2 


M te ark 


LE N = 1 ] ER 
18 di a © m AL i 
4 + (ar) 2 + (ar) j 


т 
+ : ер 
af, (01-177) 


1 1 1 1 
O ТОЕ т 
Тк" le" a7" ania 
Asa, 15, (5, ... form a GP, their reciprocals 
1 1 1 
E 7 7 407 7 ... 


. 1 
are also іп GP whose common ratio = — - 


ч 


1 n 1 т 1 т ] in 
i i |р] ,... are also 
Again, their powers |) in [s] 


m 
GP whose common ratio will be g . 


Т. pon вт 


д}! (1 +r m + sf 
he pna -n) 


——————— . 
aj" (r т -r Б 


10. The sum of squares of three distinct real numbers 
which are in GP is $°. If their sum is a- S, show that 


a e rua, 3). 


Three numbers in GP are 7 ‚а, ar. As they are distinct, 


ГЕТ, -1. 
a? 
From the question, — +a? + q?r? 2g? .. (1) 
r 
a Я 
апа У +0+27= 0-5 .. (2) 
Let yang Sox + 2, -2 asr + 1, —1. 
r 
xf z d 22 е? 
(1) > a | қам -5 
r 
1Y 4 
Or "t -2 +a =5 
r 
$2 
22415 
42 
92 
ОГ х?-1= ... (3) 
1° 


i Problems Plus in П 


[ew 


T Mathematics 


npe +a=a-S 
S 
= Ф 
ог ах+@ 
5 
or х+1=97 4 
+0° 2 
Фата D = "2-1 
x*1 a? 
Or x-1 
a2 +1 
1 a2 +1 
or E etus 
r7 +1 ағы 
Ө UU 7 21 
or · "e - (a? + 1)r + a” -1=0 
Аз r is real, О > 0 


ог (a2 1)? -4(a? - 1)*20 . 
ог fa? + 1 + 2(02 – 1)} {a7 + 1 — 2(0 - 1)] >0 
ог (83a?^-1)3-a?)20 

either 3a?— 1 > 0 or 3a?-1«0 


and 3-о7>0 and 3-а7<0 
1 E г 
either a? > = а“<- 
3 3 (contradict, 
апа а7<3 and a*>3 | 
2x1 2 
a 23 and а?<3 


1 
From (5), a? = 3, 3 because x = 2,—2 


Also a*#1 for otherwise 


== <1 апа 1<а?<3. 


2 1 
бо ate 8: ua, 3). 


11. Find the sum 
М-2Р.34. 5” 
Also, find the 5 
multiples of 3. 


where P,q,r are positive x 
um of all the proper divisors that? 


[Note 1 WR multiply the three geometric series 


0 1 
а ER gau. 


2 : =1, which іші 


{ 
Of all the proper diviso" 


Progressions, Related Inequalities and Series 


then we get the sum of all the terms of the form 
a‘bic*® where i = 0, 1, 2, ... m; ]=0,1,2,...п апа 
к= 0, 1, 2, ... p, i.e., terms like 
abc, a "p !c9, abc", а 9p 'c!, abc, ар 2с, 
م‎ 'c?, a و‎ ab °c, a Pp 3c", ... 
abc, a !b!c9, a'b? cl, M 
abc, a?b'c?, apc", ... 
a" b" cP. 
Clearly each of the term is a divisor of a "b "c" of which 
a 9b % and a "b "c? are not proper divisors.] 
The sum of all the divisors of 2" . 37.5" 
= 2+2 +2 +2° +... +2”) 
х (3° + 3' +3” + 3° + ... +317) 
x (50+51+-52+53+...+5/) 
93+1 | aqel = ph c 
Sur EY ^ edo 


PAS ag! —1)(5 7! – 1) 


со |= 


But 1, ie, 2°.3%.5° and the number, ie, 2-3.5” 
are not proper divisors. 


the required sum 
elg gr Ne = peiores 
The sum of all the divisors of 27.34-5” that are 
multiples of 3 
= (29421422 4... «29313? 8? 4... 37) 
х (5°+5'+5?+...+5') 


2P+1_1 331-1) 51-11 
2-1 3-1 5-1 


But 2.31.5" is not a proper divisor of the given 
number. 


the required sum | 
3 d. xs 
-ro-.0tT-DrO 1-1)—-2Р.31.5' 


= 5 (0Р*1-1)31-1)(57*1-1)-2”-34.5'. 


12. Two geometric series have the same first term 1. The 
common ratio of the first series is greater than that of 
the second series and both are positive. If 5, and 5, 
denote sum of terms of the two series respectively 

Sn 5и 


« y 
5,1 Sn41 


then prove that 


Clearly Sn, S,,,,, Sn and Sn; are all positive. 


Let a,b be their common ratios respectively So 
а>В>0. 


Sn * Sn 417 $n 417 9n 
= (1+b+b? +... eb" caca? +... жа”) 
-(1+Ь+Ь?+...+Р"у1+а+а°*+...+а"71) 
(1+ +b? +... eb yn +a +a? +... qut 
xatd bep B" pes be 4 
—(14+b4+5b7+...4+5"7') 
хааа terg" À 
-b"[1+a+a? +... +a”) 
=a" rb b +... eb") 
—b"' raa? ura") 
= (a" - b") aba"! apt y ea? АСЫН p^?) 
+... +a" p ab, 


each term of which are positive because а > b > 0 and so 


a" »b" forall n e N. 
' Sn’ Snai Sn +1 «Зи>0 


or Sp +1 Sp < Sn ° Sn +1 


13. If 5,, Sy Sz ..., S, аге the sums of infinite geometric 
series whose first terms аге 1, 2, 3, ..., and whose 
common ratios are L a Р 

23 4 п+1 

2n -1 

PE 


r=1 


respectively 
then find the value of 


The rth series has the first term a =r, 


| 1 
common ratio = sum = 5, 
r+ 


r+1 
бо, S2-(r«1)? 


2n -1 2n -1 
752 = = @+1)2=22+32+42+... + Qny? 


r=1 r=1 
= (124224374... + (2и) 2) – 1 


_2п@п + Dr +1) _ 
А 6 


1 


= поп + 1)(4и + 1) – 1. 


i -0 and 
14. If gis a root of the equation x? - 20x + 64 20 an 
A 
Q=e (1+ Icos 01 + соз 26+ сов Ө! + сов Ag 4. ...to loge 
then find 0 e (0, л). 
Let [соѕ @! = t. Then 


2 
Diese E FERE ge +. e»log, 4 deu 2= ІН | 
1 
шарта БЕ" 
(7 t= Icos 01 <1 in the interval (0, т)! 
-. 
= !8417م‎ L gTr 


But roots of x? — 20x + 64 = 0 
ог (х- 4)(х – 16) = 0 are 4, 16. 


2 1 1 
gta 2 ----1,2,1е.,і-0,- 
4,4 => 1—{ 2 
1 1 1 
м cens Uc ү 
=3, , m пл 2n 
puc 259 ir 


15. Prove that the natural number 777...7 consisting of 


77 sevens is a composite number divisible by a 
inultiple of 7. 


PIT = 7 RIT, 1 


77x[107 +107 £197 +... 1194.1] 
07-1. 


=7х = 
10-1 


107-1 107-1 

XD х ——— 

107-1 10-1 
VAS s P. 

=7х 0007-1. 107-1 
(107)-1 10-1 

=7 x (1+107+10 +... +107) 


х (1+10+102+... 195) 
= 7 x integer x integer. 


Hence the problem. 


16. Given a GP and an AP with positive terms а, 21, d, 
85, ..., By... and b, b, b, by, ..., В respectively 
Where the common ratio of the GP #1. Prove that 
there exists a positive real number x such that 
log, a, — b, = log, a — b for all я М. Also find that x. 


Let the common ratio of the GP be r and the common 


difference of the AP be d. As the progressions have 
positive terms, 


4>0,r>0,a,>0,b>0,b,>0,d>0 forall n. 


Now, a,=ar" and b, =b+nd 


№ Problems plus 1 


e 


n IIT Mathematics 


Anp” and bn- b=nd 
A 
ig 2214 ы 
or 
fn y р if logyr” = nd 
lox n 
logxr =d 
2, nlogyr=nd = x 
1 
=r4>0 
эу ge > X 
- EN 
log; An — Ви =108х 4 b where xz; Sif 
1 1 1 =0, prove that а, 
HP or a, =, care in AP. 
1 
icc ub d: 
Here (153) СЫЛ 
art-b ctet. 
i a(c-b) са b) ; 
1 1 | 
ЕКТІ ИЕК ыа „Кге 
or (a+c Пли; To | 
-b)ta(c- b 
Or СЕТІН = ка Сш P. un | 


асс — b)(a — b) 
either a -c- b «0 EI 


or c(a@-b)+a(c—b)=0 "I 


( => b=a+c 
25 b ate 
2 2 


= 4,5:carein AP. 


(2) = 2ac = bcc ab 


> و‎ € 
“a+c ^7  bisthe HM between a,c 


a, b, c are in HP 


18. Tf the (m + th, (и 1) and (r + 1th terms of an 


are In GP and уп, п, Г are in HP, show that the ratio” 


the common difference to the first term of the 
is—. 
n 

Let the AP be в a + d g + 2q 
Then ғ = өн 

| т +1 2 t md, n1 =a + nd, tr = + Î 
Which are іп GP 

(a 4- nd)? 


= (a тауа + rd) 


Progressions, Related Inequalities and Series A-11 


^» 7 2 2 
or a 24- 2най + па? =a" + (m + r)ad + mrd 
2 2 

or (2n = Qn + r))ad = (Qur =H yd 
d 2n = (т +r) 

= ес E 
а mr-n 

2 ; 

d 2n^—n(mcr) 


ә 
а n(mr =н) 


Б 
2n^-—2umr . 2mr | 

= ————5- | ° m,n,r arein НР = п = —— 
n(mr-n^) | т + "| 


2 
2(1 > = mr) 


= 
= n(n^— mr) 


19. An AB, a GP and an HP have a and b for their first two 
terms, show that their (п + 2)th terms will be in GP if 


2 
jon e s HER, mu 
ba(b 2n -й 211 = я 


Clearly, the common difference of the AP = b — a, 


b 
the common ratio of the GP = –, and the common 
а 


difference of the 


1 1 
HP2---- 
b a 


corresponding АР of the 


(ıı + 2)th term of the AP —f,,5 —a + (n + 1b — a) 
n+l 


: b 
(и + 2)th term of the GP 215,,5-a- H 


(ıı + 2)th term of the HP = £7, 


1 
й (п + 2)th term of the corresponding АР 


1 


a кн n a 


] 
/ 


"_„ are in GP if 


Now, baa о, fina з, f +2 
(Ен 2) = Ён 227 ina 2 
| bı 1+12 a+ (1 +1)(b а) 
= 
i "ura 
a b 


a 


pes? _ авт + 1)b — па} 


Or = 
п?" b + (и + 1)(а – b) 
m ponet | (nr 1)b — па 
atl (n-1).a-nb 


2n + + 2 
Or (n + 1)ab n ! _ nb?" ич Ta l.b— na n+2 


or (п + 1){ab +1 —а?"*1рү=п(Ь?"”*?— а?” * ر2‎ 


Or (n + L)ab(b 2n _ ü чту 2 n(b 211 + 2 =ü 2n + 2), 


, 


2 2 
no] b+ qme«2 


n = ab(b 2” — п 2") | 


20. If P be the rth term when n arithmetic means аге: 
inserted between x and y and Q be the rth term when 
n harmonic means are inserted between x and y then 
P 
show that t Jl is independent of n and т. 


Q 
Let x, Aj, Az, Aş, ... , An, y bein AP ... (1) 
and x, H, H, Hy, ... , Hm y bein HP ... (2) 
According to the question, P = А, , and О-Н, 1. 
Now, from (1), у = (n + 2)th term = x + (п + 1)d 


y-x 
“n+l 


Р = А , = rth term 


и-х 


=x+(r-1)d=x+(r-1)-* 


=i 
P х 
2--1- Eu 
x we DS 
1 1 1 1 1 А 
Now, from (2), » "us gens p HCM 
Icy 2)th term 
y^ ) 
E 
6 + (п + 1)d 
1_1 
ух 
Atl 
Жым c E ыза 
Q Н,. 1 
= 1 
1 1 y x 
IO +(r- 1). = а 
y y 1- 
—-—.-(r-1 - 
Q x (r a 
P а. 
y x 
—+-—=1 1).————-4-«(r-1 
ҰТО УС М ) n+l 
Sigel aN, ге doe E е 
п+1 X X n+l X 
y 


= 1 + = independent of н and r. 
ba 


bÀ А hematics 
5 »1 IIT Mat 
i 4 Problents pup 14+... to n terms 
A-12 212 +13 4 ; 
Б п(п + 23) 
А ne INSTT, 
: allel lines, lines ого n pote 2 
21. Take two sets of m and ii paralle ixi small 4H 4 + | 
set cutting those of the other. os . аге called 2 veller is ahead of the first on the nth 4 
" uses í a | | 
rhombuses are formed. Iwo mon 2 common The second tr eal if ) 
A БИЛ айбанат PAn aud number is (after the secon 
side Pac ase rhombuses а natur: +. the 3 
ie 2... written in a jede i n(n + 23) > (и + 3) 
put st E : А :ahbou BUT 
AM of the numbers written in all its neg’ the 2 
bers put 1л i. 6m 4-9) 
members. Show that all the num 2493n>2(n + п 
1 
rhombuses are equal. or ! - 
There are two possibilities: ap 3G 2_11и+1 
(i) all the numbers are equal (n- 20 - 9) « 0. 
(ii) at least two numbers are different or О 
is nothing to prove. 2»0 and ! Er 
If all the numbers are equal, there is nothing гё со n- : 
If at least two numbers are different, there will Е . 4-340 and п- 9> i) 
smallest number. Select the rhombus with the sma а Or "€ 
number p in it. As p is the AM of the numbers 3 t : а) > "> 2 ап 
neighbouring rhombuses, p must be greater than at leas («2 and n» 9 (absurd) 
one of the numbers in the neighbouring rhombuses. (2) => ! 


a+b 
2 
one but smaller than the other; AM of three numbers 


a+b+e f 
a,b,c is which cannot be smaller than a, b as 


C. AM of two numbers a, b is which is bigger than 


well as c, etc.). In that case p is not the least among the 
numbers put in all the rhombuses. 


Thus the possibility (ii) is absurd. 
Hence, all the numbers are equal. 


22. A traveller starts from a certain place on a certain day 
and travels 1 km on the first day and on subsequent 
days, he travels 2 km more than the previous day. 
After3 days, a second traveller sets out from the same 
place and on his first day he travels 12 km and on 
subsequent days he travels 1 km more than the 


previous day. On how many days will the second 
traveller be ahead of the first? 


The first traveller travels on different days as follows (in 
km) 1, 1 +2,1+2+2,.... 


After 3 days the first traveller is already ahead by 
(1 + 3+5) km, i.e.,9 km. 


The second traveller travels on different days as 
follows: 0,0, 0, 12, 13, 14, ... 


After п days from the da y the second traveller Starts, the 
distance covered by the first 


=1+3+5+(7+9+... to п terms) 


21434524. to (r1 - 3) terms 
= (н +3)? 


and the distance Covered by the second 


PEOR? he 3rd day to the end 
m the beginning oft А i of the 
E e pne traveller is ahead of the first. 


So, the second is ahead of the first on the 3rd, 4th, " 
КТ days (after the second sets off). 


Hence, the required number of days = 7. 


23. 10 <r <1 and m is a positive integer, show that 
(2m + 1)r™ (1 5 r) « 1 __ pure 


21 +1 
Le 


l-r 


21 
=1+r+r?+... +r 


2n 


Silir”) erae, 


u 4 PBA „т (1 
making pairs of e 


quidistant terms from the beginning 
and the end, 


Now, for unequal positive numbers А > G 


14,2?" 2m -1 
— — s ү pam r+r |. .2m-i 
2 2 7 r-t} r 
p™-1 mi 


n 
Кы. pr*!352r 
using (1), 


1- кат «1 


— m 
1-, ?Qr какшы... i 


n 
. tom terms) +r 


= m + т), m 


Vo ete oed nm ЕЗ) 
)r '(1- r), because 1 ~ 7 > 


Progressions, Related Inequalities and Series A-13 


24. If x,y,z are positive and х+у += = 1, prove that 


Eyes 


ЗІ oe ы 
x y 2 


because x +y+z=1 


_ (у+2)(®=+х)(х + y) 
i ху2 


Now, for positive numbers А > С. 


for y, z we get tou > Vyz 


or у+>2\у> M (1) 
For z, x we get алаш 
or zex22wWzx ... (2) 
For x, y we get ^^ > у 
or х+у>2\ху „.. (3) 


Multiplying (1), (2) and (3) we get 
(y + >)(®+х)(х+у)> 8Vyz -ZX (Xy = 8xyz 


(у + 2)(2 + xXx + y) 
ху2 


кее 


25. If a» 0, Б> 0and a+b = 1, show that 


2 8, for xyz »0 


2 2 
(а n + +] > 12.5. 
а b 
a+b=1and a > 0, b > 0, we take 
a = cos ?0, b = sin ?g. 


1\2 2 1 2 1 
3 =а ET EL Tui 


1 2 
Then 4 + i + в + 
= cos 10 + sec ^0 + sin *0 + cosec “0 + 4 
= (cos *0 + sin *0) + (1 + tan 20)? + (1 + cot?0)? +4 
= (cos *0 + sin *0) + (tan *0 + cot ^0) 
+ 2(tan 20 + cot 70) +6 ... (1) 


4 М А 
Now, cos *0 + sin “0 = (cos 20 + sin 29) ? _ 2cos 70. sin 20 


= 


1 . 32 1 
ml--—. >1---. =— 
1 2 sin^2021 2 1 2 


because the maximum value of sin? 20-1 


tan ^0 + cot ^0 


>С 
А>С, 5 


> Ntan 0 . соғ 0. cot 0 =1 


tan ^0 + cot “0 > 2 


tan ?0 20 = 
А>С, En TE > ап вое =1 
tan 20 + cot?0 2 2 
from (1), 


2 2 
(2) ++] >5+2+2. 2+6= 12.5. 


26. If a, b, c axe unequal positive numbers in HP then 
prove that 

a+b c+b 

2a-b 2c-b 


>4. 


a CO 


1 
a, b,c are in HP, — SE 


„using (1) 


Or --->2. 


а+с 2ас _ 


Or 


27. Show that a?(1 + b?) + b (1+ c?) + c?(1 + a?) > барс. 

LHS = (a? + b? + c?) + (a?b?  b?c? + c4?) 

a+b? +c _ з 
3 


or а?+Ь2+с2> За 5p ^c? 


А>С арс 


а?р? + b?c? + са? 3 
SED SEU 


2 a?» За ^b ^c 4з 


А> С > atb^-b^c^-c*a 


or a?b?cb?c? +c 


LHS > 3 (a ?p ^c? + a ^p 3} 


23.2 Va 
LHS > 6 Va?b?c? = 6abc. 


; plus 1 
problems plus 


ЕЕГ 


28. Мах 0, b > 0, с> 0 prove that ~~ 


Where s = a + D 4 c. 

3 
we yy, z we have 
For three positive numbers х, V; 7 


YEZ 
A = = 


3 
Here s a, s - b, s - c are positive. 
5-й%5-һ%5-С "VETE ЖЕНЕ 
GUN CRAS 1 NM S 
э — + —— + 
s-a s-b 5-С 
3 
3s — (a- b + c) MEME T 
or 1 
3 1 + 1 det 
s-a s-b s-c 
25 3 
WE avc ойған жоқ 
4 +— 
s-a s-b s-c 
1 " 1 AE 2 
id s-a s-b 5-с 2s 


:29. If a, b, x, y are positive rational numbers such that 
aF 1 then prove that e 2 2 ab. 

Let LCM of denominators x and y bek. 

Then kx, ky are positive integers. 

Consider the positive numbers: 

kx times 


8 5,87, ...ky times and bY, LANE 


For all these numbers, 


ШТ Mather 


iH CS 


ü x Los z ab. 
or y J 
БҮЛІГІ 
30. If а> 0;1= ДА p aj + ... y prove that 
(и = 105 1 2-1". 6-6 аз) (._ 
n E | % 
1) positive numbers: 
Consider the (17 4 
4-4,5 — #3 жайы; 
mbers, 
or these nu _ 
i (p ape alt n) 
А= п-1 
(и - 1)6 = (a2 + йз + ES An) = 4 
E «4-4 = 
I 
n-1 
G = ((s - aYS — 43) --- (8 a) 
But A > С d 
n-1 
f 1 > (s — a5)(S Я йаз) ... (5 = а„)} 
tU КА 
> {(5 = й1)(5 rp аз) эз (5 тп a,,)} ка etc. 
Multiplying these inequalities, 
`йу+....й 
zm y "> (s — m )((S — a2) ... (s — ay) 
(n - 
because each of s — aj, etc., appear (и — 1) times on the 
right-hand side. 
$105... Ay > (n - 1)" (s - a5 — a5) ... (s = а). 


P (a^ +ах +... Ку times) + (b e b 4... ky times) 
kx + ky 31. If 2a+b+3c=1 апа а>0, b>0, с>0, find the 
Е Куа x; Куру E ya * + ху greatest value of а% 222 ала obtain the 
ctn n ба corresponding values of a, b, c. 
= (а .. ky times) Consider the positive numbers 
ا‎ 20 2a 2a 28 b b 3¢ 3 
x(D7-b49. kx times )) **+ ky 4474! 4” oig 3 
= (a) . (yS) kt) ту e s gual parts of 2a; as theres 
e 
qual parts of p; ag there is c?, take 2 equal part 
= (ар)  * & = (ab) «y For the numbers 
ay. 2a 
But A2G a ETE ying - T a28.28 b b зе зс 
X4y iis А- 4 д 4 29752 ty 
1 1 4424 
AS r'y M p T Lie, x + y= wy. "EST i 2 
| 8 “ы (Ce Заз = 
ya * + xb Y 8 м. 
(1) becomes mS 5, 2a 9 
ху S 1,28 2g b b 3c Зсув 
4 44 233 


Progressions, Related Inequalities апа Series А-15 


4 ә 
Or > пр с 


4,2,2 
Or 5 еа bc 
37-8 


or 


1 
9.49 
When the equality holds, the greatest value takes place. 
We know A = С when the numbers are all equal, 


So the greatest value of a “bc? = 


i.e., Pus m^ — a=b=3c 
a b c 
3 Тай с Ыы 
а = ЗК, р = ЗК, с = К 
2a +0 + Зс = 1 => 6k+3k+3k=1 
1 
к= т 
ТЕЕ et 
SET et dii р 
ИТЕ те! 
Le, کم‎ Qader = و‎ 


32. Given the perimeter of a triangle, prove that the 
triangle of the greatest area is equilateral. 


Let a, b, c be the sides anda+b+c=2s (given). 
Let the area of the triangle be A. Then 
A? = s(s — a)(s — b)(s — c) 
A is the greatest when (s – 4)(5 — b)(s -c) is the 


greatest, because s is constant. In a triangle, sum of two 
sides is greater than the third. So s — a, etc., are positive. 


А>С 


т Emre, Ws — a)(s — bls — c) 


3s — 
35-438 42) > Ñ (s — а)(5 — b)(s — с) 


or Bl > (5 – а)(5 – b)(s – с) 


27 > s(s — a)(s — b)(s — с) 


4 2 


S 
—— 2 Л. 
3N3 


2 
. 5 4 

. A has the maximum value 343 and it takes place 
when A = С. 
But A = С when the numbers are equal, 
ie,s-a,s — b,s – c are equal. 
Buts-a-s-b-s-c => (й-В-с. 

A is maximum when a = b =c, i.e., the triangle is 

equilateral. 


33. Sum the series 
1-п-2(п-1)-3(п-2)-4(п-3)-... 
-(п-1).2-н:.1. 


-1 in the expansion of 


Also, find the coefficient of x" 
(1+2х+3х®+... e nx" 73), 
Here f, = r(n — r + 1) because rth term of 1, 2, 3, ... is r 
and rth term of n, n - 1, n - 2, ... is n — (r — 1). 

n п 


sum= E t, = E r(n-r+1) 


n n 
=(n+1) У r-2 r? 


rl r=] 
=(n+1)\(1+2+3+...+7) 
—(12°+2°+3®+...+п°) 


п(п +1) T n(n + 1)(2n + 1) 


= (H+ 1): 2 6 
= (з + 1) - Qn + 1) 
ш EE E ... (1) 


6 


Now, (1 + 2x + 3x2 +... + nx" 1)? 


=(1+2х+3х°+...+пх” 1) 


x (1 + 2x + 3x2 + ... +1" 1!) 


coefficient of x" ^ in (1 + 2x + 3x? +... + nx" 1)? 


=1-n+2-(n-1)+3(n—-2)+...¢+n-1 


Е n(n + 1)(n + 2) 


6 ‚ from (1). 


34. Prove that the sum of products of r consecutive 
integers at a time, taking from the first n natural 
(n +1)! 


numbers (n > r) is equal to (r-1)(n-r! 


Let t, = (К + 1k +2)... (k *r-1) NN 


"s Problents 
Му A-16 


1 
. eu natura 
>” Clearly lSksn-;441 because there are 

7 | numbers. 

| Also tk, = туду) (Ee) 


(К+ Mek te, 


or (K- Dt - ke - (r D 


Putting k = 1,2,3.... (nr we get 


0.5 -1-ft 2 - (r1), 


(ре Df r~ (п), = - (7+1), 


Adding these, 


up Ro PC RU TTE 
п-т 
В = 1 п-ға1 
hth +t; 4 н pF арад 
H-r i 
= ——+ 
ee J^ r+] 
n+] 


---і,- 
r+ Mare] 


с (1-ю+1)у(п—к+ 2)... (using (1) 
ra 
(1 +1)! 
КЕЗІТЕРІ 
Particular Results 


1.2+2.3+3.4+. 


-*t(n- 1)н 
: (п +1)! (1 + 1)n(n – 1) 
| ^P fs. 21773  [Herer=2] 


ыы ТЕСТЕН 


Q1 4 1)! 
G*1)(n-3)! 


z ии -2 [Here к= 3] 


а RM ОИ 


+ (и- 3)(n =2) 


(n~1)y 
_ (п +1)! 
| EES Dm ш зш: rer 4] 
| = M = 1)(1 = 2)(n ~ 3) 


lus in ИТ Mathematics 
Plus 


he nth term and the sum to ,, ter 
35, Fi US 2+91+86+... 


t 
jesis 
up 
2+ *( +34 +7, 7 ол 
9, 
h bracket have the ç 
es in the mt 
Let the seri 
hen fy = 
Т ы-=@)+@+®+@+4+ 12) 
т 


Sum 
243474194554. . fO m te ег, LU 


+ (3+4+12+36)+.. to 


Let the series in the rth bracket һауе the sy 
e 
Then Т,=3+4+12+36+... 


=3+{4+12+36+. 


tor terms Subtr; 
437" '-1( 


=3+ 3-] 
2842(8'71— т) 


r-1 
2142.3 
m-1 m-1 


r-] 
So, ty-2=2T, = (1+2.3 ) 


r=1 T*1 


Let 


---- 
m-1] 


- Subt 
=(m-1)+2 X 3171 


r=1 


=т-1+2(1+3+3°% 


1-1 


"-2 
277% 
-1 
= 2. 
=т-1+2 
3-1 
gut 1 
-Nn-]1]- -1 
-m-243"-1 


by -mas dh сы nth term = их 3 
the required sum of the series 


n п 


т=Ў (т+3т- ر‎ 


=1 


=} 


m=] 


ED e кааз ai 
n 
AED 3 


3-1 


1 
NILUS зт рр 


Thi 
36, штен 3 "T 1)”- 1. ix" 


Where x cp then fing f (i 2) 


i ы ш, S 


Progressions, Related Inequalities and Series A-17 


‚(1 "NET ERA а 1 e | п-2 Е 
РЕЗ -5+3 nen uie C P j1)_ 4 1 п-1 3n +4п-2 
2 2 2 3 4 КА —— = | — — — sace ko шшш 
, ^ 6 Farar ү gami 
{ ; 
q1 =1 2 
+ (-1) n CU. | 
am! 1 1 1 : 37. Sum to n terms: 
-~=f’(=)=-17-=4+27-—-3?- 4 : 2 43 2563 2 93 
27 |2 2 22 937" . 14+2°-3°+4+5°-6°+7+8°-9'+.... 
ТЕТ | Regrouping the terms 
2" ‘the series = (144-7...) (2^4 5? + 8^  ...) 
a Ба Е А 
Subtracting, = ee ee) 
3/1 1 1 1 The number of terms in each group will depend on n. 
2/ 5] | a cu ELEC ун НЫН terms| If n = 3m, i.e., n is divisible by З 
Sum of the first group = 1 + 4 + 7 +... to m terms 
1 . 
(1) 7. — | m(3m-1) n 
2 : -" p.1«(m- 312 85-5 n - 1» ... (1) 
1 1 1 _y2n-1 : 
Let =l- SS me ED {сз Sum of the second group = 27 + 57 + 8% +... to m terms 
К т | п т 
1 1 1 1 n-i : == P+te-13)? == Qr-1)' = 2 (r^- 6r 1) 
—-=S,=-1-54+3-—5-5- yt... t+)": : 
gu 2 2? 3 n : r=1 r=1 r=1 
: m т т 
Subtracting, : =9 Zr? -6ZEr+ E1 
r=] rz1 fol 
3 1 1 1 : 
E Sat to n terms | mn + 1)(2m + 1) т(т + 1) 
ЗЕР Ч. А 
;Q428—1 i 
| шай n" = 3m(m + 1) 6 (2т-1)- 1} m 
: 7 2 
3 1 1 : 3 +1)(2т-1 
Мека елгы вины | + 0 4 w6) 
2" . n|z-l||l--—1 
: B Дз) n nm*30n-3) n 
EG E pn om. 2 n 2 3. 18 . 3. 
ET - ... to (п — 2) terms - (-1) PUE . | 4 2 р 
; Sumofthe third group 23^ + 6° € 9^ +... to m terms 
Ц | 1 E : =3%(19+2°9+3°+... m?) 
-11-|-- < - 
2 2 : 2 
21-1 . m(m + 1) 
= : -(-1)*. ғы : = 27 лені 199 
Ru ZA fap 
2 1 n-2 2 1 4 ДЕ | 
i | 3 3.2 رو‎ ш 


Thus f B = 5 | E |: 2) | ; - the sum 
: |.n(n-1), n(n*3)2n-3) n. n?(n +3)? 
i = 
an? : 6 18 3 12 
: whenn is divisible by 3. 


If n 2 3m + 1, ie., when n is divided by 3, the remainder is 1. 


2 1 _; 3n7+4n-2 : . ! 
"E | = - 2) E CD"! BEES NUT HE : In this case the first group will have m + 1 terms while 
: others will have m terms each. 


prob! 


A-18 


. in (1) we shall get "E 1yan + 2) 
(т + Dor + 02 1} , 164 2 
on + 01300 +10 

2 


the sum -— 
2111 = + 1 
a + DEZ 
(п + 1n + 2) К 3m( - 
= 2 


a 


Dy 
(т + 
uH a 


à 2 
i -1 
= —-1 
ШЫЛ +12 3 | pk 
" MEE. و‎ Sd 3 
ң | 5 
| 2 
| 27 [1-1 rta 
7213 3 | 


(п +2)(1 +1) (п-1)(и + 2)(21 >5) К 1 
ш-------- 3 
6 18 


z u (Кп – 1) + 2)} S 


when » is of the form 3m +1. 


If n = 3m + 2, i.e., when n is divided by 3, the remainder is 2 


In this case the first and the second group will have 
(т + 1) terms each while the third will have n terms. 


in (1) we shall get 


(т + 1){3(m 1) - 1) 
See 


a Qn + 1)(3m + 2) 
2 , в 


2 7 
іп (2) we shall get SUN + Ion + 2)9m +1) 
2 


+ (m + 1) 
the sum = (И + Dm +2) , 30+ 1)(т + 2)(2 + 1) 
2 
+ (m 4 1) — 27 , [im + 1)? 
| с> (using (3) 
1-2 
| 3 +1 3 ШЕ -2|2.1-2 
ا د‎ | сақ 
2 
п – 
+ ЫЕ, П-2(8-2 y2 
Ha 
= GAD M+ 0i оп) 1+1 
12 (n - 2), 1y? 


when i is of the form Зт + 2. 


M —— à 


offi 
ems plus іт! 


es to n terms 


ri 
38 Sum the se 0.77 " 77.7 + 0.777 + 777.7 


+ 7.7 + 0, 


i 727 ton (7,7 9 
(0.7 + 


= 


Sum ^ 


7 
+ 9g (99 + 999 . " 
8 
1 1 


DE 


4 


lj, 
a. 1 1 
м, wher 
< (10? 4 10? 4 10* 4 39. 
+50 ((10 * 4 9-а 


lén is even, ie = 2т then 


m zla +1... tom terms) 
sum =9 . 
1 | 
= ---- {- текке. 
2 10° Coa tery, 


7 ЕТ 
+3 (t0? 10^ #10 s... to т termes) 


edis Фа e LO tery 


| 


| ‚7 [gon | 
| 90 | ют 
| 


іч 90 l9 (10 n _ -n 


(10 
UM 2 H 
р 901 9 (10 "2. .. 1) - >} , whenuisez 


If n is Odd, ie, я = 2m 4 1 then 


7 
sum =~ 
9 {a Л (т+1) terms) 


elt ud | 
(10 51037 e O (m 1) terms c 


z 
| 


* gg |00: + 103+... tort w^ 


Progressions, Related Incqualities and Series 


7 (п-1 ncc d 
xo t E E ed | 


Fined 1 ДЫ 2% 
-$| унт] 


n-1 
7 [100 (102 -177 
E (10 1) 2 |, 


when н is odd. 


39. Prove that 
3 5 2. 9 
سل‎ + 


res 
12+22+32 12+22+32+4? 


12 1*42* 

бп 
п+1 | 
Also find the sum to infinite terms of the series on 
the left-hand side. 


to н terms = 


Е 2n + 1 
` n(n + 1)(2n + 1)/6 


34(n-1)2 


= 2 
О SA. ou^ 


- ul Lg 
n(n +1) n n-clj 
А 1 \ 
jeg (= E 
са) 
БЕ 
%- 713 4) 


мийат cai t ye 
m8 С | нге ГТ 


Thus 5=6[1- 1 | 
nal 


sum of infinite terms 


= limS,- lim 6f1 - E re 
ntl 


п ә How 


40. If а, а», аз, ..., аи are in АР where aj # kn for all i, 
prove that 
соѕес а: совес а, + совес a; · cosec а; +... 


cot a, — cot a, 
+ cosec a2,.,-cosec d, = — · 
sin(a; — a4) 


A-19 


1 
LHS =~ 5 بے‎ ш, 
sin û, ‘sin a, біп A2' SM @3 
1 
Sin 4, -1 sin A, 
sin(4, , 1 ~ à) 1 
кы M. Er rS ER 
г sina,sina,,;  Sin(d,,— fr) 
sin 0,1: COS a, — COS арал ` Sin а, 1 
м . 2 
sin a, : біп d,,, sin d 


where common difference - d 


= (cot a, — cot 44,1): 


sin d 

1 
tı = (cota, — cot а): Un 
t; = (cot 1, — cot аз) ш sin d 

TEN. 
Ь = (cota; — cot 44) 5 ae, 
1 

fn -1 = (cot Ay —1 — COE An) е й 


Adding, LHS = (cot a; — cot An) ` Gnd 


cota,— cota, cota,—cota,, 


sin d ^  gin(az — 41) 


41. Find the sum of 1 terms of the series 
cot 13 + cot 77 + cot ^13 + cot "21 + .... 


Consider the sequence 3, 7, 13, 21, ..., 
ie, 3 + (3 + 4) + (3+4+6) + (3-468) ... 
nth term of the sequence 
= 3 + 4 + 6 + 8 +... ton terms 


= 1+ (2+4+6 +8 +... tom terms) 


= 1+ 2(1 +2 +3 + 4 + ... ton terms) 
` n(n +1 
12 nny, 
For the given series, 
t, =cot Ки? + и + 1) = tan! ——— —— 
й ( ) п?+п+1 


-1 1 


Ж a Q9 1)-81 
1+и(и+1) | 


1+n(n +1) 


= tan 


= tan (r + 1) - tan “Ly 


t, = tan !2- tan 1, putting n = 


t, = ап 13 ~ tan '2, putting n = 


Problems Plus т ПТ Mathematics 


A-20 
nx"^! 
ас. зны 
t; = tan "4 - tan 713, putting i = 3 ; Here In" Ga 1) + 2) +3)... (X+ n) 
A n-1 ر‎ 
Sra a EE See aa ; x (x + n) 
; : = ; (xn 
= tan "(r + 1) - tan 71и ; (x + 1)(x 26 +3)... ( ; 
6 : y"! 
Adding, LHS - tan ^t + 1)— tan 4 = бк D+)... (т + —1) 
n+1)-1 a gp : jn 
1 + (1 н (x + 1)(х +2)... (x +n) 
: Қ (n - Тр 
ташыш. А | тат G3. HTD 
—— + To e puo uus à 1-1 
1-3 1.3-5 1.3.5.7 1.3.5.7.9 . X nx 
: in I QM EMEND ee сыа СЕ d 
T n (x + D(x * 2)... (x «gj 
TENS UE CUNT : А г 
: 2 M ее کے‎ |; 
because there are two factors in the HA WES Y fn- y 7 
| denominator of the first 
putting 1 = 2,3, ... we get 
4 (2n+1)-1 
---. f x xX 
2 1۰3۰5۰... (2n +1) | f hon b 
_1[_____1 1 ; 
= 21-1) 1. ; 2 х 
йел) Dy. Oan | lx Hl ds 
1 : 
=o Mra 15] x X 
2 ==. 6-2. 
4 3 3 4 4 
where T, = 1 E 
1-3-5... Quad 2200 ee 
Eo " | x x 
іш Т, | Та : tei g n-i n 
putting n = 2,3, 4, ...,n we get : Dc جص‎ UL t 
2b zT. : Я X X 
2 ар Adding, Sy =f =e. f, (=: Sy = f ++... +t) 
213 = T, - T, : 
i X 
2t4 = T4 — T, : or ин. 
UM чаш | =(x+1). 1 ы. ns 
| 2t, = n-17 T, : том (+ DG +2)... (x p) 
ттын ЛЕН : х" 
Adding, 2(5 sg y T. _ E deco а. 
87-8) = ТТ, + Dx 2)... (жан) 
; ог 25,-28-7,-7, 
| T r 1 | 1 1 : 44. Sum {ол terms 
" 1-3 1.2 1:3-5... (24-1) M "Tu poH. " 
=í 1 1-8" 1-3% Joy? 
1-3-5.... (2n 41) Also find the sum to infinite terms when Ix! «1 
| 1 1 
%-21- |. ae LES 
2 1 3۰5۰... 21 +1) Here ا‎ (1 + x )-1 
eka oues 
Ж ded ды, 
43. Sum the series to я terms к E 1 1 
1 2x 3x? T Nl eed 
Bo ae ae to эы ыы эй. : l-x i-a 
Х+1 (х+1)(х+2) (х+1)(х+2)(х+3) | с 


Progressions, Related Inequalities and Series A-21 


1 1 
хо وك‎ 
1 1 
t, = > 1 
^ ]-x^ 1-х 
А 1 1 
о Сы е 
1 1 
fy = QH-3 gn 
t-r" 1-x^ 
Adding, 
H 
1 х- х 
sum = Бы = 
1-x ! 1 
1-44 (1-х)(1-х?) 
1 
xd -x^ 7) 


(1-ж(1- x? È 


sum to infinite terms 


n 
. x(1- ic d x 
= lim د‎ = 
H 1 = 


ie d - 7)1 - у 


,H 
forx^ —0asmn- o when 1х1 « 1. 


45. Find the sum of 


1 2x 4x? x 
+ nh ae d Тт. 
1+х 1+37 1-Х 


Let f(x) =log (1 + x) + 10р (1 £x?) +108 (1+х“)+... 


+ log(1 +x? y г) 


2x 4x? 


Then f'(x)- 
1+5 py? lex 


Now, f(x) = log (1+ +290 x5)... (1x?) 


n 


[1 2 4 ا و‎ 
= log E E +х)(1+х°”)(1+х°)...(1+х ) 


| Я ] 
= log sd —w 6 ax ^L ex^) е ху 


| +l, 2 1 1 
ی‎ ee 
S E 1-x 


n+l 
1 POE = 


71-х 1ر‎ +1 


From (2), this value of f'(x) is the required sum. 
Alternatively 


If S be the sum then consider $ – — i 


N с 1 1 1 
ow S-——= - 
1-х 1+х 1-х 
n 
2x 4x? 2"? TI 
+ +... + 
2-4 4 п 
+ 1+х 
1+х 1+х- 
2х 2х 
1-x? lix 
n 
Ax? 8x4 " a es om 
4 8 Ы n 
+: 
1+х 1+х 1+х? 
95. 
Ax? 4x? 8x* pte тм 
E 5 zt A ghum t т 
-x +x +х 
х 14x? 
"LER ar 
55 n+l 
1× 
1 > Да е 
Ч ,H-*1 


46. If there be m quantities in a GP whose common ratio 
is rand S, denotes the sum of the first n terms of the 


СР, prove that the sum of their products (two by two) 


а r 
1S е Sm: Sm 


+1 
a(1 —r" 
Let И ag Г E 
1-r 
S ster sy аа) 
т Те т-1 1-7 


Let the sum of the products of a, ar, ar, ... , ar" \ taken 


two ata time be 5. 
Now (а) + 45 + a3 +... + anı) 


2 2 
=a? + ?۾‎ +аў +... + а + 25 


AR Problems Plus 
ғ? 
gll bu 
| | i T^ Ano Y) | 25 
! 40804 д. 
; МИ 
ni] FU) | d Ae У , 28 
i 7 To 1-! 
(iler ЕШ! ) 
T a a 2m 
1 

s na =r")? nd - r7 
| Е р (1-41) 
| ] -2r" 4 L2 pr- Dp Moly теі 

a Op My 4 

| | 


a(r "! ... 1) ace _ r) 1 


l-r 


47. Find the coefficient of у? 
(x+ 1)( + 2)(x + 3). 
We know that 


in the conti 


nued Product 
e (xa 100). 


(x + MX + тух +43) .. 


^ (x +a) 
Ly ui + (Хау) 1-7 


+ (Хауа) 1-2 


+ қы n-3 + 


* (0,050, ZUM 
the 


Product of 19 
Products of 1,2 


Coefficient of Ж” 
factors wil] be 
taking two 


* dn the 
sum of the 
ata time, 


Now (1 +2+34 


0 linear 
/ 3, ..., 100 


(cb 100)? = 1? 4.52, 


the require 


d Coefficient 


in ИТ Mathematics 


; 2 
1 [O +2 +3 +... + 100) 
72 


(172531. 


100 x 101 x 2011 | 


1 [r100 iw. 
"3l 


f the first y 
um of the cubes o erm 
S a -. by the sum of the terms oft the Қ 
an AP is 


Let the AP be a, a + d, a 2d, . n,a n - 1g 
e 


Н - 1). 
= — (2a + (n 
whose sum = S,, = 2 {2а + ( 


Sum of cubes of th above terms 
? (ad)? «(a 24)? +... + la + (n - Tap 
=a 


n-1 n-1 


E (a+rd)? = E (a? + За )dr 3ad?r? 43,3 


) 
r=0 r=0 
п-1 п-1 | т-1 қ à n-~] , 
=" 21+ 30d X Fra > rtd? y, 
r=0 r=0 r=0 rz 


(п- 1)n 
ca na За24.—— 21 


2 (1 – 1)n(2n — 1) 
+ 3ad* ип р 


КЕ 


EHE ~1) +42 (n pay -1 


: 2 
Mg nens 


- 5 42а + (n — 14) + 2a *d(n = 1) 


+ ad'((n — 1)? (n~ Dez d? қы 


| {2а + (n – 1)d} + ad(n — 1){2а + d(n — 


LR 


п 
= a (2a + (n — 1)4} + ad(n — 1)(2a + d(n — 1) 


+ 5 Ч? (и = 1)(22 Tr - LI 


1 
еч 


Sum of the 


Progressions, Related Inequalities and Series A-23 


Exercises 


1. Ifin an AP ntm = nt, then show that ty, +n = 0. 


2. Prove that the numbers V2, V3, N5 cannot be three 
terms (not necessarily consecutive) of an AP. 
3. If a, b, c be any three unequal terms of an AP, show 
b-c $ 
1 must be a rational number. 
--р 


that 
ü 


4. Show that there can be infinite number of sets of four 
distinct real numbers in AP which are such that the 
square of the last term is equal to the sum of the 
squares of the first three terms. 

5. If log; x, log x, log, x are in AP where x #1 and x is 
positive, prove that n 2 = (In) 9817 


6. If log32, logs (2* - 5) and log; b - 2) are in АР, find 


the value of x. 


7. Each of two triplets of numbers log a, log b, log c and 
log a - log 2b, log 2b — log Зс, log Зс – log a is in AP. 
Prove that a, b, c can be the lengths of the sides of a 
triangle. Also find a : b : c. 

8. Find three-digit numbers that are divisible by 5 as 
well as 9 and whose consecutive digits are in AP. 


9. 1000 ! is divisible by 10". Find the largest positive 
integral value of n. 


10. Find the number of common terms in the following 
sequences: 
(i) 3, 7, 11, ... 
terms. 
(ii) 1,5,9, ... to 100 terms and 4, 7, 10, ... to 60 terms. 
11. Find four numbers in AP whose sum is 50 and in 
which the greatest number is four times the least. 
12. Thesum of four whole numbers in AP is 24 and their 
product is 945; find the numbers. 


13. Divide 20 in four parts which are in AP such that the 
product of the first and the fourth is to the product 
of the second and the third = 2: 3. 


to 100 terms and 2, 5, 8, ... to 100 


14. There are two sets of numbers, each having 3 terms 
in AP and the sum of each set is 15. The common 
difference of the first set is greater by 1 than the 
common difference of the second set and the 
product of the first set is to the product of the second 
set as 7 to 8. Find the numbers. 


15. Find four numbers between 4 and 40 so that the six 
numbers are consecutive terms of an AP. 


16. The sum of three numbers which are consecutive 
terms of an AP is 2 and the sum of their squares is 


14 
y-H - Find the numbers. 


17. The sum of three numbers which are consecutive 
terms of an AP is Запа the sum of their cubes is 4. 


Find the numbers. 
18. If ау, 45, 43, ... , t, are in AP, prove that 


(1) ay + a, = dp + an rel 


iue ob 1 1 1 n-1 
(ii) —- +— +... + = 
A2 A23 (1304 An - qn аан 
... 1 + 4t + + "m НЕ 
li) т ү ee 
(ii) Ҹа; Nay Vaz + Ҹаз Van -1 + Хаң 
n-1 


—— rided a; » 0 for all i. 
ачыр уча de ed aj» i 


19. Ifa, п, аз, ... , 4, are in AP, prove that 


1 1 1 1 
— + + س‎ 
044, (94,4-1 (434,4-2 0,41 
2 1 1 1 1 
- —+-—+-— +... +-——|. 
а +а, (0) 4: 43 ay 


20. If 4, a3, 5, ... , 5 be in AP, show that 
2 2 2 
a2 - a? +a? -aj + 24% + 25-1 — Ary 


H 2 
= Ug 


2 
ап). 


21. If the nonzero numbers а1, 42, @з, ... „Ян, ... are in АР, 
prove that 
1 1 1 
11513 m 


+ --------------- 
43434, fly 22 4-1 n 


1 1 1 
7 2(а> — а1) (4 tlle тт, | 
22. If a, b, саге in АР, prove that 
(i) Б+с, с+а, а+ bare also in АР 
(ii) аЬ + c), b?(c + a), с (a + b) are also in AP. 


23. If a?, b?, c? are in АР, prove that 


(1 : : lso in АР 
EE желе 

а b 
(ii) , , аге also in АР. 


b+c cea a+b 


24. If x, y, z are in AP, prove that 
"M „t oto 
Ny + үс z+ үх Nx Ny 


25. If S,=an*+bn, verify that the series Zt, is 


will be in AP. 


n 
arithmetic where 5, = È ,. 
n=1 
26. If S, 2 an? + bn +c where c #0 and 5, denotes the 


sum to п terms of a series, verify whether the series 
is arithmetic. 


"natics 
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A-24 
.erles із 21? + 3. Is the 
27. The sum of n terms bc ` 
series arithmetic? If so, find 1 : T 
28. Find the sum of all numbers from 
TE Mh dd ive inlegers less than 200 
29. Find the sum of all positive inlegers 
that are 
(i) divisible by 3 and 5 
(ii) divisible by 3 but not by 5 
(iii) divisible by 3 or 5. 
30. Find the sum of all natural numbers п є |100, 300] 
that are neither divisible by 4 nor by 6. | 
31. Find the sum of all 3-digit natural numbers which 


are of the form 3т+2, те М, ie, leaves the 
remainder 2 when divided by 3. 
32. Sum the series to n terms: 
ANE CT 
1+ dox 13-4 
33. How many terms of 14345474. 
1234321? 
34. What is them 


. amount to 


aximum sum of the series 
1 2 
20 + 19 = Ti. 

3 +18 3 + 


37. If in an АР, S, = Sq then Prove that $ 
5, denotes the 


p+q 30 where 
sum of the first n te 


rms. 
38. If inan АР, Sp = a, Sq = band 5, = c then prove that 
а Ь 

p (q ~ r) + 


а e+ =a) =0 


n © Sum to the first n terms. 
13, .. 


Where 5 

39. If aj, 45, ` nr... arein АР and $ 
ІҢ TS 4 аһ then prove that 
40. If in an AP | 


1 denotes | 
San = 3(5,, = Эн). 
ке 3 1 

т = " and + 


| п= == then prove that 
Sing => 

ти => (ти + 1) Where f, denotes the rth term and 
5, denotes the sum to the 


terms then 


Prove that 


44. 


45. 


46. 


47. 


48. 


49, 


50. 


51. 


y 3X Jeu] 
ien Та м С i 


5, are the sums of n terms 
I Bi ain bt irst terms are 1 r 
| tic series whose first ter e125 К 
2. common differences аге 1, 3, 5°) 
ап who А 


4 пр ? 
j қ hat 2 5;= ن‎ (np 4 
respectively then prove th E 51= y (прът 
If S, be the sum of (2 + 1) terms of an AP апа < 
the NEN of its odd terms then prove that 
5; 2031. 
5, #+1 


2% 


If for an AP of odd number of terms, the sum Of aj 


the terms is = times the sum of the terms in ody 
places then find the number of terms in the AP 
The number of terms in an AP is even. The 


the odd terms is 24 while that of the even ter 


If the last term exceeds the first by 10.5 then 
number of terms. 


sum of 
ms is 30, 
f ind the 


The ratio of the sums of n terms 
(Зи - 13): (5n + 21). Find the 
of the two progressions. 
Find the AP in which the ratio of the sum to n terms to 
the sum of succeeding ı1 terms is independent of п. 

If x,2x £2, 3x 4.3 are the first three t 
find the fifth term of the sequence, 


of two APs is 
ratio of the 24th terms 


erms of a GP 


27 and t; = 729. find fı where tn denotes 
the nth term, 

52. Ina GP 'p + q = û and pq b. Prove that ty = Vab. 
33. If the pth, qth and rth terms of a GP are respectively 
X,y and z then prove that XT T. Р-р. Р-Я =1 
54. If a be the first term, p be the nth term and P be the 

Product of п terms of à GP then 
тие Prove that 
55. Ifa, b, c are in Gp Prove that 
24 cay _ (b* - 62 (а? + b?) 
56. If a, b,c, qd i | 
| 6 In GP then Prove that 
(b cj E saj gig 
б) ) = (а gy? 
| лы ез ср 
ie «6 7 0)? dts. руа 
Iv 3 2 
À AX" + by + CX +d has 


2 2 А 
+c +d“ arein GP. 
Ose common ratio is 


59, 5 


60. Г 


63. 


64. 


65. 


66 


- T 


61. 


62. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


о 


Progressions, Related Inequalities апа Series 


. Does there exist a GP containing 27,8 апа 12 as three 


of its terms? If it exists, how many such progressions 
are possible? 


. Prove that no GP can have three of its terms (not 


necessarily consecutive) as three consecutive 


nonzero integers. 


The product of three numbers in GP is 216 and their 
sum is 19. Find the numbers. 


Divide 63 into three parts that are in GP and the 
А е um 
product of the first and the second part is 4 times of 


the third part. 


_ The first term of a GP is unity. For what value of the 


common ratio of the progression the sum of 4 times 
the second term and 5 times the third term will be 
minimum? 


n 


. For the series Zt, Sn = X t, = 21, – 1. Is the series 


n-21 
geometric? If so, find the sum to n terms of the 
series. 


If S, S, S, are the sums to n,2n,3n terms 
respectively for a GP then prove that 


(i) 5,,5-- $1, S3 — S; are in GP 
Gi) 52 + $2 = 51(S» + 53) 


If the sum of terms of a GP is S, their product is P 
and the sum of their reciprocals is R then prove that 
P*=(S/R)". 
п п 
Find X ин if ин = 


п=1 
Prove that 
(666 ... to n digits)? + (888 ... to n digits) 
= (444 ... to 2n digits). 
Prove that each number is the square of an odd 
integer in the sequence 49, 4489, 444889, ... in which 


every number is made by inserting 48 in the middle 
of the previous number as indicated. 


In a GP the third term exceeds the second by 6 and 
the second term exceeds the first by 9. Find the sum 
of the first 10 terms. 


а, а», аз,... are in GP. If a,» а when n» m and 


п 
a, +a, = 66 while a, -a,_;=128 and = а; = 126,find 
i-1 
the value of n. 
The sum of the first three terms of a GP is 13 and the 


sum of their squares is 91. Find the common ratio of 
the GP of real terms. 


Express the ratio of the sum of the squares of the 


odd number of terms of a GP to the sum of those 


terms as a polynomial of the common ratio of the 
ОР. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


` 83. 


84. 


85. 


86. 


87. 


A-25 


Find the sum to 2п terms of the series whose every 
even term is a times the term before it and every odd 
term is c times the term before it, the first term being 
unity. 


11 3 9 + 27 +... ton terms exceeds 1000, find the 
minimum value of n. 


Itis known Бу Fermat's theorem that n" – n = M(p) = a 
multiple of p, if p is a prime number and n is prime 
to p. If n is a prime number which divides neither a, 
b nor a + b, prove that 

qt? 4 bg"? б p? 4-9 7* гр m +ab"-2 

= 1 + (а multiple of n). 

Find the sum of the proper divisors of the following; 
б) 229.57.119 — GD6^-10*".315* 
where а, b, c are positive integers. 
Find the sum of all the proper divisors of 36" - 10" 
that are divisible by 5 where т,п are positive 
integers. 
There are twos, threes and fives each being 8 in 
number. Find the sum of the products of these 
numbers taking at least one 2, 3 and 5. 
The sum of an infinite GP is 32 and the sum of the 
first two terms is 24; find the series. 
Prove that in an infinite GP whose common ratio ғ has 
its absolute value less than 1, the ratio of any term to 


1-r 


the sum of all the succeeding terms is 


The first term of an infinitely decreasing GP is unity 
and its sum is S. Find the sum of the squares of the 
terms of the progression. 


oo 
иу + и +из+... is a geometric series and X и;-3 


і-1 
oo 


while © u7 =3. Find ии. 

i= 
The sum of an infinite GP is 2 and sum of the cubes 
of the terms of the GP is 24. Find the series. 


The ratio of the sum of the cubes of the decreasing 
terms of an infinite GP to the sum of the squares of 
the terms of the GP is 12 : 13. Find the progression if 


the sum of the first two terms is i . 


If 5, 21 r" +r" p?" +... t oo 


and s, =1-—7 + r?" = 73" +... too 


then prove that S,, + 5, = 255,. 
oo oo 
Za", у = = b” where lal < 1, 161 «1 
n-o n=0 
then prove that 
E (ab)" = 


п= 0 


Ех = 


ху 
x+y-1 


21 4-26 


j 88. If exp (sin ?x + sin ty + sin ^x + a : In 
| | satisfies the equation x^ = 9x * 8 = 0, : 
cos X xe 

sin X + cos x infinite 
89. 10 5,5, $,,..., S, are the sums of n in 


i 1,243, seen Й 
geometric series whose first terms are 1, 2, 3, 


find the value of 


mI 


i 105 are 
| respectively and their common ratios 2 
Lo. — respectively then 
2 8 444 
1 
=7n(n+3 
(i) prove that 5; + $5 + S, +... +S, 2 n( ) 
п 


\ (ii) find © s, wheres, = 5, + S + S3 +... +S, 

| n=] 
| | 
3 (i) find x 55; 

| i«j = | 

п 

| 90. TÉ a, b, c are in GP, prove that log a", Іор", log с 
Ж аге іп АР. 


91. If a, b, c are in AP and x, y, 


2 are in СР, prove that 
gt 


ura | а А 
92. If a, b, c arein AP and a, b, d are in СР, prove that 
a,a—b,d-carein СР. 


1 1 
93. If a,b, c, ... arein СР and ах = ру = 


then prove that X,Y, 2, ... arein AP. 
94. If a, b, c be in GP and log. 


r 


a, logyc, log, b be in AP, 


3 
Prove that the common difference of the AP і: 


95. If a, x, b as well as c, x, d are 


well as c?, у, d? are in AP then prove that 


BU E se Te ық п is an even integer or 
a" +b" + ec" + an 


= Ü where i is an odd integer, 
96. The nth term of an AP and a GP are a, and ib. 
: respectively. Prove that Ay <b, for n 2 3 if 

41 = bı, û2 bns M and a, > 0 for all n. 

97. If the pth, qth and the rth terms of both an AP and a 
GP be respectively a, b and c then prove that 
q?-c pera, c^ bu È 

98. If the pth, qth, rth an 
then prove that Р-4, 
99. The second, third a 


in GP while а?, y, b? аз 


d sth terms of an AP be in GP 
1=r,r -s arein GP 
n 


100. Find an AP of disti 
. unity such that the s 
terms form a GP. 


101. There are four numbers of which the first three are 
in GP and the last three are in Ap whose common 
difference is 6. If the first number ang the last 
number are equal, find the numbers, | 


Net terms whose first term is 
есопа, tenth and thirty-fourth 


Problems Plus in IT Mathematics 


of which the first tre. 
four numbers BE 
102. There are 


1 | 1, 
ratio is = апа the last 4 
іп СР whose common | 2 by 
in AP. If the last number is 2 less than the 
are in AP. 


fitg 
t 
find the four numbers. 


Prove that three unequal numbers cannot Бе in 
rov i А 
25 mber increased (or decreaseq) by th 
when each nu e 
same quantity are in АГ. 


ers in AP is 15. If 1, 4,19 
f three numbers in ! | 
zii 1. de: respectively, the resulting serie; į 
GP. Find the numbers. 


4% 
5 in 


105. The sum of three numbers in GP is 14. If the firs 
| two terms are each increased by 1 and the third i 
decreased by 1, the resulting numbers are jn Ap 
Find the numbers. 


10 


с 


The sum of three numbers in GP is 70. If the 
extremes be multiplied each by 4 and the me 
5, the products are in AP. Find the numbers. 


two 
an by 


107. Three nonzero real numbers are in AP and their 
squares, in the same ordet, are in GP Find all 
possible values of the common ratio of the GP. 


108. Find three numbers п, b, c between 2 
that their sum is 25 While the number 
AP and b, c, 18 are in СР. 


and 18 such 
S2,a, b are in 


109. Four numbers are such that the 
and the last three are in AP. The 


numbers is 32 and that of the mi 
Find the numbers. 


first three are in СР 
sum of the extreme 
ddle numbers is 24. 


11 


© 


- The first term o£ ап АР is the same as that ofa СР 
The common difference of the AP and the common 
ratio of the GP are each equal to 2. If the sum of the 
first five terms of each series be the same, find tl 
sixth term of each series, 

111. The sum of the first ten terms of 

155 and the sum of the first tw 
integers is 9. The first term of th 
common ratio of the GP 
is equal to the common 
the two Progressions, 


112. Find a three-digit number whose digits 
and the three-digit Number whi 
has the digits in GP. 


16 


an АР of integers is 
o terms of a GP of 
e AP is equal to the 
and the first term of the GP 

difference of the АР, Find 


are in AP 
ch is greater by 400, 


113. Three Successive terms of a Gp 


digits of à three-digit number, If 792 is subtracted 
from the number We get a number with the digits 
reversed. Also а Number smaller than the origin 
number by 400 has its digits in AP Pind 


are the consecutive 


Number. 
114. If the numbers ae L and 
k+2 12 Woas 
consecutive 


terms of an HP then And a 


Progressions, Related Inequalities and Series 


115. If in an HP, f, = n and f£, = т then prove that 


116. The sum of three consecutive terms in HP is 37 and 
the sum of their reciprocals is 5 Find the numbers. 
117. Tf the pth, qth and the rth terms of an HP are 


respectively a, b and с then prove that 
(q = be + (r= р)са + (p — д)ар = 0. 


115. If 4x? + 9y* + 1627 – бху - 12yz – 8zx = 0 then prove 
that x, y, = will be in НР 


119. Ша, b, c are in HP then prove that 


(i) bed Dte y 
b-a b-c 

21 1 1 1 

Wag Bes os € 


(iii) Ба — c)* = 21c (b - a)? + a (c — v)?] 
(iv) log(c + a) + log(a — 2b + c) = 2log(a — c) 
120. If a, b, c, d are in HP, prove that ab + bc + cd = Зай. 
121. If ху, X», Хз, ... , x are in HP, prove that 
XIXa + X3Xa + X4X4 +... + X4 4X4 = (1 = хи. 
122. If b - c, c c a, a + b are in HP then prove that 


a b C р 
, , are in АР. 
ска a+b 


b+c 


1 1 
123. If 30 * yy (У +z) are in HP then prove that 


x, y, z are in GP. 

124. If a, b, c, d be four numbers of which the first three 
are in AP and the last three are in HP then prove 
that ad = bc. 


125. If ——— = — = Bd апа р, д, ғ are in AP then 
px qu r^ 
prove that x, y, z are in НГ. 
126. If a* - b" c^ d" and a,b,c,d are іп GP then 
prove that x, y, z, w are in HP. 
127. If three numbers are in GP then prove that the three 


numbers obtained by adding the middle one to 
each of the numbers will be in HP. 


128. А GP and ат HP have the same pth, qth, rth terms 
а, b, c respectively. Prove that 
a(b — c)log а + b(c — a)log b + c(a – b)log c = 0. 
129. a, b, care in AD; b, c, d are in GP and c, d, e are in HP. 
Prove that a, c, e arein GP. 
130. a, b, c are in AP; x, y, z are in HP and ax,by, cz are in 
ас 


x 
GP then prove that —+ gH 95 
2 x c а 


131. a, b, x are AP; a, b, y are in GP and a, b, аге in HP, 
then prove that 4z(x — y)(y — 2) = y(x — z)?. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


A-27 


If a, b, c are in AP and а?, b?, c? in HP then prove 


. a 
that cithera=b=c or — 2' b,c are in GP 


C | 
ог - 5, b,a are in GP. 


If x, 1, z are т AP and х, 2, z are in GP then prove 
that x, 4, z will be in HP. 


Let a, b, c, d, e be five real numbers such that a, b,c 
are in AD; b,c,d are in GP and c, d,e are in HP. If 
а= 2 ande = 18, find all possible values of b, c, d. 


15 
The value of xyz is > if a, x, у, =, b are in AP, while 


18 
xyz is = if a,x,y,z,b are in HP. If a and b are 


positive integers find them. 


An AP and an HP have the same first term, the 
same last term and the same number of terms. 
Prove that the product of the rth term from the 
beginning of the first sequence and the rth term 
from the end of the second sequence is 
independent of r. 


If a, ma, ау, Az, аз, ... are in AP; а, ma, 81, 82, 85, -.. аге 
in GP and a, ma, hy, Но, li, ... are in HP then prove 


that a,, Zn, Ли will be in GP if 
Qn?" *2 — 1) : n?" 2 1) 2 m(n +1): n. 
ІНІ, т, n are three positive integers in СР, prove that 


the first term of an AP whose Ith, mth and nth terms 
are in HP is to the common difference as m + 1 to 1. 


Three unequal numbers are in HP and their 
squares are in AP. Show that the numbers are in the 
ratio 1 ~ V3 : -2 : 1+ V3 or 1+\3:-2:1- УЗ. 


Insert 12 arithmetic means between -3.5 and -42.5. 


" 1 
Insert 6 geometric means between 27 and 8l 


Find the 5th harmonic mean when n harmonic 
means are inserted between 1 and 2. 


If 1 AMs are inserted between two numbers, prove 
that the sum of the means equidistant from the 
beginning and the end is constant. 


Prove that the product of п geometric means 
between two quantities is equal to the nth power of 
a geometric mean of those two quantities. 


If 1 arithmetic means are inserted between 1 and 31 
such that the 7th. mean : the (n - 1)th mean = 5:9 
then find n. 


i 1 
Between two numbers whose sum is 2 5’ an even 


number of arithmetic means are inserted. The sum 
of these means exceeds their number by unity. 
How many means are there? 


f mmr EL, 
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»ometric 
| and the geome 
147, V the AM between m and n ne 


ch equal to 
mean between а and b are each equ m+n 


1 


find m and n in terms of a and b. 


+1 
n+l ІШ 


à is the GM or HM between 
148. Prove that TÁC is the G 


1 
cordi пе oral. 
nonzero numbers a and b according as 2 


149. If i is a root of the equation 
2 78 
х1 - ac) - x(a? + c?) - (1 + a0) 20 
: А қ я 
and if n harmonic means are inserted between 


and c, show that the difference between the first 
and the last mean is equal to ac(a = c). 

150. If the HM of y- x and y - z is 2(y - a) then prove 
that x - a, у-а, 2 - a are in СР, 


151. If harmonic means Hy, H, Hy, ... , H„ are inserted 
between a and b then prove that 


152. If A and H be respectively the AM and HM of a and 
b then prove that 


nA, 5-4 А 
a-H b-H H 


153. If 9 AMs and again 9 HMs be inserted between 2 
and 3 then prove that A 4. 2 =5, A is any AM and 


H the corresponding HM. 


154. If two arithmetic means Aj, А,, 


two geometric 
means С), 


G; and two harmonic means H,, H, be 
inserted between two given quantities п and b then 
Gi:G, A+A 
prove that SE _ 41 Lo (2a + b)(a + 20) | 
1' Н» Ң, + Н, 9ab 
155. If (2n - 1) arithmetic, geometric and harmonic 
means be inserted between two numbers, 
that the nth means are in geometrical progre 
156. If b is the GM between п, сапа x, y are the AMs of 
а, band b,c respectively then prove that 
C 
5,4-2 and 2, 
ху X y b 
157. If one arithmetic mean А and 
P and 1 be inserted between 


prove 
Ssion. 


two geometric means 
| two given quantities, 
2 

show that ч + z = 24. 


158. If one geometric mean С and two 
p and 4 be inserted between two 
prove that G^ = (2р ~ q)24 - p). 

159. If b, a, c are in AP and b, Gy, С, 
prove that G? + G? = 2abc. 


arithmetic means 
given quantities, 


€ are in GP then 


be two AMS; 81, 82 be two GMs and j, ie 
0; 


t by 


aa Е between х and y then prove that 
two 


al = ahy = $182 = XY: С 
161. If the arithmetic mean 5. ы n \ бу, 
| great as their geometric mean, 9 row the 
a:b = (2+ ҮЗ): (2- ҮЗ). | 
162. If the arithmetic mean bidon and b is m ting 
their harmonic mean, prove tha 


a:b = (Nm + m-1): (Vit - m-1). 


163. If the GM between a and b be m times their Hy 
then prove that | 
a:b = (m Xm? -1): (n - Nm? - 1). 
164. If the HM between two quantities 15 to their GM " 
| 12 to 13, prove that the quantities are in the ratio 0 
4 to 9. o 
165. If the AM of two numbers exceeds their GM by) 


ч 


13 ; 
and the GM exceeds their HM by 1 5 then find the 


numbers. 

166. The HM of two numbers is 4, their AM, A and GM, 
С satisfy the relation 2A+G?=27. Find th 
numbers. 


167. The value of x +y +z is 15 if a, x, y, z, b are in A? 


1 1 1. А IT 
while the value of — + = 4 — js 2 if a, x, y, z, bare in 
X yz 3 


HP. Find a and b. 


168. The AM, GM and HM of 25 and n are three terms of 
the sequence 25, 26, 27, ...,n-1, n. Then find the 
smallest possible value of n. 

169. Can the sides of a quadril 
taken in order) 
inscribed? 


170. The internal 


ateral (not necessarily 
be in AP in which a circle can b 


angles of a polygon are in AP. The 


smallest angle is 120° and the common difference i 
5°. Find the number о 


sum of internal angles, 


S of 5 metres ini 
he well from the 
5. А gardener waters al 
8 from the well and № 
atering each tree to ge 
the total distance th 
r to water all the trees 


Paise in a bank on t: 
quent days he depos 
lance with the bank t 
Y. What will be his bal 
end of the month? 
173. There are п stones in a line, the 
the Consecutive stone 

еге is a basket fix 
Starting from the b 


ance at U* 


distance bets 
S being 1 m, 3m 5m 
ed at the first stone A 
asket collects all the ste 


и: 


174. 


175. 


176. 


177. 


178. 


179. 


180. 


181. 


Progressions, Related Inequalities and Series 


basket one by one. Find the total distance described 
by him in collecting all the stones. 


If you have the choice of a salary of Rs 100 per day 
for a month of 31 days or Re 1 for the first day, Rs 2 
for the second day, Rs 4 for the third day and each 
day thereafter for the rest of the month your salary 
would be doubled, what choice would you make 
for better salary? Justify your answer. 


A square is given. By joining the middle points of 
its sides а second square is constructed. Again 
joining the imiddle points of the sides of the second 
square a third square is constructed and so on. 
Prove that the area of the given square is equal to 
the sum of the areas of the subsequent squares. 


Balls are arranged in rows to form an equilateral 
triangle. The first row consists of one ball, the 
second of 2 balls, the third of 3 balls and so on. If 
669 more balls are added then all the balls can be 
arranged in the shape of a square and each of its 
sides then contains 8 balls less than each side of the 
triangle did. Determine the initial number of balls. 


Two trains A and B start from the same station at 
the same time. A covers half the distance from the 
station to another station with a velocity x and the 
other half with a velocity y. The train B covers the 


whole distance with a velocity =. Which train 
will cross the second station earlier? 

Two chords AB and CD of a circle cut at O such that 
OA, OC, 5 :OB and OD аге respectively four 
consecutive terms of an AP. Prove that OB = CD. 


А 5-km-long road is marked by road marks starting 
from the beginning and having marks at distances 
1m,3 m, 6 m, 10 m, .... The marks are, in general, 
yellow in colour but those at k metres away from 
the beginning, where k is a multiple of 5, are white. 
How many marks of the road are white, the mark 
at the beginning being red? 


А man agrees to lend Rs 10,000 to a friend under 
the following terms of payment: 

At the end of every 5 years he will have to pay, as 
interest, an amount equal to the principal together 
With a simple interest of 5% per annum on the 
Principal for the whole period of the loan. What 
will be the total money that the friend will have to 
Pay for the first time by the end of 50 years? 


А man arranges to pay off a debt of Rs 3,600 in 40 
annual instalments which form an AP. When 30 of 
the instalments are paid, he dies leaving behind 


one-third of his debt unpaid; find the value of the 
first instalment. 


182. 


183. 


184. 


185. 


186. 


187. 


188. 


189. 


190. 
191. 


192. 


193. 


194. 


195. 


196. 


197. 


198. 


4-29 


After striking the floor, a certain ball rebounds Жар 
5 


of its height from which it has fallen. Find the total 

distance that it travels before coming to rest if it is 

gently dropped from a height of 120 metres. 

The sides of a right-angled triangle are in AP. Prove 
that the sides are in the ratio 3:4: 5. 

If the sides of a right-angled triangle are in GP then 
find the tangents of the acute angles of the triangle. 
An odd number of stones are placed at equal 
intervals of 10 metres in a row on the field. АП 
stones are to be gathered at the place of the stone in 
the middle. If a man can carry only one stone at a 
time and starts from one of the end stones, he has 
to cover 3 km for the work. How many stones were 
there? 

А, B, C have together Rs 5,700 and the amount of 
money possessed by them form a СР. If B had Rs 
150 more, the amount would form an AP. Find the 
amount they possess. 

А piece of a paper in the shape of a square is cut 
into 20 parts by cutting parallel to a side. The 
breadths of successive parts are in AP and the 


breadth of the first part is ath of the side. If every 


second piece is coloured red, what fraction of the 
piece of paper is coloured red? 


If x > 0, prove that the least value of x + 1 15 2. 


л 
1#0<х < 5, prove that tan x + cot x 2 2. 


If a» 1,b» Y prove that log,a + log, b 2 2. 
For what real values of a can the equation 
2* +2 * = а have real solutions for x? 
If log;x-log;y26, prove that the smallest 
possible value of x 4 y is 16. 
If x > 1, find the least value of 
210100 x — log, 0.0001. 
Ifx>0,y>0,z>0 prove that 
(x + y)(y + 2)(2 + x) > 8xyz. 


If a,b,c are positive fractions and a+b+c=1, 


prove that k + a) 1 + 5) t * B > 64. 
а Ь с 


2 2 
If a? +b? =1, prove that (0? 75 *(- 35 22. 
a 


Ifa» b» 0andne М, prove that 
n-1 
a"—b"2n(a-b)ab) 2. 
If bc, ca, ab are in АР where a» 0,b > 0,с>0 then 
prove that 


(i) a" +c" > 2b" (i) a? «c? > ор 


2 | | M 
A › 


"9 in HP then prove 
b, c, d are positive numbers in HI | 
199, \f a, UU, 0, d с М 
thata dobic. P 
200. № a, b, c. are м АР or GP с 
"m 1 > 0, h> U0, се 0 Шей prove that 


where 


hb cor = Or «ac. 
201. Нал, b> 0,c > 0, prove that 
111 
з|—+=—+—|>9. 
(a+b ш 4 р 4 ] 
202. Ifa>0,b>0,c>0, prove that 


а b С 3 


dece pe т 
b+c 


с+а a+b 2 
203. Prove th 


at for positive quantities a, b, c we have 
bc са 


аһ a+b +c. 
+p nie ITE 
b+c cea a+b 2 


204. Ifx>0, y>0,z>0, prove that 


х Ива а ура-а. ілу, 
€ a,b,c, 
r$ then prove that 
(s = п)(5 -- b)ys — c\(s — 
206. Ifa, b, c are n 


205. If 5-й-расадй wher 


d are positive 
unequal numbe 


d) > 8labed. 


atural numbers, Prove that 
$ 2 2 2 
| Tbig ce? 
Бали 32 


пафас 5 
ре a+b + e +В +c 
ел eta |e T6 
п+ рас 


пп + 1) 
IU 1) 
> 192 23 п (21+1) 2 
207. Prove that 1 25.8 қан” "x 
208. Prove that 


п-к1\"! 


— 
2 


(1) 


ШУ Өн сан 
(ii) 2н a 


€ product 
numbers canno 


210. If ¢ 


of the first 


n odd Natural 
t exceed п". 


S п-1. 
ı11 then prove that 
з 


Ay а 
05 E. п-1 
2 4; ay 


211. Ifa. > 0,1-1,2, 3, 


212. If a + p and a, p, x, 
x+y 
213. If x, 


y are 
7 ] then Prove tha 


ionals Such that 
ta “bY А ах + by, 
V, z Бе 


If a, b, c are three positive quantities wh 
215. If a, b, c é 


OSe g . 
al to their product then ру Umi 
с c > 3N3. Also prove а if a +b 4 Cz 345 the 
EEE ER 
а= = с. 


h 


216. Ifa+2b+3c=1anda>0,b>0,c>Q then Вад " 


3р2 
greatest value of abc. 


д 3b+2c=5 and g 0, b>0,c>Q then fy 
217. If 4а+ ee 
what values of a, b, c the value of a ?b 3¢ Will be th 
greatest? 
218. Ifat+b+c=1 BRUSH, Br Ore O them pron it 
1 
C PE MN 
abc” < 432 
219. Find the greatest value of the product Of thre 
positive numbers if the sum of their Product, 
taking two at a time is 12. 
220 


"Sumtonterms1.2.342.3.449.4. 54. — 
. Sum to n terms: 1-3*4 4. 52 


+5.7?+.. 
322. Sum the Series: 


1:6 -1)*20 -2)«3(n-3)4.. *t(n-1).1. 
Hence find the coefficient of x" in the expansion of 


2 
C+ e+ 252 ЗА 1 nx? 


223. Sum the Series 


to 12 brackets. 
224. If aya, 


8з,...,4, be in A 
difference is d then 


Р whose common 
Prove that 
п 


е 
пс ~ 1 
D di Ri, = nı Ша. 
i=] 


225. Find the sum: 


"9:64 


вы 
*Ut-4)n. „зүн. a 2)(n – 1)n 
226. Find the nth term ang the sum to п terms 
1494244 4c 4 9 | 
(ii) 3-641 +18 + 
H H 
227. If Ён = 2 п, finds — 55. 
1 
228. Find the sum ton terms: 
Te RB eaae aed еВ 
229 Епа the sum to 5 terms 
(i) 2454144 ay t. 
1 
(ii) E ШЕН + ат ES 
230. Sum to infinit : mum "1 
e terms: 
+1 +ау (1 MD LN ta | 
231 Find the nth ter and ш 
: 5. ids € Sum to ) 


! terms: 


? 4101 + 1g) К 295 


et 


ЕО ENN O a 


Progressions, Related Inequalities and Series 


2327 Sum to 16 terms: 


13 13+23 134123433 

Що, 

1 1+3 1+3+5 
235. Sum to n terms: 

12 1?42* 128 

—+ +. 

1 1+2 1+2+3 


10 
У (2"-14+ 8и – 3). 
1 


235: Find У n° where 100 < п 3 < 10,000. 


234. Evaluate 


п (n 
236. Evaluate X i ©" e қ 
1 1 
237. Sum: 1.1%2.3-4-5%8-7%... ton terms. 
238. Find the constant term in +" ә product f (x)  8(%) of 
the functions: 


ро) =1+2х+3х® +... + (п +1)х" 


ен + х #0 
Е يو‎ UU anro 
2224,7 00 

239: Sum: Weg We ONE PEERS 


2407 Sum to infinite terms: 
1:242:3x43-«4- x? ..., (|x| <1). 
241. Evaluate: 


15 


O Er’ (|x| <D Gi) E (27 + 1)2" 


r1 321 
2427 If Ро) = x + 3х2 e 5x* + 7x +... to n terms then 
find the value of f'(1). 


243. If g(x) = x + 3x? + 5x ^ € 7x +... to n terms then 


1 
find | g(x)dx. 
0 


244. Show that 


n-1 


1-1 - 12 — 1\3 
А Е у —= +5 Е +... Ю < = У Г. 
nal nl п+1 P 


245. Find the sum of n terms of the series: 
1?43.2?43? 43.4? 45? 4 3-6? 4 ... 
246. Sum to п terms (brackets): 
1 2 3 
кола Ше Қ ا‎ - 
x x x 


J 
247. Sum to infinite terms: 


1 2 3 4 
5772753 717 SM 
248. If f(x) = x 22x ? + 3х3... + (71) " 7} nx” 
where x e К find f'(1). 
249, Sum to п terms: 
(i) 0.4 + 0.44 + 0.444 +... 


(ii) 5 + 555 + 55555 +... 


А-31 


250. The natural numbers have been grouped as 
follows: 


(1); (2,3); (4, 5,6); (7, 8,9, 10); ... 
Prove that the sum of the numbers in the nth group 
n(n?*1). 
2 
251. Prove that the sum of the numbers in any group in 
the following is the square of an odd integer: 
(1); 1,3,5); (1, 3, 5,7, 9); =. 


252. Find the sum to n terms. Also find the sum to 
infinite terms. 
1 1 
ا‎ 
1+2 1+2+3 
1 1 1 
+ + 
1.2.3 2.3.4 3.4.5 
2 3 
ل‎ 
142?42* 1+37+3 


n 


(i) 1+ INT 


(ii) 


(iii) ———— 
141*41* 

жее т 
1-n?-4n* 


253. Sum the series to n terms: 


1 1 
(1 х)(1 + 2x) а + 2x) + 3x) 


bee ЗБИРЕН 
(1 + 3x)(1 + 4х) 


254. Sum to n terms: 


1:2-3.4 2-3-4-5 3.4.5.6 "7 
255. Let t, denote the rth term in the series 


0! 1! 2! 3! 
51*61*71*81* "^ 


Prove that 4t,,, = rt, — (r + 1)4,,, and hence find 
the sum to n terms of the series. 


256. Sum to infinite terms if |x | <1: 


1 x? 


a-30-x9 (1-х°1-х°) 


* x - 
a-x50-x?) ^ 
n 2 Ж 
257, Evaluate ХИ 1. 
іі (+2)! 
n 
258. Evaluate Х n (n!) 
n=1 


259. If 2, a>, аз, ... , аи are in AP and aj + (2k – 1) A for all 
i, find the sum 


Sec а1 вес а; + SEC Az · SEC пз + SEC аз · SEC a, +.. 


F SEC Gy . 1+ SEC ay: 


Med 


260. Prove that 
; БЫ NEN 
1+ 4:4) 
4 E (n ез Dd 
= tan 1 + 110, 


Ьу У 


+ ad y 


-1 
жал --- 
M ld, Lad 

ifferenc the AP 
where d is the common difference. of 
ay, Qs, Чу 4% 2% 
261. Sum the series: 
C2 cot 8 + cot 18 + cot 132 +... to н terms. 
со at от 


262. Sum to it terms: 


263. Find the sum: 


X^ 4l 
261. Find the sum of the product of the integers 1, 2, 3, 
..., 11 taken two at a time and show that it is equal 
to half the excess of the sum of the cubes of the 
given integers over the sum of their squares. 


. Find the sum of the products of the first п odd 
natural numbers taking two at a time. 


apte g 


11 
266. Find the sum of the products of 1, Sus RET 


taking two at a time, 
267. Find the sum of the Products taken two together 
from the numbers 1,4,7,.. ‚(Зп ~ 2). 


. Show that the sum of the 


products of every pair of 
the Squares of the first» n 


atural numbers is 
1 2 ^ 
360 n(n*- 17)41 1)(5n + 6). 


269. Show that the sum of the 


Products of the numbers 
4,4а-Б,а-2р,.. 


4-(пһ-1)) taking two at a time 
Vanishes when у is of the form З апа 


2а = (3m — 2)( + 1)b. 


270. Find the сое еп 


t of (i) x, (ii) xt 
product 


in the 

(x + 1)) + 3)(x + 5)... 

271. (1) Ета the coefficient of x° in the Product 
Qx-1Qx-3Qx.5. (2x - 199), 

(ii) Find the Coefficient of y" 

Product (x + 1 


. (x +99), 


any number of 
not beginning 

of the natural 
numbers. 


273. In an АР of 21 terms the middle pair о 


«+ В and a- В. Show th 
the terms of the AP is 25 
274. Prove that in the series 


ab + (a  x)(b + 3) + (а + 2x)(b + 2x) +. 


f terms are 
at the sum Of the Cubes of 


afa? + (4n? 1)8). 


. to2n terms, 


pere 


Problems Plus in ИТ Mathematics 


last n terms 
the excess of the sum of the 2. ove 1 
of the first п terms 1$ to of the 
sum 


lag 

2 ~ | 

term over the first as n” to 2n - 1. 

275. Prove that Е M 
(ахуа x30 x 0 x7). tx 


i t 
Hence find the produc А 
023750 4330 4370 4 37) ... tos, 


Objective Questions 


Fill in the blanks. 
276. If x^, x, -Bare in AP then x = 


2 
277. (i) If the sum to п terms of a series be 5n? +2 then 
thesecondterms-. | 


(i) The sum of и terms of an AP is n? Then the 
common difference = 


278. Ifa series of terms in AP be collected into groups of 
п terms and the terms of each group be added 
together, the resultant series is an АР Then 
the common difference of the resulting series 

the common difference of the original series 


279. The value of the product үз. 49. 427. 81 ... 
to infinite terms is equal to 

280. For two une 
Then HM = 

281. 50*- 13? can be expressed as the sum of 
consecutive odd integers, 

282. The sum of the series 
(1-1)? + (т -2)*(n-3)3, 

283. Тһе sum of the first n 


qual numbers, AM - 4 and GM = 2, 


... +2315 

terms of the Series 
2 

+3742 -424 52.02.62, | i MOD 


1742.92 


When 7 is even. When п is odd, the sum is, 
284. The Coefficient of x? in the Polynomial 
(х-1)(х- 2)(х — 3)... (x — 100) is equalto — — 
Of n terms of two А 
i i +1): (n+ 3). The ratio 
ORE 


D 


P series are in the 
of their sixth terms 


d GM of two Positive numbers be in 
. Then the ratio of the two numbers is 


€ven number of distinct terms, the sum 
of all terms is 5 ¢ 


" es the sum of odd terms. Then 
€ common ratio of the GP is 
коше е 


п 
288. P : 
The value of y J (r + sin 9)* cos 0 dà = 
r=] 
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problems Plus in ПІ 


у)! 
) j Өз: (Ou ( 
| | qms ol an AV. 
sum of the £s 1 


i egual to 
; & Is equ 


(al) 10 


12. Pets, dente the 
lis iS, then the alo Sin 
(c) 8 


terms ef the seres 


(aya (b) & 


33 Sumol the fuss 


l : А 4 2. tuis equal to 
aos 10 
(a) 2 1 | (b) | 2 : 
\ \ 42 1 (4) 2 at 1 
i моно СИ 


п 


pet cong, pad sinh, Е cos o -sin ф 
2% ned n 0 
then 
(а) uz = Az + V (b) xyz = xy +z 
(С)лхуг=х+у+т (а) xyz = yz + x 
315. The sum of infinite series 
1 l , 
er +++... TO оо ]5 
1:4 4.7 7-10 
| 1 
(a) = (b)3 (3 (d) = 


316. If the first and (2n ~ 1)th terms of an AP, a GP and 


an HP are equal and their nth terms are a,b and c 
respectively then 


(aja = b= ¢ (Һуа>ф>с 
(Әазс-) (d) ac - b? 20 
a" 4. p" 


317. пят is the AM between a and b if 11 is 
а TD 


(a) 0 (b) ; (c) 1 (d) -1 (e) - 5 


318. If H be the harmonic mean between P and Q then 
H 


H 
the val m : 
с ane ofa өрі 


Mathematics 


PQ. 
) ^) (b) p + Q 
(а) 2 2 
paQ (d) none of these 
с) 1 
PQ К f E ылыы ы. 
nini value of x^ + — is 
319. Их > 0 then the minimum | з 
| {уг (c) 1 
(а) З (b) 0 (с) 2 (d) 5 


320. The product of n pos 
their sum i5 
(a) a positive integer 


(b) divisible by n 


al to n + 2. (d) never less than n 
(c) equa s 


" k | | | 
321. If X | y m? an^ bn? + cn? + dn же then 
| nm 


К: 1 
| 1 
(94-45 (b) b= < 
(94-5 (d)e- 0 


State whether tlie statements are true or false. 


3 
322. The value of logs 3 + log75 + logy 7 2 ar" 


323. 


then x? + y? + z? > 3xyz. 


324. Ifa, b, c are in HP, the value of 


1 1 NA 1 1. 2a-b 
Bo нь е es M 
% с Jr a 7 


ab? 
325. 


105102 and log; (2* +3). 


T 5л 
tan — + tan — 


Е 7 
326. 9 18 is the AM of tan = and tan Ar . 
327. The sum of 

1 23 

10 103 105 107 


as a recurring decimal fraction is 0.123. 


Answers 
——— 
6. 3 
7.97634 
8. 135, 630, 765 
2. А 30. 26634 31.164850 35,7102 + (n - 3)Ух) 
5,10, 15, 20 M 
: i 3$ 13.2,4,6,8 33. 1111 34. 310 35.1064 36.101100 
б, ә,/ an 4, 5, 6 Or 2]; TX. 42. = = 
e 5,-11 and 22, 5, -12 178,4 =4 46,15 47.8 48.1:2 
1S Ji 7185/25 =, 92 = 16, 5,2 1 
б 5 3/37 49. К, 3k, 5k, ... for all k к= 51.30 
15 29-1 454 И. | 
íl f 1 
28 6 27. yes, tı =5 and d = 4 59. yes, innumerable 61.4, 6,9 
‚ 16425 ; у d 
29. (1) 1365 (ii) 5268 (iii) 9168 62. 3,12,48 бз, -2 


5 64. yes, 2" _ 1 


If x,y,z are any three distinct positive number: 


For x = logs 2, the number log; (2 * — 1) is the AM d 


77. 


78. 


[ 


itive numbers is unity, The, 74, \ 


Then 


mbers 


۷ of 


HEE МИ ICA MES 


Progressions, Related Inequalities and Series 


58025 
67.2" +2п – 1 70.- og 
1 
71. 6 72.3 огт 
73. a1-r+r?-r3+ ...+7%) 
пуп: 
ji LEME 75.7 


са-1 


77. (i) ag 0!-06*-Dd1*-2-27.5". 11-1 


78. 8 


@р@ —1)(3°*4*1—1)(5#*°*1-1) 
-24%5,асуа,Бізс 1 

5 (22'1+9+1_ qm +1 -1)6"-1) 
_22men 32m рп 


79, 15 (28 ~ 18° - 65-1) 


80.16+8+4+2+... or 


48 -24-12- 6 * ... 


52 3 3 3 
8225-1 83. т ета 
ii 1 
1379” 88. 1,5 83-1) 
1 5 
89. (ii) n(n + a +5) 
2 1 [1(1 +3) (п%1)/пж2)0п +3) 
dia E t ee ug) 
4 5 6 
99. 3 100.1, 5437357" 
101. 8,-4, 2,8 102. 2, 1,5, ,0 
104. 2,5,8, с. 26,5,-16 105.2,4,8 ог 8,4,2 
106. 40,20,10 107.1 108.5,8,12 


109. 2, 6, 18,30 ог 32,16,8,0 
8 : 

110. 101 = 124 13 гевр. 111.2, 5, 8, ... апа 3, 6, 12, ... 
112. 531 113. 931 114. а ,-1 
116. 15,12,10 134. b = 4, -2; c= 6, -6;d = 9, -18 
135. 1,3 or 3,1 140. —6.5, -9.5, —12.5, ... , -39.5 

13 3 2(n +1) 
141. 9, 3,1,=,=,=5 е 

$4 3'9'27 We 2n – 3 
145. 14 146. 12 
22а 2aNb 
147. n = —————.n- 
rsh Nab 165.1674 
166. 6,3 167.9,1 168. 225 169. yes 
170. 9,12609 171. 3370 m 172. (3.2% - 2) paise 
(n-1)n(2n-1 

їз, S nen metres 174.second choice 


3 


179. 39 
181. Rs 51 


А NITET 
Oa ; 7 1+ 45 


186. Rs 2700, Rs 1800, Rs 1200 or reversely 


176. 1540 177. B 


180. Rs 2,37,500 


182. 1080 metres 


185. 25 
9 1 
187. 19 рагі 191.12 2 193. 4 216. 5184 
5 5 10 
=-——,р==,с= س‎ 219.8 
217. a= 18 b 9 9 


1 қ 
220. 5 n(n + 1)(n + 2)(п + 3) 221. 3 n(6n" + 16n? + 9n - 4) 


2 2 
| noD пи) 223. 2730 


225. п 2_ 1у(п - 2)(n — 3)(n – 4) 
226. (i) 2 п“- 2 п, 2 n(n + 1)(7n – 4) 


(i) и? +2, лп? +3п 13) 
1 
u dde 
228. ia кіп “и + 1) n(n + 1(2 +1) 
" (n-ri)-z2m 
8" 20 
(3"*1—- 


229. (92 3) +5 d L (ii) 2n — = | - н) 


РЕНЕ БУРА 

(1 -r)(1 ¬ ar) 

n(n? - 1)(3n + 2) 
12 


230. 


231. n? - n? +1, 232. 446 


1 
233. 3 n(n +2) 234. 1433 


n(n + 1)n +2) 
2 


1 Ere 


235. 53261 235.2" 7 41 —2n + 


37+1 2.81 


E (3n > 2) - 5 | 240. НИЕ 


$ (ii) 29.216 +2 


237. 32^ *! + (an –1)2" se 7|1 - 
.n-1 
2[( 1 


241. ن‎ 
(1-х) 


1 2п-1 
MASON jn 


242. (n- 12" *t1 22" +3 
пп+1)2 n(n +2)2 n(n+2)(n+1) 


245. _ 
4 8 2 


when n is even 


Rc 5 “when n is odd 


Proble. 
A-36 
(à - xt *?- 1) EE 103и +1) 
246. uno.) ML) 
x" Ч(1-х°7) қ 
247 aL 
` 1152 
(nti)... 
ам if n is even, Диаш if n is odd 
2 2 
41. 10"-=1 „50 од Б 
; аг {91 – 0 =u 
249. (1) 8i ii 0” | (ii) 891 ( ) 9 
2n 3 n(n +3) 1 
252, (0 ——— 2 ————— ,— 
i 1+1 ш) 4(п +1)(п +2) 4 
(ің) n(n + 1) 1 
1 ENT дық dead: Дена 
2(n°+n+1) 2 


n 
79: a ex + (n+ Dx) 


1 1 
254, o o a a 
' 18 3(n+1)(n+2)(n +3) 
_ n! » 1 
`4(4!) 4[(и+4)!) "m (1 + x)(1 - x)? 
1 1 +1 
257. 
2 өзегі 258. (п +1) !-1 


259, SPI - 1)(а, - а) 
О 
біп © SEC A, бес п, 
n 1 
262. 1 - —— — 
ids n1)! 


261. tan ! 


263. 


266. 


270. 


271. 


279. 


278. 


282. 
284. 
288. 


291. 
295. 
299, 
303. 
307. 
311. 
315. 
319. 
322. 
326. 
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(i) 2500 (ii) 3041675 


274042 
LUE dal 


(i) -2? . 100? (ii) 2 


n 
265. = (r - 4n?, 1) 


1 
267. 5 n(n = 1)(9п? - 9, 4 


11----- 
FI 


277. (1)17 (ii) 2 


280. 1 


281. 37 


2 


286.4:10r1:4 


289. 6 


293. (c) 
297. (d) 
301. (c) 
305. (a) 
309. (d) 
313. (c) 
317. (c) 


2 
290. Sm 
294. (c) 
298. (b) 
302. (b) 
306. (b) 
310. (c) 
314. (b) 
318. (a) 


321. (a), (c), (d) 


324. false 


> 276. 4, 2 
n?:1 279.9 

2 (12-и ы2Хп2-п-2) 
-5050 285.6:7 
с (п ? 3n +3) 

(b) 292. (b) 
(b) 296. (c) 
(b) 300. (a) 
(c) 304. (b) 
(b) 308. (b) 
(a) 312. (b) 
(а) 316. (d) 
(c) 320. (d) 
true 323. true 
true 327. true 


325. false 


1 
83. ei 


5. Permutation and Combination 
— T and Combination 


Recap of Facts and Formulae 


Counting of number of ways to do some work 
|. 


(a work W consists of two parts W,, W, of which one 
„art can be done in m ways and the other part in п ways 
hen 
‚ the work W can be done in m+n ways, if by doing 
any of the parts the work W is done. 
з (Addition law of counting) 
‚ the work W can be done in mn ways, if both the parts 
are to be done one after the other to do the work W. 
(Multiplication law of counting) 


Similar is the law for works that have 3 or more parts. 
fa work is to be done under some restriction then 


ı the number of ways to do the work under the 
restriction = (the number of ways to do the work 
without restriction) — (the number of ways to do the 
work under opposite restriction). 


* Counting formulae for permutation 


' The number of pe 


es rmutations (arrangements) of n 
different things t 


aking ғаға time 
n! 
= "p, d 1 


(ег. Where i! = 1.23. ... п. 


| The number of permut 
lime Of which p 
Identical of 
n! 
oe. 
pla! 
a | | 
he number of arrangements of n different things 


Mund a closed curve 
= (п - 


ations of n things taking all at a 
things are identical, q things are 
another type and the rest are different 


1)! if clockwise and anticlockwise 
т arrangements аге considered different, 


2U - 1)! if clockwise and anticlockwise 


arrangements are considered identical. 
(Circular permutation) 


3. Counting formulae for combination 


* The number of combinations (selections) of n different 


things taking r at a time 
" n! 


"orl(n-r)! 


from n different objects 


The total number of selections of one or more objects 


52 С ас Е 5, 


things from п identical things 


The total number of selections of any number of 


=n +1 (when selection of 0 things is allowed) 
п (when at least one thing is to be selected). 
* The total number of selections from p like things, 
q like things of another type and r distinct things 


=(р+1)(9+1)2"-1 


(if atleast one thing is 


tobeselected) 


(p* 1)(q + 1)27 -2 


selected) 


(if none or all cannot be 


* The total number of selections of r things from n 
different things when each thing can be repeated 
unlimited number of times = "71C, 


Forexample 1/8 balls are to be selecte 


d from balls of 


3 colours, balls of each colour being available 


unlimited number of times, the 


selections 
“ыы = C^herer- 8, 
10! 10x 9 
Qo. IM LAUR, 
х ота ва: 


га 


4, Number of distributions 


* The number of Ways to distribute 


between two persons, one 


other q things, where P+q =n 


= "С, х п С, 


«НЕ alt= py? 


Р-Р ql- p- 


A-151 


n the number of 


n=3) 


n different things 


receiving p things and the 


( 
he 


A-152 


5. 
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qnt 
“рта! U перед 


Similarly for 3 persons, the number of ways 
n! 
"pigri! where p +q +r =n. 


The number of ways to distribute m x n different things 


among n persons equally = (тп) 1. 
(m у" 


The number of Ways to divide n different things into 
three bundles of p, A . 20 
p'!q!r! 3! 

The number of Ways to divide m x n different things 


into n equal bundles = (ин) . =e 
(та)! n! 


Ч and r things = 


The total numbe 
among г persons 


СЫ e 
xS r-r 


For example The number of 
20 identical 


r of ways to divide n identical things 


different ways to divide 
apples among 4 persons 

iiag ъ 8" ("^ here п = 20,г= 4) 

= С, = эхх 


= 23 x11 x7 
= 1771. 


The total number of ways to divide n identical 
among r persons so that each gets at least one 
n-i 
=e Cker 


things 


For example The number of different ways to distri- 


bute 20 identical balls in 4 different boxes so that 
no box remains empty 


= homm [^ here п = 20, r= 4] 
19-18-17 
кы „42-16-17 
С, 6 
= 969. 


Use of solution of linear equations and coefficient of a 
power in expansions to find the number of ways of 
distribution 
The number of integral solutions of 
Ху + X2 + X3 +... + х= п wherexQ20,x,20,..,x,20 
is the same as the number of ways to distribute n 
identical things among r persons. 
This is also equal to the coefficient of x" in the 


: 0 1 2 3 r 
expansion of (x +x +x°+x" +...) 
r 


5 1 
= coefficient of x " in (= = 3 


= coefficient of x" in (1 — x) 7" 


= coefficient of x " in 


r(r * 1) 


> XE vcs 


1+тх+ 


r(r+1)(r +2)... (r + — 1 
аа-а n! —n-1) x" 


"г%1)ғ%2)..(г%п-1) 
a n! 
- ! 
_(rtn 1) $ ыы E di 
n!(r- 1)! 
• The number of integral solutions of 
Ху + X2 + X; +... +X, =n where x, SET. 
is the same as the number of w 
identical things among r persons e 


62 х, > 1 

ays to distribute " 
ach getting at least 1, 
This is also equal to the coefficient of x" in the 
expansion of (х'+х?+х3+...)! 


r 


= coefficient of x" inf Е | 
1-х 


= coefficient of x" in x'(1— х)" 


= coefficient of x" in 


r(r + 1) 2 


r 
х'{1+тх+ 21 x^-c.. 


шд). (4-1) а. | 


= coefficient of x" ^" in 


+1 
т+ж Hg 


21 


Des ا‎ NA 


_M(r+1)(r+2)...(r+n-—r—-1) 
ы (n - r)! 
_r(r+1)(r +2) ... (n-1) 
(n - r)! 
(n - 1)! 
| (n-rD!(r-1)! 
Note The number of solutions of x, + ху + ху + x, = 20 
where x, > 0,х,>1,х,>3,х,>5 
is equal to the coefficient of x” in 
(+x ex? x + ×2 + x14...) 
x (xP +x +x 5+ Ja xS x + 


2-1 
= С, -1- 


6. Some useful results 
. “СЄ; = nc 


n-r 


n n 
* CH C,.,-"*!C, 


p" 


Permutation and Combination 


n(n + 1) 2 щи +1)(п +2) ; 


Smet 1 EL 1 
5 Cot "Cx +" Tex +" C Vides 


* ( 
ГЕ ы o: b 5% % 


where п is a positive integer. 


Selected Solved Examples 


| БР ыста * Y 
QU | 
А п(п + 1)(п +2)... Q*r-1) , 
r! = 
chow that (kn) ! is divisible by (n )*. 
1. 
Неге (kn)! = [23 ... (kn) 
2023 ... n)lor DG + 2)... (n + n)] 
{(2n + 1)2n +2)... Qn * n)] ... 
х [106 —1)п +1) |(К-1)п+ 2] ... Ik - Dn + nl] 
.. (1) 
Now, (ri 4 Mn + 2)... (rn + n), where re М 


1:23: 5 (rn + 1)(тп +2)... (rn +n) (m+ п)! 
= 1-2-3: ... (rn) ~ (rn)! 
(т + 10077 + 2)... (rn FID _ (rn + n)! 

n! ` (т)!п! 


т H 
='"*"С„ = integer 


(rn + 1)(ru + 2)... (m +n) is divisible by п! 


(ri + 1)(r + 2) ... C +n)=n! М, 


where M, is an integer 


by (1), 
(ki = n! QU- My): (n! Mj)... (п !- Mj.) 


= (п nk. М, - Mg Му-1=(и !) x integer 


(kn) ! is divisible by 0! 5^. 
Note Putting k =n, we get (и?) ! is divisible by (п 9". 


т 
2. Evaluate "С; + Я NHC) i 
j=0 
Value = Ken + ("Ср % n+ ICh- ‚+ n «oot 4% 
MC, a) 


(iC, "Cu. o а" СҮ ut 
4 n* "Сү. ) 


Drag i ntt o ue Cet n 
AC G6 n 


= Nel n 1 
rte pr^ "cp 
ane Сул PCR) 


+ i eis +... 
a PIC a) 


mete) 1 


n+2 


E CE Cpg te 


НИ о ы сщш 


ш-ш!%т- IC, + e em- с; + ТЕ тс, 3 
QU "с, +" + тс, E 


_"+'"*1С 
Ll k 


3. Show that two positive integers п, T cannot be found 


such that "С, Съз Crea v "C, „затем АР. 


n n п п 1 
C "Cran Crex С, ‚заге in АР 


... (1) 


= "Ca 3 CFF Cra 
and 2."C,, 42" Crit Cras 
n! 
From (1), 2*3 rq -r- D! 
É п!. x n! 
ri(n-r)! (+ 2)! (= r= 2)! 
1 1 


2 E oma ыш 
(n =r - Dn - r) (r + 2)(r + 1) 


me c M 
(r+1)(ı =r =1) 
or A et 


or 
1)(н = r) 


M ra Se men ЗЕЕ .. (3) 


yr*1 in (3), we get 


ог 
Similarly, from (2) replacing rb 


PE т, чаш 


are 230 +21=0 


or ("- n - 2(n — r) +1 — (2r + 7) - r) 


career ia qaad зева 0 


or rap? Gre 9n - ne +3 14)=0 ... (4) 


(3) and (4) must be identical quadratic in (п = r), 
i arte r°+3r+2 
1 2r49 r^*7r* M 


2r4 922r 5 and r2 + 7r +14 Sr + 3۲ +2 


4r = -12,i.e„r = -3. 


= 
or 9=9 OF 
Both 9 = 5 and r = -3 are absurd. 

(1) and (2) cannot hold at the same time. 


л п п . 
"C, "Сузу Cre C, , ۾‎ cannot be in AP. 


EE 
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4. How Many numbers of n digits can be made with the 
nonzero digits in which no two consecutive digits are 
the same? 


There are nine nonzero digits, namely 1,2,3, ... and 9. 


EIT 


$ 8 8 8 
In order to make 


an n-digit number we have to fill н 
places by using the nine digits. As no two consecutive 
digits are to be the same, а digit used in a place cannot 
be used in the next place but it can be used again in the 
place coming after the next place. 
can be filled in 9 ways; 
the second place can be fi 


So the first place 


lled in 8 ways 
(rejecting the digit used in the first place) 


the third place can be filled in7+1,i.e., 8 ways 


(rejecting the digit used in the second 
place but including the digit used 
in the first place) 

and so on. 


the required number of numbers 


-9х8х8х8х.. ton factors = 9 x 8" 71. 


. How many numbers of 4 digits can be made with the 
digits 0, 1, 2, 3, 4, 5 which are divisible by 3, digits 


being unrepeated in the same number? How many of 
these will be divisible by 6? 


We Know that a number is divisible by 3 if the sum of 
the digits in the number is divisible by 3. 


Here О+1+2+3+4+5 —15; 


SO two digits аге to be 
omitted whose sum is 3 ог6 or 9. 


Hence, the number of four digits can be made by either 
1,2,4,5 or 0,3,4,5 
(omitting two digits whose sum is 3) 
0,1,3;5 or 0,2,3,4 
(omitting two digits whose sum is 6) 
(omitting two digits whose sum is 9) 


The number of 4-digit numbers that can be made with 
1,2:6,5 


0,1,2,3 


=P anu t 


The number of 4-digit numbers that can be made by the 


digits in any one of remaining four groups (each 
containing 0) 


=4!-3! (°. the number of numbers beginning 
with 0 = 2р, —3 !) 
the required number of 4-digit numbers divisible by 3 
=4!+4(4!-3!) 


= 24 + 4)24 - 6) = 96. 


: ЛЕТТІ Ee 
(UF 5] - ВЕ 
$ 3 


Now, a number is divisible by 6 if it is even as T 

e 
divisible by 3. lag 
So, the number of 4-digit numbers diy 


isible by 6 th 
can be made with 1,2,4,5-2x3! (.. at 


€. ГИ; ? e nu 
should have an even digit in the units place), Пьер 
2,4 
3p4 


The number of numbers of 4 digits, divisi 
can be made with 0, 3, 4, 5 

=(3!-2!)+3! 
C^ the numbers should have 4 or 0 in uni 
should not come in thousands place). 


ble by 6, that 


ts place апд 


3p4 
Similarly, the number of numbers of 4 di 
by 6, that can be made with 0, 1, 2, 3 


=(3!-2!)+3! 


The number of 4-digit numbers divisible b 


Bits, divisible 


y 6 that can 
be made with the digits 0, 1,3, 5 =3 1, 
The number of numbers of 4 digits, divisible by 6, that 
can be made with 0, 2, 3,4 


=(3!-2!у+(3!-2!у+3! 


C. the numbers should have 4 or 2 or 0 in units place 
and 0 should not come in thousands place). 


the required 4-digit numbers divisible by 6 
72x3!4«(3!-2043!«(31!-209 431431 


+ (3!-21+(3!-21) +3! 
=12+4+6+4+6+6+4+4+6=52. 


· How many words сап be made with letters of the word 
INTERMEDIATE if 
(i) the words neither begin with I nor end with E 


(ii) the vowels and consonants alternate in the words 
(iii) the vowels are always consecutive 


(iv) no vowel is between two consonants 


(v) the relative order of vowels and consonants does 
not change 


(vi) the order of vowels does not change? 
(i) The required number of words 


= (the number of words without restriction) 
— (the number of words beginning with 1) 
- (the number of words ending with E) 


nuca ; d 
* (the number of words beginning with I an 
ending with E) 


е words beginning with I as well as words 
with E contain some words beginning with 
ending with E). 


umber of words without 


restriction 
there are 12 letters in which there 
are two Is, three Es and two Ts). 
11! 
312! 
_. with I in the extreme left place we are left to 
; ge 1 letters NTERMEDIATE in which there аге 


à number of words beginning with | = 


11! 
21212! 
E in the extreme right place we are left to 
11 letters INTERMEDIAT in which there are 
o Es and two Ts). 
of words beginning with I and ending 
! 


The number of words ending with E- 
C: with 
arrange 
two 15, tw 
The number 

10 


with E7121 


C with I in the extreme left and E in the extreme 
right places we are left to arrange 10 letters 
NTERMEDIAT in which there are two Ts and two Es). 
the required number of words 
12! 11! 11! 10! 
52131217 312! 21212!'2121 
10! 83 x 10! 
sn Uma -2-11-34+6)= ^ —- 
(ii) There are 6 vowels and 6 consonants. So the 
number of words in which vowels and consonants 
alternate 
- (the number of words in which vowels occupy 
odd places and consonants occupy even 
places) 

+ (the number of words in which consonants 
occupy odd places and vowels occupy even 
places) 

| 6! 6! 6l. 61 
"2131 591 М 3031 
6! 6! 
=2. 2131 5717 49200. 
(iii) Considering the 6 vowels IEEIAE as one thing, the 
number of arrangements of this with 6 consonants 
7! 
721 (^. there are two Ts in the consonants). 
For each of these arrangements, the 6 consecutive 
vowels can be arranged among themselves in 


6! 
2131 Ways. 


the required number of words 
7! 6! 
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(iv) No vowel will be between two consonants if all the 


consonants become consecutive 
the required number of words 


- the number of arrangements when all the 
consonants are consecutive 


(as above) 


= 151200. 

(v) The relative order of vowels and consonants will 
not change if in the arrangement of letters the 
vowels occupy places of vowels, i.e., 1st, 4th, 7th, 
9th, 10th, 12th places and consonants occupy their 
places, i.e., 2nd, 3rd, 5th, 6th, 8th, 11th places. 


the required number of words 
z ET x £ = 21600. 

(vi) The order of vowels will not change if no two 
vowels interchange places, i.e., in the arrangement 
all the vowels are treated as identical. 

(Forexample LATE, ATLE, TLAE, etc., have the same 

order of vowels A, E. But LETA, ETLA, TLEA, 
etc., have changed order of vowels A, E. So, 
LATE is counted but LETA is not. 
If A, E, are taken as identical, say V then LVTV 
does not give a new arrangement by 
interchanging V, V.) 

The required number of words 

- the number of arrangements of 12 letters in 
which 6 vowels are treated as identical 
121 


== (Cr there are two Ts also) 


7. 1а how many ways сап 5 identical black balls, 7 
identical red balls and 6 identical green balls be 
arranged in a row so that at least one ball is separated 
from balls of the same colour? 


The required number of ways 
= (the number of ways without restriction) 


- (the number of ways when balls of each colours 
are consecutive) 


18! 


“2171617 3!(*. there are altogether 18 balls in 


which 5, 7 and 6 are identical; 
and considering balls of the 
same colour as one thing there 
are 3 things, there being no 
arrangement between balls of 
the same colour) 


ғ & 


^ 
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5. Те n Sue 


StS are to be хе 
ladies. 


The ladie 
Of the gentle 


ated in à now of whieh three are 
S insist on sitting together while two 


Men nmetuse to take consecutive seats, In 


how MANY Ways cay 


the Nuests be seated? 

Considering 3 | | | 
Seting 3 tadies as one Object, the number ot 

Arrangements = Ўр, 

VS 7 gentlemen and 1 

LEN ~ $ 
to be arrange). 
But the 3 1 


S! ways. 


қодар of ladies, Le, 8 things are 


dies can be arranged among themselves in 
^o the number of 


| arrangements in which 3 ladi 
together = *p хз, 


es ame 
Ka Eno ne 4 
Next, Considering 3 ladies 
(who fused 
number of arra 


as one object and 2 gentlemen 


‘© sit together) as another object, the 
ngements 


= р. *3 2t 

"o the required number of arrangements 

7 (he number of a 
together) 

— [the number оё 

together and 2 

together) are t 


Trangements in which 3 ladies are 


arrangements in which 3 ladies are 
gentlemen (who refused to sit 
ogether} 

эү. Жү 

-8!31!—71.31.21 

-3121)-5040(48- 12) 

= 5040 x 36 = 181440. 


9. А dictionary is Printed consisting of 7-lettered words 
that can be made With the letters of the word CRICKET. 


If the words are Printed in the alphabetic Order, as in 


an ordinary dictionary, find the Position of the word 
CRICKET in that dictionary. 


In alphabetic order t 
beginning with C w 
begins with C. The 
and having C or E o 


he letters are C, C, E, I,K, R, T. Words 
Ш be printed at first. Our word also 
number of words beginning with C 
r Ior Кіп the second place = 4 x 5 !. 

CHE X x x 


x х 
EX № x x я 
| Xx x x # x 
Koc ж ж ж x 

СЕС х x x 
pe x x x 


CRICJEx x 
KE T 


The number of words beginning with CR and having C 
or E in the third place = 2 x 4 !. 


The number of words beginning with CRIC and having 
E in the fifth place =2 !. 


Atter printing all these words, the word CRICK ep 
М ы Ry Wi 
printed, 
the required place of the word CRICK EY 
P(AXSTH ANAL +]! 12531. 
the word will be printed in the 531th place 


10. In а particular. programming | 
variable name can consist of a se 
alphanumeric characters A, В, С 


anguage, f 
quence of One | 
! € eZ, 0,1 z th 
beginning with a letter. Find the tot 


l , ر“‎ % 
* numba. 
valid variable names, ber of 


‘he number of valid variable names of one 
one 


=26 (`s there are 26 letters and the ү 
name must begin with 
The number of valid variable n 


characte, 


Ariable 
a letter), 


ames of two Chara 

=26 x36 (o thefirst place should h 

the second place can have any one » 

the 26 + 10 alphanumeric Characters 

repetition being allowed), ? 

The number of valid variable names of three 
= 26 X 36 x 36 and so on. 


the total number of valid v 
six characters 


Clers 


ауеа letter and 


characters 


ariable names Of one to 


= 26 + 26 x 36 +26 X36? + ... + 26 х 365 
= 26(1 + 36 + 362+... +365) 
36*.3 96 


11. How many numbers of five digits can be 


made with 
at least one repeated digit? 


Total number of numbers of five digits when digits can 
be repeated = 9 x 104 


( there are ten digits 0, 1,2, ..., 9 and 0 cannot go in the 
ten thousands place) 


LT IS 


9 10 10 10 
the number of numbers which may or may not have 
repeated digits = 9 x 10 ^. 


But the number of numbers which do not have repeated 
digits 


= юр. < эр, 


("CLITI- KEEL) 


Г : e 
the required number of numbers having at least on 
repeated digit 


hs H 
Permutation and Combination 


(otal number of numbers of five digits) 

(the number of numbers of five digits having 
peated digit) b 
"P3 


no n 
С“ 
9.8.7.6(10 = 1) 

27216 = 62784. 


gx 
2 ох 10 ы 
- 90000 = 


How many natural numbers are there lying between 
5 20,000 and 60,000, the sum of digits being eyen? 
The numbers will be of five digits beginning with 2, 3, 4 
or 9: 


4 10 10 10 5 


gi the Ler thousands place can be filled in 4 ways. 
Each of thousands, 
filled in 10 ways- 


first four places can be filled in 4 x 10 x 10 x 10 


hundreds and tens places can be 


So the 


ways- 
After filling these the sum of the digits used is either 


even ОГ odd. 


2. the last place can be filled in 5 ways (. ifthe sum 
of the digits is even, one of the digits 0, 2, 4, 6, 8 will be 
used and if the sum of the digits is odd, one of the digits 
1,3,5,7,9 will be used). 
DENS required number of numbers (20,000 being 
excluded) 

-4x10 x 10 x 10 x 5- 1= 19999. 


13. How many even numbers of four digits can be made 
with the digits 0, 3, 5, 4? Find the sum of the numbers. 


The even numbers have 0 or 4 in the units place. 


ШЕЕГ 


3p 
3 


The number of even numbers of four digits with 0 in the 
units place = эр, sed) 
The number of even numbers of four digits with 4 in the 
units place = р. - *Ps 2) 


Coos 6075 
3 p 2 р, 


total number of even numbers 
= 3p, + CP, –2Р) 5636-27 10. 
The even numbers have OQ or4 in units place. 


The number of numbers with 0 in units place 


=*p,=3!=6 [from (1)] 


4 ө 
ep - 


(һе sum 
numbers 


The number of numbers with A in units place 


{from (2)) 


=0хб+4х4 = 16. 


The number 


'The number 
22141 


P424 
of the digits in units place for all the 
2! = 2. 


of numbers with 0 in tens place = 


of numbers with 3 in tens place 


=3. 


12105) + Le 


The number 


The number 


of numbers with 4 in tens place = 21-2. 


Wu 


of numbers with 5 in tens place 


2214123 (as in case of 3). 


the sum of the digits in tens place 


süx243x8«4x2285»3092. 


Similarly, su 


The number 


m of the digits in hundreds place = 32. 
of numbers with 3 in thousands place 


22x?p,z4. 


0.4 


The number of numbers with 5 in thousands place 


-2х1Р;-4. 
The number of numbers with 4 in thousands place 
=2!=2. 


the sum 
=3x4 


of the digits in thousands place 


+5х4+4х2 = 40. 


the required sum of even numbers 


=40х 


1000 + 32 x 100 + 32 x 10 + 16 = 43536. 


14. There are unlimited number of identical balls of four 


differen 


t colours. How many arrangements of at most 


8 balls in a row can be made by using them? 


The numbe 


The numbe 


r of arrangements of one ball - 4, 
because there are only four different balls. 


r of arrangements of two balls 


=4х4=4°?,е(с. 


the required number of arrangements 


24442443 4... +а° = 


NT 
а 


4(4? - 1) 
4-1 


4 
8-1) = 5х 65535 = 4 x 21845 = 87380. 


A-158 


BS From a Wellshuffled pack of 52 cards, a player is 
SR 5 cards. If the cards have consecutive values 
then Ч іх said that the player has a run and if they are 
also trom the same suit it is said that the player has a 
running Mash. In how many different ways can a 
Player hold a (1) run Gi running flash? 

ана, 9! cards in а pack of 52 cards, each suit 

$ > cards, the 
= А),2,3 
In а Same of 


Values being 
, 10, 11(= 5), 12(- О), 13(= К). 


cards А is also given the next value above 


Our pr. ^ ы Ж =: $ 
problem is to select 5 consecutive cards to have 


а running flac Е ё 
à ng Aash w hen the cards of a suit are arranged as 
follows: 


' ә G K A 
"OP Ж 5 8 P Ж 12 13 14 
The number of se 


Same suit from th 
because they 


lections of 5 consecutive cards of the 
e above arrangement - 10, 


are like (1, 2, 5,4, 5), (2, 3,4,5, 6), ..., 
(10. 11, 12, 15, 14). 


Гһе numbe 1 > 
его Мес А 
Of selections of 5 cards of consecutive 


values from the Pack = 10x 45 


ес Se 7 к 
because in each place we have 4 choices of suits. 


the total number of running flashes 


= 10-10 + 10 + 10-40 
and the total number of runs = 10 x 45— 10240. 


16. There are m bags which a 


consecutive positive integers Starting with the 
number X. Each bag contains as many different 
flowers as the number levelled against the bag. A boy 
has to pick up k flowers from any one of the bags. In 
how many different ways can he do the work? 


The total number of ways 


re numbered by m 


=k _ ket S, m А 
Ee ES “С. ari eme. 


А т 
idu: < 9 


17. There аге п coplanar straight lines, no two being 
parallel and no three are concurrent. How many 
different new straight lines will be formed by 
joining the intersection points of the given lines? 


CNW 


Problems Plus in UT Mathematics 


The total number of points of intersection 
= the number of selections of 2 lines fro 


k * 
= "б t ling, 
| 
Clearly, each line will cut the remaining n-1j 
n- 1 points. Nes а 


out of "C; points, и — 1 points are on each lin 
е. 
The number of lines obtained by joinin ар 


y tw 
"С, points 9 of the 


n(n — 1) [n(0—1) _ 1 
"ES жеар, 
= Сс, QUSE Е 

_ n(n = D = n - 2) 

= 8 Е 
But from each of the n sets of (n — 1) colline 


Eos ge ; ar Points 
"= "Cs lines have been counted which are not 


new lines 


So n x"~'C, lines are not new lines. 


the required number of new lines 


= 22-2 
_ (п ue n пх", 
_ (n= In? -т-2) | r= D-2) 
8 2 

-IOD uiis 2 aq 2) 

1 2 
=; 1(1 ¬ D — 5n +6) 

1 
E n(n ~ 1)(n - 2)(n - 3). 


18. There are two sets of parallel lines, their equations 
being xcosa+ysina =p; p=1,2,3,...,m and 
ycos a - xsin a = q; q = 1, 2,3, ... , n(n > т) where a is 
a given constant. Show that the lines form 


2 m(m — 1)(31 — m - 1) squares. 


Clearly xcos a + ysina =p; р=1,2,3, ... ‚ m represent 
т parallel lines, the distance between consecutive lines 
being 1. 


Also ycosa - xsina =q; q=1,2,3,..., n represent n 
parallel lines, the distance between consecutive lines 
being 1. 


Permutation and Combination 


m-1 m 


n-1 
n 


e slope of each line of the first set = - coto; 
к e of each line of the second set = tan a. 


cot а) Чал а) = - 1, the two sets cut orthogonally, 


lines consisting of two lines of the first set and two 
e second set will form a square, if they are 


^ 5 О Е 
е 


aber of squares of sides of length 1 unit 


L 


The nun | | 
the number of selections of 2 lines from m lines 


„t unit distance and 2 lines from n lines at unit 
distance 


=(т- 1-0 ('.' selections will be (1, 2), (2, 3), ... 
(m — 1, т) from the first set and 
(1, 2), (2,3), ... (n – 1, n) from 
the second set). 


The number of squares of sides of length 2 units 


_ the number of selections of 2 lines from т lines at 
a distance of 2 units and 2 lines from п lines at a 
distance of 2 units 


2 (n — 2X" — 2) {. selections willbe (1, 3), (2, 4), ..., 
(т-2,т) and (1,3), (2,4), ..., 
(n — 2, n)) 


and so on. 
total number of squares 
-(т-1Хп-1)%(т-2)п-2)4 (т —3)(n - 3) 
+... + (mM -т-1)-(п -m-1) 
= (ии — 1 (m FR) + 1% 
+ (nn = (т + n) +27} + {mn - 3(m + n) + 35 4... 
+ mn = (m = T)m + 1) + (т- n? 
-(т-1)тп-(т- п)(1+2+3+... +т-1) 
+1222 +37 +. +(т- 7) 


= —1)m(2m - 1 
= (т – 1)тп - qn + n т т М m "" "nm 


1 -1 
= > (6n — 3(m + n) + 2m – 1! 


1 
E m(m — 1)(3n - m - 1). 


A-159 


re ladies and 3 


: 4 of them a 
19. A man has 7 relatives, 3 of them are 


gentlemen; his wife has 7 relatives, 5 deme 
ladies and 4 gentlemen. In how many dif еге са 3 
can they invite a dinner party of ? qd tues 
gentlemen so that there are 3 of the man’s rela 

and 3 of the wife’s relatives? 


РЕТ an's 
Let us denote the man’s lady relatives by HL, ый 
gentleman relatives by НС, wife's gentleman те" 
by WG and wife's lady relatives by WL. 


Here nt HL) = 4, n(HG) e 3$, nn WG) = ^ n(WL) = 3. 


Possibilities Combinations 
3HL, 3WG 4C, × *Сз= 4 х4 = 16 
ЗНС, 3WL сасады 


3C, x *C, x © х С» 
_3х4х4х 3 = 144 


2HG, 1HL, 1WG, 2WL 


С; x *C, x 5C; x С. 
-2х6х6х3-324 


1HG, 2HL, 2WG, 1WL 


Therefore, required number of ways 


- 16 + 1 + 144 + 324 = 485. 


20. In how many ways can а committee of 10 be selected 
with at least 4 women and 4 men from 9 women and 
8 men if 
(i) Ms X refuses to work with Mr Y 
(ii) Ms X and Mr Y insist to work together? 


The number of committees of 10 with at least 4 women 
and 4 men: 


Possibilities Combinations 
"CN 9! 8! 
4w, 6m C, x C671151" 612! 
ыыы. - 
24 2 
8:7-6 8-7-6 
5w, 5m °C, х8С5 = 2:52, 7056 
9.8.7 .8-7-6 5 
буу, 4m "D ox Cs x = 5880 


total number of committees of 10 with at least 4 
women and 4 men 


= 3528 + 7056 + 5880 = 16464. 


The number of such committees in which Ms X and 
Mr Y are present: 


In this case we have to find the number of committees of 
8 with at least 3 women and 3 men from 8 women and 
7 men. As above, the number of committees in which 
Ms X and Mr Y work together 
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hal of the series of binomial coefficients 


REEDS сон. ی‎ 


2004444 


Г 


CR 


Атасы тығы 


ШІ. pu how unay ways can two distinct Subs 
zR Subsets op 


the 
that they p" 
Em 


A of ADS) elements be selected зо 
exactly ме common elements? 


Lee tte ааа сай P and Q The 


e eu 
7“. da H ч X 
№ WO SS Г as М ا‎ BUS б 


> 
* 
d & \ 
© 2 КОМАХ Qut ОРА elemeuts for Doth the 
: ыс © Sarg 
Unis can de dene їйї “Г, wears, TM 
ЧО бексе for the subset P tem @ s Ten 
Я MeL 
дымын Rae О fecus Sls ап 
mi | 


v-2-.reownts Неге» can vary from 0 wa 
3 В X ы А М te 1 

Kx à бі г. he number of Selections TM 
=>; ET > 


у. хайы 


азу, о 
А YS 
ААА of any n 


а чү. 
et things Sm s things . 
m ә 5 


хате from Qtek - 2 


t м b ` 
the total number of selections 


&-2 

= eX 1-2-- 
= а C2 - i. 
>R 


ех the case when both the Subsets е 
< ` M 
having only the two commen elements, Seal 


z~, ` 9] Sc a > ~] ` 
Sutevery pair of Û Q is appearing ties like 


Hence, the required number of ways 


a (5-2 y 
і- Ы y t-ian 3À- 2-7 i 
= чі = “..хҡ. -1) 
“ P } 
- 4-1 
LNE-D E 25-1 kun. 
MES S OW ge چ“‎ p2** 
کې‎ 5-4 ‚ > 


23. A boatis to be manned by 9 crew with 4 on the stroke 
side, 4 on the row side and one to steer. There are 11 
crew of which 2 can stroke only, 1 can row only while 
3 can steer only. In how many ways the crew can be 
arranged for the boat? 


The number of ways to select the man to steer «d. 
Of the remaining $ persons, 2 (who can stroke only) are 
already selected for the stroke side and 1 is selected for 
the row side (who can row only). So, of the remaining 
5 crew we have to select 2 for the stroke side and 3 for 
the row side. 


TOW © 


steer 


Permutation and Combination 


sp О (ТЕГ > No A o * 
pied number ot st lections = `C, x C, x "Cy 
„jont persons on the stroke side as well as row 


их x 4! ТС Ж И $ 
gal : ay Ў arranged in 4! ways for every selection ot 


Р `\\ 
e quid number ot Ways 
+f 
the 
u“ Es бұзба ха 17250. 
“1 = 
T containing n elements, A subset P ot A is 
AMT E n a ж у 
E nS а. The set A ÀS reconstructed by replacing the 
oe 1 © - >, 
NS ot Û A subset Q of A is chosen, Find the 
ambet ot ways of selecting P and © so that P and Q 
“ SS 
am aonintersec ting 


T the elements is available for selection in making 
ух “ y із 
e well as Q. But P and Q must not have any common 
дақ со each element сап be taken іп 3 ways 


gem nt > 
ei p eQ or «р. ЕО or ЕР, € 9) 


aene ы 

" әкең еке een te =I) ище эк = 
to the number of ways to select nonintersecting 
* c 


€ yal Е 
i: and Q (excluding the case when P, Q are à). 


Г 
sube 


z Prove that the number of ways to select п objects 
from 3" objects of which п are identical and the rest 


objects and n 7 T objects from 2n different objects 


ihe number of selections of r objects from п identical 


п,” nce 
six Crer” Ga es 
Неге? varies from 0 to n. 
the required number of selections 
в 


ж > S 
FIN к In _ ane гп 2n m 
mU 55 Cnr Cu Си-1+ СЕ С 


r=0 


2n ‚ 27 іл 2м 
=" +“ СФ Cpe ce C. 


writing in reverse order 


` 


_ fan 2n 2п - lar 1 > 
=| Cot C+ Citt. Cz gom 
2 ) 2 


= sum of the first half of the series of binomial 


3 L comes 
coefficients + —- "Са 


- 


26. Two different packs of cards are shuffled together. 
Cards are dealt equally among 4 players, each getting 
13 cards. In how many ways can а player get his cards 
if no two cards are from the same suit with the same 
denomination? 


Here, there are 52 distinct cards, each card being 2 in 
number. As no two cards are to be of the same suit with 


77928424160 $69 4 


. 


гахар, CES AOA)? 


А-161 


s are identical), 13 


я two card 4 
ach card IS 


2 cards where с 


the same denomination ас 
cards are to be selected trom 5 
two in number. we 
The number of selections of 13 cards Irom 52 distinct 
cards = “Cy, 

But each of the 13 cards cat 
(belonging to either o! the hwo packs): 


the required number of ways 


¬ 
&: 


л 


13 - 13 


42,- M 
„Зс е2 
13139! 


- 


27. There are 5 mangoes 

different ways cana selection of fruits be made if 
(1) fruits of the same kind are different 
(ii) fruits of the same kind are identical? 


(i) The number of ways to select any number of 


mangoes 


E буе u^ 
= ө” j С + I 


The number of ways to select any number ot 


- ~ 4- 4 
se T a Су 6 Ces 
the required number of ways te select fruits 


225«2!- 1 {excluding the way in which 0 


mangoes and 0 apples are selected! 


=2°-1. 
(ij) The required number of ways 
26531 621)-126x5-12729. 


28. Find the number of factors of the number 37800. Also 
find the sum of the odd proper divisors of the 


number. 


- 


Неге 37500 375 x 100 =3 x 126 х 2 x5 


1 


R РЕ 
= 3x42 % 27> * 9 

x LL аЗ A 
=3 x 3 × 3 × 1 * хә 


a2 us" к КР 
the required number of factors 
- the total number of selections from 
Q,2, 2), 6, 3, 3. (5, 5), (7) 


= )3 + 1()3 + 102+ 101 + 1) -2 


(excluding 2? 35 5? 75, ie. 1 and 


The required sum 


TR: 
=(5 +3 


+32+33)5°+5'+52)°+7')-1 


{2 " as a factor and 1 as a divisor 
are to be excluded) 


+ > , © 
y be selected in 2 ways 


and 4 apples. іп how many 


.33.5*.7, ie., 37800 as factors) 


OUR 


Problems Plus in IIT Mathematics 


А-162 
3'-1 53_, 
= —— —— 
3-1” Eq herd 
- G* - 15? - pg 
авва =. 
2х4 1 
x 4 3 
-(3 -D06^-1)-1-80 x 124 — 1 = 9919. 
Note 


(i) If we have to find the number of odd proper 
divisors then the required number 


= (3+ 1)(2+1)(141)-1 


[^ we have to exclude 2s and the 
number 32.59.79) 
(ii) If we have to find the number of even proper 
divisors then the required number 
= 3(3 + 1)(2 + 1)(1+1)-1 


l^ we have to exclude 2*-3°.5?.7 and 
at least one 2 is to be selected}. 
(ii) If we have to find the number of proper divisors 
divisible by 10 then the required number 
3х(3%1)х2х(1%1)-1 
| 


7 at least one 2 and one 5 are to be selected]. 


29. In how many ways can 3 girls and 9 boys be seated in 


two vans, each having numbered seats, 3 in the front 
and 4 at the back? How many sitting arrangements 


аге possible if 3 girls should sit together in the back 
TOW Оп adjacent seats? 


There are 7 seats in each of the vans. The total number of 
persons = 3 + 9 = 12. Now: 


Possibilities 


Combinations Permutations 
Van I Van II 
| 7 5 "Ех 3C; "C; x С; х?р, х?р, 
12! 7! 
"n “Үт my 
6 6 ҚС; RC: "Cs x C, 7р, xP, 
12! 
"pep od 
5 7 xc E es вс x “Cy x "P. x?p, 
121 7! 
i "simi 2 
total number of sitting arrangements 
12!-7-6 i 12 ! 
ES US RB Шш; 4%; —— 5 FG 
= 2 t12!-7.7- 2 


21 - (12 !) +49. (12!) +21. (12!) = 91. (12 !) 
[Note We could have directly arranged 12 persons in 14 
seats. The number of ways for this is Pp, i.e., 


14! 14-13 ims 
=—>— 12!= 91 х 12 !. However, the c 
T E he first meth 


is advised because it covers all situations. ] 
When 3 girls seat together in the back row 


of Van I: 
Possibilities | Combinations Permutations 
Van I Van II 
„4 55 Cx Cs Cx Cx (2x31) 4| х?р 
9 5 
3p3b 6b ‘Cx “С,х<С,х(2х3)) "Py xp 
38,20 № °*С,х'С, Cix Cx (2x3 ур, xp 
because the 3 girls in the back row can take place in í 
seats remaining together in 2 x 3! Ways, 4 
the number of sitting arrangements with 3 girls ; 
Van I in 
=°C ERER x1x2 ТЫ 
4 ӨЧ 3 x3!x 1! x T 
. | 


9 4! 
+ а 


9! 
7415] 941713 01 2x314171 


9! 
*aizr 23417) 

79!3!x7x6*9!x14x4!49!x3 x 24 

=9!3! (42 + 56 + 12) = 660 x 9 !. 
Similarly, the number of sitting arrangements with 3 
girls in Van II - 660 х9! 

the required number of ways 

=2 x 660 х9! = 1320 x9 !, 


30. In the given figure you have the road plan of a city. A 
man standing at X wants to reach the cinema hall atY 
by the shortest path. What is the number of different 
paths that he can take? 


Y 


-- 


0 
т 
As the man wants to travel by one of the many possible 
shortest paths, he will never turn to the right or turn 
downwards. So a travel by one of the shortest paths is to 
take 4 horizontal pieces and 4 vertical pieces of roads. 
As he cannot take a right turn, he will use only one of 
the five horizonal pieces in the same vertical column. 
Similarly, he will use only one of the five vertical pieces 


Жж 
Permutation and Combination 


came horizontal row. 
es 


í shortest path is RE arrangement of eight things L}, 
шш Ur U, Us U; so that the order of Ls and Us do 


clearly L» cannot be taken without taking 


nange C 
taken without taking U,, etc.) 


ot € 
n^ cannot be 


А p the number of shortest paths 
непе, x 
_ the number of arrangements of L}, Ly, Ly, Ly, 


U, Ux Uv U, where the order of Ls as well as 


the order of Us do not change 


- the number of arrangements treating Ls as 
identical and Us as identical 
а, 8-776: 5 


„2 22.7.5270. 


7314! 24 


31. How many numbers of five digits can be made 
having exaclly two identical digits? How many of 

these will have the repeated digits in consecutive 
places? 

if the identical digits be 0, 0 then three other digits can 

pe selected from 1, 2,3, ... , 9 in “С, ways. 

The number of numbers of five digits that can be made 

with 0, 0 and three other different digits 


NN 
2! 
(. the number of arrangements without restriction is 
5! RS 3 : 
= and the number of numbers beginning, with 0 is 4 !) 
_ the number of numbers of five digits that can be 
made with 0, 0 and three other different digits 


9 (5! ` 
= 6x71!) 
The number of numbers of five digits that can be made 
with 1, 1 and three other different digits other than 0 


The number of numbers of five digits that can be made 
with 1, 1, 0 and two other different digits 


5! 4! 
="C, x li * i 
2t 21 
the number of numbers of five digits that can be 
made with 1, 1 and three other different digits 


x up t. 251 Ar 
= Сухт с.х (51-21) 


Similarly for numbers having 2, 2 or 3, 3, etc. 


the required number of numbers having exactly two 
repeated digits 


- С,|51-4 Jess feste in 


= 84(60 - 24) + 9 x 156 × 60 + 28 * (60 - 12) 


= 84 x 36 + 9 × (3360 + 1344) 
- 3024 + 42336 = 45360. 
Next, similarly as before, the number of numb 


digits that сап be made with 0, 0 and three other 
different digits when 0, 0 are consecutive 


cs of five 


zs" CQ(4!- 31) (0,0 are treated as one object) 


The number of numbers of (ive digits that € j 
with 1, 1 (or 2, 2 оғ... ОГ 9, 9) and three other different 


digits other than 0, where 1, 1ате consecutive 


an be made 


= С, х4! (бе 1, таге treated as one object) 


The number of numbers of five digits that can be 
made with 1, 1,0 and. two other different digits where 
1,1 are consecutive 

=*C,«(4!-3!) C^ 1, Tare treated as one object) 


Hence, the required number of numbers with two 


identical digits consecutive 
= "C4 5-30 9UC, x4 54 8C, x (41-3) 
= ¢4 x 18 + 9(56 x 24 + 28 x 18) 
= 1512 + 16632 = 18144. 


32. How many numbers of five digits can be made with “ 
the digits 1,2,3 each of which can be used at most 
thrice in a number? 
We have the digits 1, t, 3,2,2,2,3, 3,310 make numbers 
of five digits. The digits will be as follows 
(construction wise): 
(1) three identical, one pair 
(for example: 1, 1,1,2, 2, ete.) 
(ii) three identical, two different 
(for example: 3, 3, 3, 1, 2, etc.) | \ 
(iii) two pairs, one different | 
(for example: 2, 2, 1, 1,3, etc.) \ 
In order to cover all the possibilities start with 
all identical digits and go on reducing the 
number of identical 912185, ultimately 
reaching, all different digits. 


(i) The number of selections of three identical digits, 
one pair = C, x *C,. 
Corresponding, to each selection, the number of 
! 
numbers that can be made = "M 
321 
the total number of numbers of three identical 
digits and one pair 


51! 5x4 
TE Ga А 2 


(i) The number of selections of three identical digits 
and two different digits = "C, x ^C; 


="C x C. x = 60 > ‚ (1) 


Росо Pls Bt НТ Mates 


is the total numt er Of numbers of throe identical 
75 ` 
VIRIS and two ditterent digits 


“М 1^‏ ` س 


1 
- `~ ` Lak 
Cys 3 > ہی ۔ کے‎ М 


с 
(iii) ECTS " 
The number of selections ot two pairs, one different 
digit — Eo. х С: 
the total Number of numbers of two pairs and 

са 


RU “с; “2% 3173330290. 
the required numbe 


one differnt digit = `C 


r ot numbers 


= 60 = 60 - 90 = 210 


$5. Find the total number of Selections of 5 letters from 


E x 

ive Ах, tour Bs, three Cs and two Ds. Also find the 
number af T-letter words that can be made. 

There is one letter A to take 5 


A.B to take $ j 


" identical letters, two letters 
'Gentical lett 


ers, three letters A, B, C totake 


^ 3 E OE — = 
“identical letters and four letters A,B.C,Dtot 


ake pairs. 
There are enlv four different letters. 
Possi struc х і 
>: ible Structures, selections and arrangements are 
Siven in a tabular form as below: 


Possibilities Combinations Permutations 
5 identical ы 5! 
с Ci С х EI 
3 identical, 
S > 3 5! 
1 different Ех С; "Cy x °C, x > 
3 identical, 
1 pair Саас ا‎ 
j 52521 
| 3 identical, : 
і 2 different Сапе, С, «ЗС. x St 
2 ud 27 
2 pairs, 
5 4 2 2 5! 
1 different С. х C, "Es x "C, ж 212! 
1 pair, 
\ 5! 
3 different T6, s ^6, “С: x ©, x EI 


the required number of selections 


= 'C, +26, x 7C 3C x ЗС: E, «°С 


2 
E 


2 4 
AES бра “сұ sc. 


=1+2х3+3х3+3х3+6х2+4х1 
=1+6+9+9+ 12 +4=41. 


The required number of words (1.е., permutations) 


= 1 + 30 + 90 + 180 + 360 + 240 = 901. 
Note The number of selections is also equal to " 
coefficient of x^ in e 


( 1 2 зуу. 0 
TERT FHF ctx yx lag yl 


А 2 1 
TX TX з, 
CR 2556 
х(х®+х!+х?° ax Xx exe 
= coefficient of x^ in 
l-x^ دا‎ =" 1-х 
І<Х 1-Х 1-х Tex 


= coefficient of x? in 
Q -x*5ü -x50 -x*)0 2 x51: 
= coefficient of x? in 
хех +х7) 


| 4-5 


| - 2,4-3-6 3 
EL $c ES Tam: 


\ 


= coefficient of x? in 
(1 at a x? a x5) 


x [1 + 4x + 10x? + 20x? + 35x44 56x5}, 
neglecting powers higher than x5 
-56-10-4-1-41. 


34. In how many different ways can a set A of 3n 
elements Бе parlitioned into 3 subsets of equal 
number of elements? (The subsets Г, О, В form a 
partition if 

PUQUR-A,PoOR-$,0^R-6,RaAP-$) 

The number of ways to partition the set 

7 the number of ways in which 3r different things 
can be divided in 3 equal groups 
- x (say). 

Then 3n different things can be distributed among 3 

persons equally in x x (3 !) ways. 


But the number of ways to distribute Зи different things 
equally among 3 persons 


__ ан 2п п 
= Сух C, x C, 


Зп! 2n! n! 3n! 
ш--дт--хХ----х----- è 
n!2n! n!n! n!O! (mD? 
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(i) groups of 11,9 


3 
= С х "Es x C3. 
boxes can interchange their content, no 


put the y 
giving а new way when boxes 


exchange 
containing b 
the total number of ways to distribute 1, 1, 3 


balls to the boxes 


alls in equal numbers interchange. 


3! 
ЗЭС, x Gi X ° C x21 
Similarly, the total number of ways to distribute 


1, 2, 2 balls to the boxes 


5 4 2 3! 
="C, X С.х Сохт" 


the required number of ways 


3! з! 


4 3 
5C x C x C x Z= + С, x C2 XC х 


21 2 
=5х4х3+5х6х3 = 60 + 90 = 150. 
Note Writing the whole answer in tabular form, 


possibilities combinations permutations 


! 
44,5 СС 5C x fe x0 x57 


p" 
зп! 5! 
х2 at n 6(n !)3 
palls are to be placed in three boxes. Each can hold 
" Q8 (ive balls. In how many different ways can we 
all jet palls 50 that no box remains empty, if 
a ne and boxes are all different 
‚1 = = 
(i halls are identical but boxes are different 
ci) IE are different but boxes are identical 
qm us as well as boxes are identical 
» palls as well as boxes are identical but boxes are 
(5 кері ina row? 
рох is to remain empty, boxes can have balls in 
с̧п0 rs: 
i jollowins numbers: 
| e 9 p) 
sibilities 1, ҚА SB dv 
"m id number of ways to distribute the balls in 
i 
| 
| 


=5х4х3=60 
! 
122 Тс СС; iC x ext x 


=5х6х3 = 90 
the required number of ways = 60 +90 = 150. 
(ii) When balls are identical but boxes are different the 
| number of combinations will be 1 in each case. 


\ ^ the required number of ways 
3! 3! 
| ть Staen 
(iii) When balls are different and boxes are identical, 
| after giving 3 balls to a box, the remaining 2 are to 


be divided in two equal groups because the boxes 


T mS 
after giving ! ball to a bo 


are i ical. Similarly, 
are identical. Simifar y divided in two equal 


the remaining 4 are to be 
groups. 
the required number of ways 
2 1 40, x ^C. = 
CX С, 5 С. x Cz -10+15=25. 
21 
(iv) When balls as well as boxes 
number of combinations and arrange 
1 each in both cases. 
the required number of ways 


are identical, the 
ments will be 


sixltixls2. 
(v) When boxes are kept in a TOV 
as different. So, in this case 
will be the same as in (ii). 


v, they will be treated 
the number of ways 


36. Let п and К be positive integers such that 


na ED., Find the number of solutions 


(Xy Xy Xy r Xk) MED x,22,...,Xk2 k, all integers 


satisfying the condition х + Xa + 5+ .-: + X=. 


Let x; = уу +1, X3 = у: +2, ‚х= Yg + К. 
Putting these in the equation, 
(yy +1) + (yn + 2) + (ust 3) +... + (0+0=1 


or Wityty tet 
k(k + 1) 
=п-(1+2+3+... ==> — 
= т (say) where т is an integer 2 0. 
Now, we have to find the number of non-negative 
integral solutions of the equation 


VY + Ya + Y3 + ... + Y= т E 


The number of solutions will be equal to the total 
number of ways in which т identical things (here the 
thing is the number 1) can be distributed among К 
persons (here k variables) and this is equal to 


кас, 
-1 


the number of non-negative integral solution of (1) 
and hence that of the given equation 


m+k-1 (m += 1)! 
= UNE Dev Т , 
(k-1)!m! 
k " 
where m =n Kt. 


Note 
(1) The number of solutions of 
Yı +У> + Уз + oes + у= 


where у, уз, etc, and т аге non-negative 
integers, can also be obtained by finding 


coefficient in a suitable expansion. 


Consider the expansion of (1 + x + x? + ...)*. 
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ха, gå 


= U ^ ` 
A FET soot QU e i EES 
0 2 
өз Ж (АХ NE S uu) 
{there being k factors]. 
Th “Га Ше > К y n 
Ccoelticient of a Power of x, sav x in the RHS 
=n Же 
umber of w ays in which сап be split А 
эа ^ = м т м 
pe rts (non Negative integers), sum of the parts 
being m 
the numbe Res ‹ А : 
mber of solutions of the equation 
= coetticient ору?" и x* 4. А, 


] 
қ 


= Coefficient of y" iní : 
| 1-х 


Coefficient of y™ іп (1-х) ^ 


A K(k + 1)(К +2)... (k+m-1) Е 
т! à 


(using binomial theorem for any index) 
K(k + 1)) +2 


- )---(К+т-1) (m«k-1)! 

L т! i m! (k1)! | 

(2) The number of non-negative integral solutions 
ОРУ * y, .. + V, S m can be obtained by finding 


negative integral solutions of 
+ ук+ V... m (where Ук. is also 
non-negative integer) Their 


5: number оѓ 
non-negative integral solutions will be equal. 


the number of non- 
Ve Yo Lu 


37. Find the number of non 


“negative integral solutions 
of 2v*y - 2-2]. 


Clearly х= 0, 1,2 


" Peri Oe see T0. Let x =k; then 0 <k <10. 
When x =k, y+ z2 =2] =2k. 
Y The number of non 


“negative integral solutions 


= the number of ways to distribute (21 — 2k) 
identical things (each thing is the number 1) 
among 2 persons 

= 21 -2k 42-1 


Cu omm оар 


^ the required number of solutions 
10 


=>. (22 = 2k) =92.+20418 4... 42 
kso 
11 x 12 


=2(1+2+3+...+11)=2х 2 


- 132. 
38. Show that the total number of non-negative integral 


solutions of 4-tuples (m, n, 13, пу) is IOC, such that 
4 


У п; < 100. 


f=1 


Here n; + п. + пз + n, < 100, 


where n, > 0, n, > 0, пу 0 
vw | 


420), 
Then nj + nz + ny t n, = 100 — К, 


where 0 < k < 100 and k js int 
= e 


The number of non-negative integral Solutions 


equation for a particular X of Ще 
= coefficient of x ® 7* in 
(x xxt ER eas tag, zi 
x> ex exta er ex у кыд 
= coefficient of x ®  * in (1(+х+х?+ ә” 
100 - А; E 
- coefficient of x ШЕ | 
-х 
= coefficient of x! -* in (1- x 
4-5-6... to (100 - К) factors 
ج‎ ee 
(100 — 1) ! 
_4.5.6.... (103 - 1) 
E (100 — X) ! 
(103-D! ш 
йс" G 
(100 – К)! 3! 
As O<k<100, summing ир for all integers 
k, 0 S k € 100 the required number of solutions 
100 
im y 103 “ke 
k=0 


= coefficient of x3 in 
(143) P+ )1 + (+ , (1+х)%| 


1+х 101 _ 
= coefficient of x? in (1 + x)? . 22.) 1 

(l+x)-1 
= coefficient of x * in (1 + х)? ((1 + x)™ - 1j 


= coefficient of x * in (1 + x) = 1% б„ 


39. How many triangles with sides of lengths in integral 
cm can we get if the length of the greatest side is 
given to be 2m cm? Also find how many of the 
triangles are isosceles and how many are equilateral, 


If x and y be the other sides then we can have 
Х<у<2т. 


Again, in a triangle, sum of any two sides » third side. 
the sum of two smaller sides > the longest side 
x+y>2m. 

As the greatest possible value of x, y is 2m each, we get 
Am2x-y»2m. 


In order to find the number of triangles we have to find 
the number of positive integral solutions of the 
equations 


х+у=2т+1 | ... 1) 
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2 2 
,y 22m * ) 


m n ... (2т) 
X А d 2n, 1 < у < 2n. 

„otha! | еч solutions for (1) because the solutions are 
à 2, 2m =1), ..., (т, m + 1) and x € y. 


у = 211 + 2. 


(1, ant), ( 


E dile he soluti 
AC ш solutions because the solutions are 
зй; 2m = 1), ... , Q1 € 1, m 1). 
(2; = í 


(3) is xy =2т + 3. 


agai sre] solutions because the solutions are 
e are 

m — 2m =1), ... (t+ 1, m +2). 

йз” mem 


em-1 solutions because the solutions are 
e are 
There * 


(4 эт), (5, 2т-1),..,(т +2, m +2). 


the total number of solutions 
Thus, 


тат + (т = 1) + (= 1) +... +1+1 


т(т +1) 


229m +(т-1)+...+1=2. g  -nm(m-1). 


те triangle will be isosceles or equilateral if x = y ог 
any one of x, y is 2m. 
( Ы 2 P A 
The number of solutions in which either х=2т or 
yz 2m 
=1+1+1+... to 2m times 
because each equation has one such solution 
= 2n. 
The number of solutions in which x = y 
=1+1+1+... Ю (т - 1) terms 
-т-1 
because equations (2),(4),(6),...,(2т-2) 
have each one such solution. 
‚ total number of isosceles or equilateral triangles 
-2т%т-1-3т-1. 


There is only one equilateral triangle (each side being 
2m cm) 


the number of isosceles triangle (which are not 
equilateral) = 3m — 2. 

Nole We could have used combination to find the 

number of solutions of the equations (1), (2), etc. 


40. А condolence meeting is being held in a big hall 
Which has 7 doors by which the mourners enter the 
hall. One can use any one of the 7 doors to enter and 
‘an come at anytime during the meeting. At each 
door a register is kept in which a mourner has to put 
down his signature while entering the hall. If 200 


корне attend the meeting, how many different sets 
917 lists of signatures can arise? 


onsisting of 


© ° r (Y u 75 G 
200 people can be divided in seven Вто F he number 


any number of people in as many ways ast 
of integral solutions of 
кү, Ex Exit Kg mao E 
where each of Xi; 
We know the number of integral solution 
equation 


v, ес. 2 0. 


s of the 


: 2 БР 
- the number of ways in which 200 identical thing 
can be distributed among 7 persons 


200 +7-1 
Jte a 


ә ner- т 4 ) 
(C. heren = 200, r = 7 1n the result vd 
>= 2060. 
- Ж 


i > aces 
But for each distribution of 200 persons in the 200 place 
of signatures there are 200 ! arrangements. 


the required number of lists 


= 2С x 200! 
206 ! _ 206! «p 
= 12001 200! = = 200 


41. In how many ways can 10 persons take seats in a row 
of 24 fixed seats so that no two persons take 
consecutive seats? 


As no two persons take consecutive seats, there will be 
at least one seat vacant between any two persons with 
some or none before the first person and after the last 
person. Let the number of vacant seats before the first 
person = ху, the number of vacant seats between the first 


and the second (persons) be x,, etc., as shown in the 
figure. 


хо X1 Xo X3 Ха X10 


eo 


Clearly, the total number of vacant seats = 24 - 10 = 14. 
Xg Xp +Х. +... + Хо + Хи = 14 
When хз AE NS SNE leg x4: ® D. 
Put хо = уху = yi +1, х= 05+ 1, ... 
Хо = Yo + 1, Xio = Vio- 
Then the equation becomes 
Vo + Qi + 1) + (yr + 1) +... + (Yo + 1) yq = 14 
ог Wty +... +0 + Wy = 14 -9 =5 


the required number of ways 


= the number of non-negative integral solutions of 


the equation yy + y, + ys +... + Yo + yay =5 


5+11-1 IS 
= Cn -1= "Cy. 
But the 10 persons can arrange among themselv 
SP ways. 


the required number of ways 


5 10p 
= "Ci × Pro 


es in 


i 
| 
ШЕ | 


2 
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Em -:m 15 ! 
"38155 520 e. 
Note If 10 Persons are to take seats such that each has 
exactly one neighbour then they have to be paired 


off and consider them as ы r i.e., 5 persons and 


proceed as above. 


42. An examination has four papers. Each paper has a 


maxi i i 
ximum of n marks. Find the number of ways in 


whi : : 
шек ап examinee can secure 2n marks in the 
examination. 


An i 
examinee can secure marks 0, 1,2, ..., n ina paper 


and the sum of the marks secured in four papers should 
be 2n. 


the required number of ways 


- Ss number of ways to distribute 2n marks over 
our papers having maximum n marks each 


= coefficient of x?" in (x +x 4x24... +х")* 


- = nli 
= coefficient of x ?" in ==) 
=x 


= coefficient of x?" in (1 -x "* аж 
= coefficient of x2" in 


4 4 
( Co- C gt ute pes 


4 * 
7% Cog tt С" $) 


Pei O В и 
" n! 


"А =4С,.2:5:6...(2п+3) , 4.5.6... (n2) 


(Оп)! ei (n — 1)! 
2,5:5:6... (n4 3) _4.4:5:6:...(п+2) 
(2n)! (n-1)! 
и (2n + 1)(2n + 2)(2n « 3) n(n + 1)(п +2) 
= од. 
1:253 1.2.3 


(n + 1) (20 + 1)(2n + 3) - 2n(n + 2)) 


il 


Q|-2 wile 


(п  1)(2n? + 4n +3). 


Note 


(1) If at least one mark is to be obtained from each 
paper, the required number of ways 


= coefficient of x7" in (x + x? +x? +... + х"). 
(2 


w 


If at least 1 mark from one paper, at least 2 marks 
from another, at least 3 marks from another and 
at least 4 marks from the fourth are to be 
obtained then the required number of ways 
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= coefficient of x ^" in 


2 28 п x 
(x41 4X Re FX ) (x xa a 


— ht 
х) 


х (хх... $0") (x84 5, 
2 ... + x 1 
(3) If one paper has maximum marks 


2 ; 
required number of ways "| then the 


s 2n : 

- coefficient of x ^" in 
^" 

(+x +x “+... tx")? 


.0 
x (x txX4r'a. + 2н 
е 


43. Find the number of ways in which five 
letters can be put in their five addressed eny 
that all the letters are in the wrong envelop 


differen, 


es, 


The number of ways to put 2 letters in 2 
envelopes so that all are in the wrong enve 


(8) (А) 
The number of ways to put 3 letters in 3 
envelopes so that all are in the wrong envelo 


Addresseg 
lopes =. 


add Tessed 
pes 


= (the number of ways without restriction) 


- (the number of ways in which all are in the 
correct envelopes) 


- (the number of ways in which 1 letter is in the 
correct envelope) 


г924-1-7Сх1-6-1-3-2. 


[Note two аге іл correct => all are in correct] 


The number of ways to put 4 letters in 4 addressed 
envelopes so that all are in the wrong envelopes 


- (the number of ways without restriction) 


- (the number of ways in which all are in the 
correct envelopes) 


- (the number of ways in which 1 letter is in the 
correct envelope) 


- (the number of ways in which 2 letters are in 
the correct envelopes) 


241-1-'C,x2- C, x1 
=24-1-8-6=9. 
The number of ways to put 5 letters in 5 addressed 


envelopes so that all are in the wrong envelopes (as 
above) 


=5!-1-7С, х9-5С, x 2-7 C, x 1 
= 120 -1-5х9-10х2-10х1 
= 120 - 76 = 44. 


мы 


y" 


€ — 


2 
Permutation and Combinat 1 


An unlimited number of counters bearing the letters 
44. АВ and С are available. As а result апу number of 
counters bearing А or B or C can be selected. Find the 
number of ways to select m(7 3) counters so tha 
cannot be used to make the word CAB by usin 


three of the counters from the selected counters 


t they 
g any 
word CAB cannot be spelled if 
part As or only Bs or only Cs are selected 
$ Е counters consist of two of the3 letters A, B, C only. 
(i ы 


тһе number of selections of m counters in which all are 
16 of all are Bs or all are Cs 
AS 


- С, х уам Ci = 16) x d e eg. 


‚һе total number of selections of r things from n 
e o when each thing can be repeated any number of 


Mm d 'С,. Here n = l,r = m.) 
times = 


The number of selections of m counters with two of the 
rs А, D, C 

23 КЭ TP Cur Sm T) 
This also includes selections from only one letter in 
three selections. So, the required number of selections 


=3(т+1)-3=3т. 


45. In how many ways can 10 gentlemen sil round a table 
so that in no two arrangements they have the same 
neighbours? 


As the gentlemen are not to have the same two 
neighbours, clockwise and anticlockwise arrangements 
will be treated as identical. 


WI 


A 


Hor 


the required number of arrangements 


1 1 
3 (10-1)!=-7 9t 


16. A regular polygon of 10 sides is constructed. In how 


i го 
many ways can 3 vertices be selected so that no tw 
vertices are consecutive? 


The required number of selections 


- (the number of selections without restriction) 
- (the number of selections when 3 vertices 
are consecutive) 
- (the number of selections when 2 vertices 
are consecutive). 


А» Аз 
Аз А. 
Аа А, 
д, Aa 
0 3 
А; Аг 


Now, the number of selections of 3 vertices without 
restriction = "C, 


The number of selections of 3 consecutive vertices - 10 


(by Observation а А 2A з, А А А .-.. А wA А › ). 


The number of selections when two vertices are ы 


consecutive = 10 х ^C, 


( after selecting two consecutive vertices in 
10 wavs, the third can be selected from 
6 vertices) 
the required number of selections 


= C. - 10 - 10 x °С, 


10х9х8 


( = 10-60 = 120 - 70 = 50. 
) 


Exercises . 


Prove that 
Pi +2. 19,4 3-2 B4. 

> 
“2. Evaluate С. + x 


1-0 


1 tel 
EPS TSP 


E 


73. Prove thal the product of r consecutive integers is 
divisible һуг!. 


AZEstablish Hs o "E "Сы * “Сы 41: 
Hence prove that 


nel те 
Co. C 


mad т +2 
-т + Cnt Ст +... 


+ "Coy (п > т). 


d 
246. 


Pravethat "С" "Cem "Cy Ғи>7 


Prove that. (1 H ! is divisible by (n "^", 


| «2 Show that two positive integers л, cannot be found 


Ж 


such that "C, "C, ы С, arein GP. 


Show that 1!42!«3!«... зп! cannot be a perfect 
square for any n є №, п> 4. 


. A letter lock consists of three rings each marked with 


10 different letters; find in how many ways it is 


possible to make an unsuccessful attempt to open the 
lock. 


A-170 


x 


Problems Plus in HT Mathematics 


> 
10. 4 А 
А telegraph has а number of arms and each arm is 


capable ot taking 4 distinct positions, including the 
^ =} + 2 M » е 
Position Ot rest. И 1023 different signals can be sent 
In all then find the number of arms. 


MH nd 
mer dl How many 10-digit numbers can be made with odd 


Tole с 
digits so that no two consecutive digits are the 
same? 


Ax How many odd numbers of five digits сап be 
formed with the digits 1,2, 3, 4, 5 if the digits cannot 
be repeated in the same number? 

234 Let пе N and 300 < n < 3000. If n is made of distinct 

digits by taking from 0, 1, 2, 3, 4, 5 then find the 

Sreatest possible number of values of n. 


. 1 3 һы күте е EN 
> How many seven-digit numbers can be made from 
the digits 1, 2, 2, 2 


2.2, 2, 9, 9,50 / many 5 
oad ‚ 5? How many of these are 
15 7 
“22 How many numbers greater than a million can be 
formed with the digits 2, 3, 0, 3, 4, 2, 3? 
= sees d a an of seven digits can be formed 
Ww 1 с %8 2 - “е 
vith the digits 1.3, 3, 4, 3, 2, 1 so that odd digits 
always occupv odd places? 
JZ How many words can be made with the letters of 


the word “TECHNOLOGY” which do not begin with 
T but end with Y? 


1 ind the number of odd numbers greater than two 


million that can be made with the digits of the 
number 1315414. 


39 How many words can be made with the letters of 


the word INSTITUTION such 


that vowels and 
consonants alternate? 


E , 1 
29-11 how many ways сап 6 boys and 6 girls be 
^, arranged іп а row so that no two boys and no two 
girls sit together? 

j 21. How many words can be made with the letters of 
the word BHARATI so that all the vowels are 
consecutive? 

* 22. How many numbers of six digits can be made by 
arranging the digits of the number 123425 so that all 
the even digits do not occupy consecutive places? 

_23. In how many ways can the letters of the word 


ALGEBRA be arranged without changing the relative 
order of vowels and consonants? 


24- Find the number of ways in which 10 candidates in 
an examination can be ranked 


Grit two particular candidates are always next to 
each other z 


Aiit one particular candidate is always above 
another particular candidate. 
ЕУ how many ways can the letters of the word 
CINEMA be arranged so that the order of vowels do 
not change? 


: „29. Show that the number of permutations of 2 


„26- А dictionary is made of the words that can ba 
2 bv arranging the letters of the word PARKAR, Wh E 
the position of the word "PARKAR" in that dictio к 

if words are printed in the same order as беў te 
ordinary dictionary? in 
7 Ап how many ways сап 6 boys and 4 girls sit я 


2 ) у 
a so that no boy is between two girls? Tow 


: 228, There are three copies each of two books and ty 


works each consisting of three volumes. In 
many wavs can à bookseller arrange the 12 bo 
a shelf of one row so that neither the copies 
same book nor the volumes of the same w 
separated? 


Ow 
Oks in 
of the 
Ork are 


n letters 


< which are either As or Bs is the greatest when: the 


number of As is equal to the number of Bs, 


30. How many numbers of four different digits ¢ 
made by the digits 1, 2, 3, 4, 5? How 
are not multiples of 3? 

31-How many five-digit numbers divisible by 4 can be 
formed by the digits 1, 2,3, 4 and 5 if the 
(i digits can be repeated in the same number 
Giy digits cannot be repeated in the same number? 

:327How many five-digit numbers divisible by 6 can bs 
made with the digits 0, 1, 2, 3, 4 and 5 if the digits 
cannot be repeated in the same number? 


an be 
many of these 


33,-How many numbers of four digits can be formed 

^ with the digits 1, 2, 3, 4, 5 if the digits can be 

repeated in the same number? How many of these 
have at least one repeated digit? 

-34. How many different four-digit numbers greater 


than 4000 can be made, the sum of whose digits is 
odd? 


: 235-How many different five-digit numbers can be 


made, the sum of whose digits is even? 


: „36< Find the sum of all the numbers greater than 10,000 


that can be made with the digits 1, 3, 5, 7 and 9 if 
digits are not repeated in the same number. 


37. Find the sum of all the odd numbers of five digits 
that can be made with the digits 0, 1, 4, 5, 4. 


: « 38. Find the sum of all natural numbers n such that 


1000 < n < 4000, that can be made with the digits 0, 
1,2, 3, 4 if repetition of digits in the same number is 
allowed. 


: - 89. Prove that the total number of permutations of 


п(> 1) different things taking at most г at a time 
when each thing can be repeated any number of 
n(n" — 1) 
m-i 
40. In a plane, there are 10 points of which 4 are 
collinear. How many different 


times, is egual to 


(i) straight lines can be drawn joining them 


:у triangles can be mad à 

ji) triang e with the р 
verlices he Points as 
(iii) quadrilaterals can be m 


өжеттік ade with the Points as 
yi, How pene Е POUSSE TM Polygon which ha 
vv 35 diagonals: as 
„ [n how many interior points yy 
"convex polygon of m sides intersect ; 
diagonals pass through the same 
n a plane there are two sets of p 
p^ lines and the other of п lines. If the lines 
cut the lines of the other бе, how m 
parallelograms will be formed? 


‚Ноу many different rect 
94 chessboard? How many 


| ill the diagonals ofa 
t f no three 
Interior point? 

aralle] lines, one of 


of one set 
any different 


angles are there on а 


ү ave the are; 
= 3 x area ofa small square? we 
45. How тапу different squares 


are there on 
chessboa rd? ч 


16 there аге 3, 4 and 5 points marked on the three sides 
of a triangle. How many triangles can be formed 
with these points as vertices if none of the marked 
points are at a vertex of the given tri 


angle? 
wf How many five-digit numbers of different digits can 
be made in which digits 


are in (j ; 
(ii) descending order? (i) ascending 


„48. Straight lines are drawn by joining т points on a 
straight line to n points 


| Ls Оп another line, Then 
excluding the given points, Prove that the lines 


drawn will intersect at 5mn(m —1)(и — 1) points if 


no two lines drawn are Parallel and no three lines 


are concurrent. 


397 How many different committees of 5 members can 
be formed from 6 


| | теп and 4 ladies if each 
committee is to contain at least one lady? 

“How many mixed committees of 5 members can be 
made from 5 ladies and 5 gentlemen? How many of 

these have ladies in majority? How many of these 

have ladies in minority? 


óL/From a panel of 5 lawyers, 5 chartered account 


ants 
and 1 law 


yer who is also a chartered accountant, 
how many committees of four can be made if each 


committee is to contain at least one lawyer and one 

chartered accountant? 

> Rekha married Shivram and had 4 sons. Varsha 
married Ajoy and had 4 sons. Both the couples had 

divorce and after that Shivram married Varsha while 

Ajoy married Rekha. They too had 3 sons each from 

their wedlocks. How many selections of 8 children can 

be made from the 14 children so that each of them have 

equal number of sons in the selection? 

23/ To fill 12 vacancies, there аге 25 candidates of which 
5 are sportsmen. If 3 of the vacancies are reserved for 


ہق : 


“55; 


58. 


со 


59. 


60. 


61. 


62. 


Pern 
lation and Combination 
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Sportsmen while the rest 


are open to all, find the 
Number of w 


ays in which the selection can be made. 
o fill 8 Vacancies there are 24 candidates of which 6 
are from scheduled castes, 5 are from other 


backward castes. If 25% and 125% of the vacancies 

are reserved for the scheduled castes and other 

backward castes respectively while the rest are open 

to all, find the number ways to make the selection of * 

candidates, 

There are n >4 points situated on a plane such that 

по two of the lines joining them are parallel and no 

three of the lines joining them are concurrent except 
at the given points. Find the number of points of 
intersection, other than the given points, of the lines 
obtained by joining them. 

“Find the number of triangles that can be formed with 
the vertices of a polygon of 10 sides as their vertices if 

(i) the triangle cannot have more than one side 
common with the polygon. 


(ii) the triangle cannot have any side common with 
the polygon. 
There are 5 eligible Punjabi grooms of which 3 know 
Bengali and 5 eligible Bengali grooms of which 2 
know Punjabi. There are 5 eligible Punjabi brides 
and 5 eligible Bengali brides. If an eligible groom is 
agreeable to marry a girl of his community or 
knowing her language and brides have no choice, in 
how many different ways 10 couples can be formed? 
5 Indian and 5 American couples meet at a party and 
Shake hands. If no wife shakes hands with her 
husband and no Indian wife shakes hands with a 
male then find the number of handshakes that take 
place in the party. 
There are 24 balls of 6 different sizes in a bag, there 
being 4 balls of each size in four different colours. In 
how many ways can 4 balls be selected so that they 
are of (1) different colours GG different sizes? 
In a chess tournament, every participant played 2 
games with each other. There are 2 lady participants 
in the tournament. The number of games that the 
men played among themselves exceeded the 
number of games that the men played with ladies by 
66. How many participants were there in all. How 
many games were played all together? 
In an examination a candidate has to pass in each of 
the papers. If the total number of different ways in 
which the candidate can fail is 63 then find the 
number of papers in the examination. 


In an election of preferential votes the number of 
candidates is one more than the number of members 
to be elected. If the number of candidates be n, find the 
number of different ways in which a voter can cast his 
vote provided he has to vote for at least one candidate 


B 


n 


A-1725 


“ 


63. . 
The total number of selections of at most n things 
from 25 +1 differ, 


ent things is found to be 63. Find 
the value of n. 


64. How many selections of at Jeast one red ball can be 
made from 4 red balls and 3 green balls if balls of the 
Same colour are different in size? 

65. A man wishes to make 
аз possible out of 
of the sarme 
be invited ai 
the same fric 


up as many different parties 

20 friends, each party consisting 

number of friends. How many should 

4 time? [n how many of these would 

nd be present? 

66. A Person has 32 teeth or less in the mouth. Prove 
that the largest sample of people will contain 16° 


E in which no two persons have the same 
setting of teeth, 


67. There аге 4 man 
bag, fruits of th 
how талу differ 
made if 

(i) there is no restriction 


(ii) at least one 


goes, 3 apples and 2 oranges in a 
* Same variety being identical. In 
ent ways can a selection of fruits be 


mango is to be selected 


(iii) at least one of each kind is to be selected? 

68. A bag contains 4 опе-гирее coins, 2 twenty-five- 
Paisa coins and 5 ten-paisa coins. In how many 
ways сап an amount not less than Re 1 be taken out 


from the bag? Consider coins of the same 
denomination to be identical. 


69. If N xa". b. or 4^, where N, p, q, r, s are natural 
numbers and п, b, c, d are prime numbers then find 


the number of Proper divisors of N. Also find the 
sum of these divisors. 


70. Find the number of proper divisors of 2520. 
Also answer the following: 


(i) How many of these are odd? Find their sum. 
(ii) How many of these are even? Find their sum. 
(iii) How many of these are divisible by 10? Find 
their sum. 
71. In how many ways can à word of five letters 
beginning with a capital letter and consisting of two 
vowels and two consonants be formed with the 


capital letters C, A, C; vowels o, u, i, e and the 
consonants b, 1, p, t, s? 


72. A boat is to be manned by 8 men of which 3 can row 
only on one side and 2 only on the other. In how 


many ways can the men take their places on two 
sides of the boat? 


73. Eighteen guests are to be seated, half on each side of 
a long table. Four particular guests desire to sit on 
one particular side and three others on the other 
side. Determine the number of different ways in 
which the sitting arrangement can be made. 


аң 
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74. Twenty guests are to be seated оп two Sid 
b | 


г table, Һа! f i e 
rectangular dinner tabk f on tach Side 
specific guests have to sit together on 


any, Side 

table and another set of four specific BUESA, t 
, а ^ | Deter: - " " 

sit on the faang side. Determine the паты, to 

To 


f 


sitting arrangements possible 
75. There are 10 intermediary stations between 
junctions where an express train Mops. Но ts 
board the train at some intermediary Station Or xt 
dunng the joumey and each of the е " n 
hold a different vanety of ticket of the ame В 
then find the number of ways in Which thin, asy 
hold their tickets ) 


Wig 


76. Find the number of numbers of six digits that ca 
made with the digits 1, 2, 3, 4 if all the digits и. 
appear in the same number at least once ig 

77. A batsman scores exactly à century by hitting i 
and sixes in twenty consecutive balls, In hot! 
different wavs can he do it if some balls m 4 

yield runs and the order of boundar; 


overboundaries лге taken into account? 


ay not 
es and 
78. How many five digit numbers of different digits can 
be formed with two even and three odd digits? 

79. In an exciting finish to an one-day cricket тай 
between India and Pakisthan, the Indians require 10 
runs in the last 5 balls to win. If any one of the Scores 

, 1, 2. 3, 4, 6 can be made from a ball and по wides 

or no-balls are bowled then in how many different 
sequences can the batsmen make exactly 10 runs? 

50. 16 persons are to be seated in a row so that in half of 
the seats from one side 4 particular persons sit 
consecutively and in the other half 3 Particular 
persons sit together. Find the number of w 
which they can be seated. ; 

8L How many different seven-digit numbers can be 
made of distinct digits if the sum of the Фриз 
even? e x 


ays in 


82. Twelve different letters аге to be put in twelve 
pockets in a row И five of the pockets are too small 
for six of the letters then in how many different 
ways can the letters be put in the pockets? 


83. A badminton club has 10 couples as member. They 
meet to organise а mixed double match If each wife 
refuse to partner аз well as oppose her husband in 
the match then in how many differnt ways can the 
match be arranged? 4 


84. Six Xs are to be placed in the squares of the piven 
figure, such that each row contains at least one X. In 
how many different ways can this be done? 


= 27 ай 


na—————á (ee FL IS cen m m E End 


Perm 
"шот and Сонғдек24 ion 


how many different ways can the letters of the 


in 241% { d ace 
> а ord KU cae be placed in the 8 boxes of the given 
» «0 UV yr fins Тибо түрүү 
figu pa 


n how miny different ways can the six digits 1,2,3 
4,9 6 be placed in the boxes of the given CENE. 
219; > SO 
thot only even digits occupy top two boxes and the 


rid bı the four bottom digits is even? 
r 


—Á 
87 pind the total number of ways of selecting five 
үешег from the letters of the word INDEPENDENT 
-— Find the number of words of 5 letters that can be 
à made with the letters of the word COMBINATION 
(b) Find the number of words of 5 letters that can be 
made with the letters of the word PROPOSITION 

& Find the number of words of 6 letters that can be 
formed with the letters of the word ABRAKADABRA 
if the words begin and end with A 

go. Find the number of numbers of four digits that can 
be made with the digits 123432 

gı. Find the number of numbers of five digits that can 
be made with the digits of the number 1203210. 

92. Find the number of numbers of five significant 
digits (ге. nonzero digits) which have at least three 
identical digits. 

93, There are four bags containing identical balls. The 
first bag contains 4 red balls, the second contains 3 
white balls, the third contains 2 green balls and the 
last contains 1 black ball. How many different 
selections of four balls from the Бару are possible? 


‚ Ina store there are eight vaneties of articles and each 
article can be bought in any number In how many 
ways can one buy 4 articles if 


(4) there is no restriction 


(и) at least 2 of one variety аге to be bought? 


95. In how many ways can a pack of 52 cards be 


distributed among 4 players in a game of bridge? In 
how many of these does à particular player hold all 
the aces? 
96. In how many ways can 12 different books be 
divided equally in 3 heaps of books? 
Іп how many ways can 7 departments be 
distributed among 3 munisters if each minister gets 
at least one but not more than 3 departments? 


98. In how many different ways can В different books be 


distributed among 3 students if each receives at least 
2 books? 


99. 


100. If 2,, r= 1,2, 3, 


101. 


102 


103. 


In how many ways can 16 identical maecens te 


distributed among 4 persons if none ge уела then 3 
manpoes? 


‚ + 


‚п be non-negative integers. fied 
the number of solutions of the equation 
X, ғ; SEF + x, = т, (m>) 
Find the number of solutions of the equation 
2,%2;%лу% + xq = т. (т> Л) 
XX, . are natural numbers. 
Find the number of integral solutions of the 
equation 
2)%33%33%. 


+x, = dk! - 2 + 1 


where x, 2 1, 352 3, x32 5, EN v жай 


lí n € N, find the number of non-negative integral 
solutions of the inequation 


X+ Xj +, + + XxX, ST 


104. 13,20: Ka 1,2,3,4 5 ал ху exi e xy 2 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


and x, + 1, + x4 = 5 then find the number of integral 


solutions of (ti. X;. Xs. Te Ys) 


Find the number of non-negative integral solutions 
of x «y *3: = 30 

In how many ways can 30 identical apples be 
distnbuted among 4 persons? What is the number 
of ways when each gets at least one? 

In how many different ways can 30 marks be 
allotted to 10 questions if each question is to carry 
at least two marks? 


In how many ways can three persons throw a die 
each to have a total score of 11? 

Prove that the number of triangles with sides in 
integral centimetre and the greatest side = 27 + 1 
cm is (m+1)? and the number of isosceles or 
equilateral triangles 15 3m + l. 

How many natural numbers below 1 million have 
the sum of digits equal to 18? 


In how many ways can 10 boys and 6 girls be 


seated in a row so that no two girls may be 
consecutive? 


112. In how many ways can 12 persons take seats in à 


113. 


114. 


row of 20 fixed seats so that each person has exactly 
one neighbour? 


In how many ways сап 4 persons holding а 
five-rupee note each and 4 persons holding а 
ten-rupee note each queue up for buying tickets, 
one each, if the booking clerk starts with an empty 
cash box and the price of a ticket is Rs 5? 


In ane 


ntrance examination there are two papers 
each of 50 marks and one paper of 100 marks. A 
candidate will qualify to take admission if he 
secures at least 150 marks in aggregate, securing at 


4-174 


du Bn Eni, in the last Paper In how many 
(ii) oe ma, am he secure (i) exactly 150 marks 
ls Tic ons. "ee papers to qualify? 

e different ways can five things be 
Bud и рев so that their total price is Rs 50 
сж umm Prices of the things are Re 1, 

116. лап охар 8 respectively? 
: а a E the maximum marks for each of 
"Cl б гапа for the fourth paper 2n. Prove that 
mber of Ways in which a candidate can get 


Зп marks is 1 5n^ 
marks {< 6 ("+ DSR? + 105 + 6). 
117. Proy 
Rl em. the number of selections of n things 
. SWO Бе of n identieal things and n other 
distinct things is (п + 2) . 21-1 


118. З г ; 
E наи examination of 6 Papers each paper has 
marks ас maximum marks, Show that the 


1 (245! — чш, 
ا‎ e a еее 43 !| 
51124017 6139 + 15 381 


119. i 
iip аге 4 pairs of hand gloves of 4 different 
да 47 In how many ways can they be paired off 
аға left-handed glove and a right-handed 
Біоуе are not of the same colour? 


120. == d 
Let A = [1.2.3 4, 5} and B= ТЕЗЕ Хз, X4, xs). How 


so that Дл = X; forall i. 


121. Find the number of selections of 10 balls from 
t сша number of red, black, white and green 
alls. Also find how many of the selections contain 

balls of the four colours. 


122. In how many ways can 6 gentlemen and 6 ladies 
take seats round a table if gentlemen and ladies 
alternate? 


123. In how many ways can 4 gentlemen and 7 ladies 
form a round so that no two gentlemen are 
consecutive? 

124. 10 different letters are printed round a circle. In 
how many ways can you select 3 letters so that no 
two are consecutive? 2 

125. There are n Persons sitting round a table. Prove 
that the number of different ways in which 3 
Persons can be selected so that no two are 


neighbours, is 2 n(n — 4)(n — 5). 


126. There are 8 line segments of lengths (in cm), 1, 2, 3, 
..., 8. How many quadrilaterals can be made with 
these line segments if circles can be inscribed in the 
quadrilaterals made? 

127. Prove that the total number of arrangements of 
things by taking any number of things from n 


mE 
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different things is [e x n ! - 1] where [x] d enot 
integer nearest to x. es 


Objective Questions 


Fill in the blanks. 


" ЇЇ =й) ;, 
128. If * "Pest "Py then the Value ^ 


К= 
129. The number of words that can be made With aj 

letters of the world BHARATI so that the iud the 
consonants and the order of vowels до ret dias of 
is Be 


130. If C}, = 5C, „3 then r = 


131. p positive and 4(< p) negative signs can be arran 
in a row, so that no two negative signs Oc 
consecutive places, in ways. 


Bed 


132. If "+С, : 1-25-57 £16 then ше 


133. The number of committees of five members 
can be formed from 6 ladies and 4 gentlemen so 
that the committees contain at most two ladies, is 
equal to ; 4 

134. The number of selections of 4 letters from the 
letters of the word MISSISSIPPI is 4 

135. The number of positive integral solutions of 

X+y+z=nis 
136. The number of non-negative integral solutions of 


2x+y=11 is : 
137. The number of different words that can be made 
with the letters of the word PLATE so that there are 
exactly two letters between the two vowels, is 


138. There are 16 points in a plane of which 8 are on one 
line and 8 are on another line. The number of 
triangles that can be formed with the points as 
vertices is 

139. The number of ways in which 7 identical rings can 
be put on 5 fingers of a hand is if each finger 
has at least one ring. 

140. There are red, green and white identical balls, each 
being 10 in number. The number of selections of 10 
balls in which the number of red balls is double the 
number of green balls is 

141. If the number of selections of r things as well as 
10 + r things from 30 different things be equal then 
r= 

142. The total number of selections of at most 4 things 
from 9 different things is ; 


=— ғын EN инна - 


Permutation and Combination qus 


f ways in which 6 identi i 
number o identical things 
из. n be distributed among 3 persons so that 9. 


a at least one, 15 


number of distinct subsets of at least 9 
s of the set A where n(A) 238 is 


the 
1# етегі 


f numbers of six digit 
е number of nu gits that can be 
145. ТЕ de with the digits 4, 3, 3, 2, 5, 6 so that the odd 
P d even digits alternateis , . 
a 


entleman has 9 children. He takes them to a 


146. je 3 at a time, the same 3 not going together to 
eis circus twice. The number of times the eldest 


child will go to the circus is 


147 тһеге аге two sets A= (а, п, M13, ... mm and 


В= (bi ba, b3, · numbers. The 
minimum number of ordered pairs (x, y), x e A, 

e B that must be written, is 
pairs will be identical. 


т of real 


so that two 


choose the correct option(s). 


148. The value of BC, + C, + C+ 5C, C, + C, is 
(b) "os 


(d) none of these 


(c) PC 
149. On the occasion of Dipawali festival each student 
of a class sends greeting cards to others. If there are 


20 students in the class, the number of cards sent 
by students is 


(a) “С; 
(c) 2 x ?C; 


(b) ^P; 

(d) 2 x 22Р, 

150. If"C,_, = 36, "С, = 84, "C, ‚ , = 126then the value of 
ris 
(а) 1 (0) 2 
(c) 3 (d) none of these 

151. In the first division football league, each team plays 
once against other teams. If 45 league matches are 
played in all, the number of teams is 
(a) 9 (b) 10 
(c) 5 (d) none of these 

152. A five-digit number divisible by 3 is to be formed 
using the numerals 0,1,2,3,4 and 5 without 
repetition. The total number of ways in which this 
can be done is 
(a) 216 (Ь)600 (c) 240 (d) 3125 

153. Ten different letters of an alphabet are given. Words 
with 5 letters are formed from these letters. The 
number of words which have at least one letter 
repeated is 
(a) 69760 
(c) 99748 


(b) 30240 
(d) none of these 


154. The number of ways in which a set А where 


п(А) = 12 can be partitioned in three subsets PQR 
each of 4 elements if PUQUR=A, PAQ=% 
QAR=¢, RAP =9, is 


12! 12! 

(a) —— 

(49? (3!) 

М. „ды (d) none of these 

(ap? 3 

155. The number of diagonals in a polygon of 11 sides 15 

(a) 35 (b) 44 
(c) 55 (d) none of these 


156. The number of ways in which 6 men can be made 


to sit round a table in 6 numbered seats is 
fa) 5! (b) 6! 


(c)6x6! (d) none of these 


157. Five persons including one lady are to deliver 


lectures to an audience. The organiser can arrange 
the presentation of their lectures, so that the lady is 


always in the middle, in 
(а)2р; ways (6) 4- 4p, ways 


(c) 4! ways (d) °С; ways 


158. 150 students take admission. They are to be put in 


three sections A, B, C of equal size. The number of 
ways in which this can be done is 


1 150! 150! 
з! eem 
(50 !)? (50 !) 
150 ! 
150! d) none of these 
(c) 650 93 х (d) 


159. From the sequence of the first 20 natural numbers, 


four are selected such that they are not all 
consecutive. The number of such selections is 


(a) 284 x 17 (b) 285 x 17 


(c) 284 x 16 (d) none of these 


160. The number of ways in which 7 different things can 


be distributed among 4 persons, when each can 
receive as many as given, is 


(а)7* (b) "P; (d) 4’ 


161. In a test of 10 multiple-choice questions of one 
correct answer, each having 4 alternative answers, 
the number of ways to put ticks at random for the 
answers to all the questions is 


(a) 4" (b) 10* 
(d) 10* - 10 (e) 2? 


(c) e 


(c) 4? -4 


162. There are p points in space, no four of which are in 
the same plane with the exception of q points 
which are all in the same plane. The number of 
different planes determined by the points is 


A-176 


164, 


165. 


166. 


3. There атсын di 


тәң 


Pavers (Yas in ПТ Mathematics 


(а) Еу eno 
^ ds 6 а 

1-2) gig- 19-2) 
~ -Maa 


? p~- Ps - 
(с) PP = 1 Mp ~ 2р 3) 
^ 
44 
these 


ae - \ 4- 2 - 2 
МАҸ. Эч 234 > 3( +1 


2 
(d) none of 


ferent books and cach book has p 


copios. : 
I number of Selection. ot books from 


these jx 
a + ^ > n 

(а) (у 1974 (b) ip + 1) e 
(O) n + ру 1 (d) none of these 
” 


ln the identity Y к. 2 к n! 
y x a EL DN 
eo XEK (хз Dx +2)... (а * n) 
the value Of A, is 
(a) "C, 


Б) "Су, 


(4) («13*- 1 "СА; 


(9-3)! «с 


p жар ап even number of Points іп a plane of 
© Same line and no other 
are collinear. jf the total number of triangles 
With vertices at these points is 110 
Of given points is 


(d) none of these 


The number or different messages by signals with 
dots and two dashes is 


State whether the statements are trne Or false, 


167. The number of diagonals of a regul 


ar pol " 
interior angle 144° is 10. YRon of 


168. 101 x 102 x 103 х... x 107 is divisible by 5040 
169. The product of r consecutive positive eye 
is divisible by 2' x r !. 


e n 
170. "*'C, can be less than C, for some Values 


and К. оғ, 
171. Тһе number of selections of p thin 

different things is equal to the number of Select, n 

of all the things except those r things, Ons 


172. If x = "C; then "C; is equal to "Cp 
173. If the numbers aj, а», ..., An; are different ti 


numbers then the number of different factors бе м 
; e 
number N = ay" -az + 05... an, 1 is (т + Uteg 


174. If the number of ways in which m ide 
can be put in 2m boxes be p so that nob 
more than one ball then 


ntica] balls 
Ox Contains 


m 4" | 
БЕ А |, 
j E V2m +1 
175. The number of Ways to select 3 numbers in AP 


d 
from the first n natural numbers is Т (n -1)2, 


176. The number of ways to select three numbers in Ap 
(а) 120 (b) 12 (c) 10 (d) 20 from the first 2n natural numbers is n(n ~ 1), 
Answers 
2.3 5 5 
49900 9. 999 10.5 11.5 x4? 54. 1526175 55. 5 (п-1)п-2)п-3) 
12. 72 13. 180 14.420,240 15.360 
16. 18 17.161280 18.180 19. 1200 56. (i) 110 (ii) 50 57. 144000 
20. 1036800 21. 360 22. 288 23.72 58. 135 59. (1) 1296 (ii) 3840 
24. (1) 725760 (ii) 1814400 25. 120 26. 99th 60. 13, 156 61. 6 62.2" 2 63.3 
27. 120960 28. 864 30. 120, 96 
- .. | 
31. (i) 625 (ii) 24 32. 108 33. 625, 505 64. 120 65. 10,52 
34. 3000 35. 45000 36.6666600 С ер T "s 
37. 708894 38.837250 40. (i) 40 (ii) 116 (iii) 185 Pb ona t № 
41. 10 a2 PO- D - 2) - 3) 62. po N+ Nise 19-2, 
: [ee ee еі Bt ұ divin: дел 1 
тп(т - 1)(n — 1) а-1 5-1 с-1 а-1 
Ў . 1296, 96 
4” шаны қақы us = 1 - abcd’ 
45. 204 46. 205 5 (i) 126 (ii) 252 70. 46, (i) 11, 623 (ii) 35, 6216 (iii) 17, 4760 
. 250, 125, 125 م‎ 
49. 246 90. 250, 125 239 71. 2880 72.1728 73. ! C, - (9 !) 
51. 320 52. 485 93.10 21121 74. 2x10!x11! 75. 20872566000 76. 1560 


™ 


| 


РИСК ERP ти E > 
20: (16131 141412! 1217! 101101) 


1040 79.21 
pU ME 3828800 
н 18720 86. 36 
WELL. (b) 6890 
ES е 92. 6129 
. 2 
ol (1) 330 (ii) 260 


12! 97. 1050 


НЕ ыы” 
96. 314 0^ 


Lu 


105. 176 


108. 27 


1 


80.127619 


83. 2520 84.26 

87. 72 

89. 370 90.102 

93. 20 

95, 92t 488. 
(13 1)* 911312 

98. 2940 99, 35 


101, ол 


105. "4G, 


› | 
Vermutation and Combination 


1 


f 


106. 5456, 3654 


110. 25927 


112. 84 x 12 1 113.14 (41)? 


п 


114. (1) 1326 (ii) 22426 


120. 
124. 


130. 


44 
5) 


3 


134. 21 


137. 24 


141. 


144. 


10 


1 18! 
2 919! 


7. mn +} 


‚ (b) 


. true 


. false 


115. "C, 


121.225,94 122. 26400 


126.22 
131. ?*'C, 


128.6,7 
132. 19 


135.5 (л - 1" - 2) 


135. 445 
342. 255 


2% 


148. (c) 
122. (2) 
156. (b) 
160. (d) 
165. (c) 
168. true 
172. false 


176. true 


139. 15 
143. 10 


145. 35 


149. (c) 
153. (а) 
157. (c) 
161. (2) 
165. (о) 
169.true 


173. true 


А-177 


119.9 

123. 604900 
129.35 
133. 66 


136.6 


340.3 


146.28 
150. (c) 
154. (C) 
158. Со) 
162. (©) 
166. (с) 
170. false 
174. true 


Adi — = ч ШЕШ инннннникн------ 


2» i 
Permulation and Combination 


Chapter Test 


Time: 120 minutes 
1. In the following, each statement is į 


re bw SEES ncomplete. Fill in the blank so that each resulting 


i) The number of п-дірі ; А 
(i) i n-digit numbers in which no two consecutive digits are equal is 


(ii) If the numbers of selections 
` of 5 Я Я 
equal then the value of r = г as well as n + r things from Зп different things are 


(iii) The number of different relations that can be defined from the set A to the set B is 
where n(A) = p and (В) = 4- 


2. Іп the followin қ | 
8, each question has опе or more than one correct answers. Indicate the 
correct answer(s). 


(i) There are 12 balls numbered from 1 to 12. The number of ways in which they can be 


used to fill 8 places in a row so that the balls are with numbers in ascending or 
descending order is equal to 


12 2 
A." m B." p, Cox Vp, D.2x"C, 
(ii) The number of different ways to divide a set P of n elements into two nonempty 
disjoint subsets whose union is P, is 


AIT B.35-1 


С. 5 (27-1) D. none of these 
(iii) With 17 consonants and 5 vowels, the number of four-letter words that can be formed 


having 2 vowels in the middle and one consonant repeated or different consonants at 
each end is 


A. 2890 B. 5440 C. 5780 D. none of these 
A double-decker bus has 5 empty seats in the upstair and 5 empty seats in the downstair. 
10 people board the bus of which 2 are old people and 3 are children. The children refuse 


to take seats downstair while old people insist to stay downstair. In how many different 
arrangements can the 10 people take their seats in the bus? 


How many six-digit numbers of nonzero digits can be made if a digit can be repeated at 
most three times in the same number? 


How many quadrilaterals can be made by joining the vertices of a convex polygon of 


п(> 8) sides so that the quadrilaterals do not have any side common with the sides of the 
polygon? 


. In how many ways can 10 people take seats in 24 fixed seats so that out of every pair of 
seats equidistant from the beginning and end at least one seat is empty? 

. In how many different ways may 12 things, 4 each of three varieties, be distributed 
equally among two persons? 

8. In how many ways can four tickets be selected from n(n > 7) tickets numbered from 1 to 

п so that no two consecutive tickets are selected? 


9. In how many different ways can a sum of Rs 20 be paid in one-rupee coins, 50-paisa coins 
and 25-paisa coins if each variety of coins is available in unlimited number? 


10. In a Gaelic word no consonant can fall immediately between a strong vowel and a weak 
vowel, the strong vowels being а, о, и and the other vowels being weak. Show that the 
number of different Gaelic words of n +3 different letters that can be made with n 


Е (n +3)! 
different consonants and the vowels a, e, 0 1$ 2. пФ 


А-179 


нии: TNR — 7 -- 


Padanan س‎ a 0” м<, tmr ^ 


« te «ағады among Кан 


та ta | rx - -— cays < а к a! "n em tN МА «эй 
Зама mam RRS toms " ^ ч сы ers at Ка! Ол 


` nd Mw 
press we a: Baisse Ts oe Өлген NN 19 жаб ANE 
ANC 


Зам ә у v MAC No concen’ емізген 9 
Sn oai Ne pia Prem Niom sat бұл the Кам numixy 


` 


AP wath a sermon difference d > 0. In 


5 


зы ces aan жаз № 
& "- = ем: RANE mes & eK А 
XX T€ wer S чыл МӘ са mM a wi E оле һа миь ч the “ом SC SETS bein: 


ль De hom maa iN охл vs кс м be pat goals in 3 fierent boxes бз 
Pha ы No Ак МАМ. чу Ме Ne UR NS" 

ыса қаса» кс МҚ ыы АЙ eves 10 Қ ез еа papet in how many wavs this ан 
Ne VS AN, T Қынаны MO ТТА м Қам S maari aui me questi сай ке alloted more 
fa^ DU mark 


EX M om 927 4 heen! “ыға 2 


4 ape xem can № anven № A bows and 3 picts if the total 
GANE oe ays awe? Oy NAY б (а) Apai heo (қамыс er that naviva} by girts? 


Answers 

1. 6%9" Ge n~ 20D (А Gc 
з. 144000 4. 522360 

(ы -1х”-2ик-3у " - 3yn-5 
Bog SSR | e522 

< 2: = ! 
7. 19 p Cr 
9. 441 11. 196 


12. A. 060: Ot. 19 х {29 8, 


жаа! 59: ТЕ 13.42 


15. (а) 281 (b) 6885 


. М ) М Ls * қ ; = : 
o. Binomial Theorem for Positive Integral Index 
i: ral Index 


— 


Recap of Facts and Formulae 


— —— - 


і 1 «orem fot sositive integra | } 
| : pinomial the ! gral index » The greatest among binomial coeffi tents 
д м м y a= | D w % 
"M “Gat 7 IST ve Cu ata pi o ud o d CT й 
| ,B^ 
| pO т Әс. when n is even 
| where "C п! | : 
| Сиа "С or "С when n їз odd 
| гт!(п-г)! n-i Е 
а” ots" Co? heo op Cs Ж. Cam. 
. 
n 
pov an } le« i ing bi jal coefficients 
«d ^ жи. М. 4. Summation of series involving inomia 3 
"Сұ + Сұл Е Е ee. N "y " 
; For (1« x)" "С QAO x е t + С.Х, 
when expanded in descending powers of x ` ) 9 : я 
- "~ "m. "ny “ 
mo 1%. Мүз a 8 ta Hw. the binomial coetticients are C. Сы vy ‚ Cre 
sy" Се e VE Cd N nth these 
did A number of senes may be formed wit ese 
“(Йу "C, x" coefficients figuring in the terms of à series. Standard 
series of the binomial coetfiments are as tollows: 


^ Terms in expansion . "Ge * "C. ' aon - . Е. . 3v ... (1) 
It is obtained by putting 7 | м the binomial 


2 ; t 
In the expansion ot (d + x)", ПЕМ ; 4 
expansion for (1 + х) 


„ the number of terms = n + 1 
pth term 1 iie ane x' ° "Сұ ys "е; * "С, = 0-1)" "С. = 0 0) 
eur? e L T ka ^X ^ a 
| ; : It is obtained Бу putting x = ~1 in the binomial 
„ ин term from the end = (( + 1) - (k - 1))th term expansion for (1 + х) n 
= |ы 21)- 0-0) "С "C "c КТБА 
8 oS 07 “Шы С = 

. i t =l , 1. Ж is ev 

middle term = ,,,,, ^e Ж , When nis even It is obtained by adding (1) and (2). 

a 
i г Cy Gaye. T 
middleterm sf. Р when n is odd. ж X › 3 2 
* ne J 
"V 7? It is obtained by subtracting (2) trom (1). 
3 d ре kc. Е "c. i pes sg 

3. Properties of "C, for simplification ойде 5 

n = n = - - м + 3 3 
ы с; =1, C,- 1 | AC. * TC + С» к... "Con =F “"Con #2" 

n جر وة‎ ope ` M ә 62-9 
«Сис, С 2С, TESTE е, combining, the 


ис iesu tees terms equidistant from the beginning and end we get 


2а - я 2" 2л (- 2n 2n 
и ame uto С Cy [+ =2 
"Ca => к=к or r+ken i ы Ы " ) Cn 


" Ih - эм + ~ 2". Ins 2 
” СЕЙ.“ а cu ‘Cy Ж ‘С, + А IC... 2 Саз? " 
(as above) 


mm G 1 “ІС 
r+] ae a a . Sum of the first half of "C HE C+... O° Cs 


A-181 


Problems Plus in HT Mathematics 


= SUM of the last half of "C, + "С, + 


. Bino-geometric series 
"м Bax + ` ; 
7 M 


me "ue x"- (1% x)". 
М Bino-arithmeti 


€ Series 
505 


R Cy + (2) "C 9 + 28) Сыз. 
It is made bv the 
corresponding te 


4,4 + 


» + (a + па) "С, 


sum of the products of 
TMS ot the sequences 


ғ. 


1 


| а,4- ““,...,474 + nd (АР) 
and "C. "Bie apace, 7 


ықы. (sequence of binomial coefficients). 
2UCh series сап be added in two ways: 
а» > = sl; - ` = - - $ 
by eimination Ot r in the multiplier of binomial 
“есеге from the (r + Dth term of the series 

T "ne lgg-1 
tusing r Ga ©) 


differentiating the exp 


о = > c 
T explanation see Worked out example 20. 
Bino-harmonic series 


Gi) by 
F 


ansion of x (1 + ху". 


d'au n = 

Tar “е, << "c 
Crap c NT 
GU AE LI a + nd 

It i 


iS made by the sum of the products of 


corresponding terms of the sequences 
1 1 1 


-, , 


à ағай a+2d 


1 
ج‎ > 
"and (HP) 


? t ^ n 
зас Сы. Cn 
sequence of binomi D 
e ч coefficients) 
Such series are added in two ways: i 


(1) by elimination of r in the multiplier of 


bino А 
coefficient from the (r+1)th term of the SUM 
| 1 "no 1 "ries 


п. 
Ж. „== = С. 
pns ісі с, iel r ] 


(ii) by integrating suitable expansion. 
For explanation see worked out example 24 
. Bino-binomial series 
Пе i 1 n n 
"Cy ep Ea Сота OS. С,.2%... че. 


n 
sp 
: те on т n 
or "Co C, келі C, + с-. Era us 


n 


+ ы se ^ "С 
Such series are added by multiplying two ехрапз} 
one involving the first factors as coefficients an 
other involving the second factors as coeffici 
finally equating coefficients of a suitable po 
on both sides. 
For explanation see worked out examples 28 апа 29. 


0 

Ons, 
d the 
ents and 
Wer of x 


Selected Solved Examples 


1. Find the number Of terms in the expansion of 


ех уб» (e MEE pe 
Here, the expression 


I + Cx үү Cx (x *-13 А, 
+ %С(Ух1-1)8 
+={°Сх°— "Cyn PN ЕКА + SCox*(Nx2—1)2.— н. 
+ *CNx7-1)5) 
= 2{°Сох® + Cx (271)? 
+ Cx т) °С туб 
= 2{°Сох° + ی چرچ‎ 1) 
OC]. SC x? - 1(3 
= 2((*C, + C, + $C, + Cjr" 
*(-50,-2. 50,3. Cjr’ 
+ (°C, + С, 3)x?— 6С) 


the number of terms - 4. 


2. Prove that 13” — 19? is divisible by 162. 
Неге 13? -19? 2(143.4)? (14 9.5)9 
= C e" D. adeo dts 
+С (з. 4) 
-["6,4.76,.9-.24 90,.(9.2)24. 7 

+ "C9 . 292 
= (99 х 12 -93 x 18) + (7C,127 + 9C.12] 

* 3! x integer 
= 1188 - 1674 + 144(*C, + °С, x 12} + 81 х integer 
= -486 + 144(99 - 49 + 99 ۰98 .97 - 2) + 81 x integer 
=-81 -6 + 16 - 81{11 - 49 + 11 - 98 - 97 . 2) 

+ 81 x integer 
= 81 {-6 + 16)11 - 49 + 11 - 98 . 97 . 2) + integer ) 
= 81 x integer 
13” - 19? is divisible by 81. 

But 13% - 19% 


= odd number - odd number 
= even number. 


219 93 15 divisible by 2. 


13 


ar 
put "s 19 


Binomial Theore iti 
Theorem for Positive Integral Index 


E ime. 
g1 are сорт! 


ic divisible by 81 x 2, 1.е., 162. 
б 2=Ин) <3 for all mneN,n22 if 
1 п 
g-l- 
ТЫ Cn 
1 Sn 

| тү ree ele eee ete ا‎ 
(n z | 3 1 i i 
| 

i о 1 uem ER 


=н ! 2 ! 
21% п T 2! n 3! п? 


қ prot 


& n(n = ln ~ 2)... 1 "3 
n! n" 


1 


e aa O 
4 si = | E у at 


2 : e 
1- H etc., is a positive proper 


1 


E 
Ld QT 


рен асы 
As cach of ly 


гасот 


fun 2 + positive quantity, i.e., für) > 2 


z3- «3 when n 22 


ә!-1 


2<fin)<3 forall пе N,n 22. 


n 
4. In the binomial expansion of| 32 + , the ratio of 


the 7th term from the beginning to the 7th term from 
the end is 1 : 6; find п. 


Here, 7th term from the beginning 
n-6 


— 


say | | =" ыу. 
Au adig babe Nn 


Total number of terms in the expansion = п + 1. 


A-1835 


7th term from the end 


-(7 -1yi - 5)th term NET 
пеше ен ii (rom the beginning 


! 


1 п 
Nes a X2) n-in-6, [= 


> 


"С, -(!-ө” 27% 


п-6 


سے 


="C, 2 2? v 3 3 
From the question, 


п-в 


or 23 


or п-12--% = и =9. 


5. Find the value of x for which the 6th term of 
(Nase -3° PY 905 211083 y™ me N 


is equal to 21 and binomial coefficients of the 2nd, 3rd 
and 4th terms are the first, third and fifth terms of an 
AP. 


The binomial coefficients of the 2nd, 3rd and 4th terms 
аге "C,, "C, and ес 
From the question, "C, = 4 MC, =а+24, "Су=а Ad, 
the first term of AP = 0, common difference = d. 

2 "C,-2a + 41 = me a ms 
es mon = DON — 2) 

6 

mn = DUN = 2) 


mm — 1) 
2.———- 
or 2 


or m(m-1)-nm- 


-1 -2 
"am mn — lyon - 2) 


6 
т-1 
ог is (т m + 0,m z 2) 
т-7. 
X 
Now, t, of (N2 og -2 ў qk DBI)? = 21 


2 


X yS 


7-6 210800-3% 220-212 — 21 


ME Problems Plus in IIT Mathematics 
ve that the coefficient of x" in the ` 
7. Prove th expansion 


Or > Іоу (ло -3 Ж + a-a log3 3 ' 
n 5 d 


= 1 = 29 
log(10 -3*) 410g 33-229 


or ^ ^ : i 
logi(10-3*.3*-3 29 ; +2 
is 3" 7-2" ") "Cr 


o 


SM obra : The expression 
ӨР GUY -1055* +929 1-26 
G*-1y3'-9)-9 : ЖТ? x+3 
) 5 : =(х+3)"7'-—————— [by sum of 
3*'21,9239 3: | om Qj 233 y GP) 
х-0,2 2 x43 


В х+2ү" 
=(х +3) ос 


6. Fi Же 
їпа the coefficient of x? in the expansion of 
-(x43)" - (x 42)" = (3+х)" - )2 + x)" 


(1+х+ 2x3) Ба" P 
3x} ` 


The expression coefficient of x" = "C, -3" 7" -"C,.5n-r 


ыты tale naa oo 


9 
= [2 E > 1 9 1 9 
*tx|2x7-2-| ж2х2|2х2--- 
3x | = gel» 
In the expansion of |2x? EE : 8. Determine the term independent of a in the expans} 
Зх : 24 7% Slon 
f а+1 а 
о жаса has MMC WC быка In E 
азы E -E a-a? 
E : Here, the expression 
=?С E ЖЕ? г АА Жеп Š $ {5:8 10 
: 3 | x : (015)? +1 „Ци ud 
fr. is a term containing x? = (aP)? -a +1 а!? (а — Т1) 


if 18 — 3r- i = : 3 = 

i r=3,ie, r=5 © E SEE Ray = (a — ам) 10 
1 is а term containing x? : Ы | 
Now, жер = Шер (а ei) saad z (— a72)" 


4 ES Ы 10-r r 
fr. 1is a term containing x : ="C,-a ° -(-1)"-a 2 
э = r 


if 18- 3r - 2, ie, r= Е (absurd) 


i = 17 : 
if18—3r=1, ie, r= a (absurd). 3 0-ғ г 

: а. © 52 

Now, coefficient of x? in = )-1( С, ға 4 


9 9 9 : : Р „ 10- r 
ТЕНГЕ NEST 13 : Itwill be independent of a if -== 0 
1(2х "E +x(2x?-2} + 2x?(2x?- 3) | : 3 2 
x 
а ax : or 2(10-r)-3r-0 
= coefficient of x? in (2x? ЕС, : or 20-5r-0; 5 г=4. 
x ; 
9 .. the term independent of a 
+ coefficient of x? in as 4 10 0 
зх) : -і-(-1)7. Са 
9 Е .9.8. 
+ 2 x coefficient of x in Те Р Ж. ^ «о LL ID мо, 
3x : 24 
= Тү” 
-*C,.2? "C3 +0+2-0 
: 9. Some three consecutive coefficients in the expansion 
E 2. E : of (1+х)" are in AP. Find two suitable positive 
3 : integral values оҒп and the three coefficients. 
Eu BA] Я 19 yes. 224 : : Let the (r + 1)th, (r + 2)th and (r + 3)th coefficients be in 
4! 243 27 ` AP 


"c, ,,árein AP 
"Си ic еді oi 1 
! 
"Cr +1 ="С, + Crea 
2 ! 
-1)! 
ЕТТЕ Ы 1) 
of n! " n! 
zz e EAT eu “лылы... 
ri(n-r)! (r*2)!(n- r-2)! 


2 E ка Же n NAT 1 
= — 
оик 0 (n-nmn-r-1) (r«2)yra1) 
r (r 
( ener а Bin sr d 
ar 
of „2 - (2r + 5n - n +077 + 3r+2)=0 
(n7 
r 
0 or +5 + (2r +5)” – 4072 +37+2) 
= eS = 
gp” on 2 
or+5t V8r + 17 
Е. 
апа r are positive integers. So 8r + 17 must bea 
неге i square for positive integral value of r. 
perfec 7+ №25 7+5 
и Е 
when” 
РЕ: is not possible because if п = 2, there will be 
n three terms in the expansion and for r=1, 
on 
r+ 3- 4. 


1,п=7 15 possible. In that case the 
r= , 


ents are С , "С. P ys 
13 + N49 1347 
UUw Eg “162, 


again, when r=4,n=4+ 


| 

п=7 has already been taken. So r=4,n=14 and the 
coefficients are We СЕ, Ce 

. two suitable values of n are 7 and 14; and the 
coefficients are 16, Жы, 16, апа мс,, MC. чс, 
respectively. 


10. If a, b, c, d be four consecutive coefficients in the 


binomial expansion of (1 + x)" then prove that 
b 


(| “йин 


Let the four coefficients be (r + 1)th, (r + 2)th, (r + 3)th 
| and (r + 4)th coefficients respectively. 


if x>0. 


| хо а="С„ В "Су, с "С, а= "С, 43. 


п п 
а C C 
Noi, се и = 
) * 
Cr+ Crai Cr+1 


n! (r-1)!(n-D! r*1 
r!(n-r)! (n+1)! —m«1 


Ш. 


" NEM БЫН a 


А-185 


E Cra anel ; 
bec "C, ae" Ca п+1 

(replacing r Бу” + 1 in the above) 
с "С,,» _ @+2) +1 
C+ gr іле | ОЕ 
= с үз1 r+3 
T T " 222 
a+b c+d n+1 n+1 

Eo. 

n+1 b+c 
b astheAMof——' TI 
ic ah сей 

As AM > GM, 

EN а я С 
b+c a+b c+d 
La 
Um (a + bc + 4) 


11. Let R-(5V5411)"*! and f-R-IR] where em 
denotes the greatest integral function. Prove tna 


Rf-47*1, 
К = [К] +f = (5N5 + 11)?" *' 
=2"*1С (5\5)?"* NEL !C.(5N5) 28, 31 4... 
атала, i uq Peer >. QE) 
Let 9 = (55 – 11)2"*' 
2+ 1C (5N5)?" +? -a+c (545)2" o e 


Sue rpm 00) 
(55 - 1)(55 + 11) 
5 N5 + 11 


_ (535)? - n^ 4 
7 Буы 5554 
545 – 11 is a positive proper fraction; 


Clearly, 5V5 – 11 = 


л. g=(5N5 - 11)?"*' is also a positive proper fraction. 
Thus 0 «f « 1and 0 «8 « 1. 
Now, [К «f- 8 

Б емел 15) 4 ?n*1C. (545) 7* - 314 ... 


pe et 4 ^з 
=2 x integer = even integer 
.. f-g must be an integer because [К] is an integer. 
But f and g are positive proper fractions. 
Sof-g =0, ie. = $. 
R-f- RI *f)-f- ЦК] +f}: g 
= (55 + 11)?! *1. (545 — 11)?" +? 


= ((5V5 4. 11)(5V5 ~11)) Inet 
= ((5V5)? E | үлә [ mig 2% І. 


15 
12. Find the greatest term in the expansion of (x + y) 
when x =2, y =1. 


Here, I 1 = "cC x i-r у’ 


РТ гай In-r y 
t, 6, Ж” tuy 1 
2p)! 
3; 18 ! ,Cc-D!(09 ns os 
г! (18 —к)! 18 ! x 
„ДӘ = 3 ti a. gd 
NE mE M putting x 22,y — 1. 
19-r 
Іі, 4, if 2r z 


for r21,2,3,..;6weget e. > і; 
ӨК FST 17 we get f,.,<t, 
иена cl f oily us 
^ fy is the greatest term 

the greatest term 

= fy "Сез rye NO 2 24" 


= АС» 2%: 


13. Given that the 4th term in the expansion of (2 x 


has the maximum numerical value, find the range of 


values of x for which this will be true. 


According to the question, 1141 > if4i, Itl > 11. 


/ 7 
Now t,., = 9c,.279-r. (3X) 
[8 | 
7 (Зху (3x4^ 
£ = MÀ А Zope) = 10 3 в 
€, 2*- [5]. &- "6 -2* (7 
(3x) 
mdi а | 
[t,1 c If 
xd 
Ж Ея is! Ix}? 
=e „э = >р” ? ..200 


Problems Plus т ИТ 


Mathematics 


MEALL 


7 (2 
(07. +2 “(В 


& (9 
vagi d 2°. (8) ھا‎ 
۰۰ (2) 
From (1), 
10.9:8 3 1432292. 2. 1x1? 
x ms 8 
or 481х1?°290!х!° 
ог ixi? -21x1 ^ 20 
or ixi 1x1 -2)20 
3x 10 
„о dxiz2 f: іхі #0 forthen ace — 
the power of a пота) 
From (2), 
10-9-8-7 3 
10-9-8 2.1135 54 № 
6 


64 
S ard-Zand2sx5 


«2 
КР е аза = 
++ rat % 
ыса ы st 31 n!) 
z 2 "52 
| ЖЕН СҮ 2. ан | 
Here, ЫТЫ ТЫСТЫ ЫРУ 
( x? x? жет 
=!] +— + аре рае 
uis TEE Ti ЕТ п!) 
3 n 
( x E xc E 3 
атыста dl c ou 


( 
2 ici xj | Drs x? 3 ,.2 
coefficient of x in!1 niei. к 
п!) 
1-1 1 1 ; 
29ST PU ЛҮ үү» JE 
E e МЕНЕ ME (n -2)t 
"S ME 
++ тыа. 
Ж MS ie 1 А 
EGI n! 15 (r=)! 2! (n-2ji 
PE Е. 
n! 0! 
1 AZ IN --- n! : 
a (GAT * Tre Di fau 


|l. (C, д: "T HIC $us e. 1 
n! п) = 


= 


If (1 +х+х')" = رھ + وھ‎ + ах? + مه‎ + 4 
then show that 


+ T vus - А 
по + 437 Me 0|1*04,* 07^... 


-7;*üs*,4..,-23"-1 


2 В 
s = ) / 
putting x = 1, w, w^, where w is a nonreal cube root of 
unity, 
3" = ap +A; +a.+0,+4,+... 


.. 0) 


22) 
because 1 + 0+ 2-0 


2 5 
0-40%4,ш +407 + аур? + aw +... 


0 = 40 + aw? + аур“ + aw awt... see (3) 
Adding these, 

3" = 3(ag) +2, (1 +w- w?) 

+a (l+ w? e.a +ш?+ш°у+... 
=3(а + НЕЙ...) 

dg Ag +... = 3" 7T. 
From (1) + (2) x w? + (3) x w, we get 

3" +0 хе? +0 xw 


= 90(1 + w? + w)+a,(1 +w? 


+ш?) + 4)1 ww) 
+ a1 +wi+w’)+a,(1 +шёъш?) +... 
3" = З(а, +a,+a;+...), 


because coefficient of each is 1+ш+ш*=0, using 
3 
w” =1 


дү а + AEE 
Again, from (1) + (2) x w + (3) х w?, we get 


3" = aq(1 + w+ w?) ға(1 +0 + 0 °( 


+2301 rur)... 


1 
Binomial Theorem for р 
Өзіне Integral Index 


A427 


= 2; + as +a, + 5 


aot 


0; +4; + а, + 


29 іп 
16. И E aJx-2)' - X bíx -3)' and ау-2 for all k2n 


ree rad 


then show that b, =% *'C, .,. 


2n 
Неге, b, = coefficient of (x - 3)" in. E bx - 3) 
zn 
r 
= coefficient of (x - 3)" in > a4x-2) 2.0) 
r=0 
Now (x-2)'2(1-x-3)' 
2n % А 
У afx —2)" = ах - 2)? + a(x - 2)! + a(x -2) + 
r-0 
“жада у"... ax - 2)" 


= ay +a,{1 + (x -3)! «a0 + (x - 3)? =... 


+а {1 + )× -3([ +... -аҙ,01 + (x Эр” 


coefficient of (x -3)" in z aíx —2)' 
т=0 
7a, T Cr Ca йы. as “Cat 
аа, Gh v 
As a, = 1 for all k z n, we get 
ан = Ga. p= Apap = «xs тйут 1. 
from (1) and (2), 
b etc at am 26 ou, e s 
Clearly, " * 'C, is the coefficient of x" in (1 + x)" "^ 
b,, = coefficient of x" in 
(1 +x)" OR TLE a 
+(1+x) 


4" 


а-хла-азх”Ч 
1-(1-х) 


= coefficient of x in 


па” 
x 


= coefficient of x " in 


= coefficient of x" ‘іп (1 + 3) 77^! - (1 + x)" 


2n +1 
by, = С,.1- 


17. Sum the series: 


о Е ТВ. Cig tet Si Cee 


A-188 


^W 


Problems Plus in ИТ Mathematics 


Sum = 1000 


950 +2. 999 (~ 2 
50 Cs а а Ca 


С “©. ET "o -r) 
= Coefficient of x95 ; 


in 
105 
ta +x) T +21 x)99 + 3)1 + y) 


%51.(1-х)%) 


Let $ = 1000 
(1 + x) + 2)1 + ху?» + За x)? + 


+51(1+х)?% 


S 

Tex FF 4204 +... +501 +× 

949 
Subtracting, [sia 
Su. is 
ілу! OE 9 3n +x)? + (1+х) 8 


Fee + (1 + xy) - 51(1+х)9 


= (1+х) 55° П-@+х)%| 


- 949 
Ia 51(1 + x) 
x 
or moto 2, (1+ ху?! — 
Б (1 + x)?9! 950 
"m мана еа ру ur ыы UM 


required sum = coefficient of x 999 in 


1+х) 71 950 
|o". (а x9 211-5 | 
x x 


= coefficient of х 952 jn СФ) (44-5799 3) 


— 51 x coefficient of x 51 in (1 + x) 99? 


II 


coefficient of x ° in 
((1 + x)!9? —( + x) 51} - 51 х0 


1 
ж. = о. 


18. Ргоуе that 
"С. sin x- cos(r — 1)x + "t sin 2x - соѕ(п — 2)х 
* "C, sin 3x - cos(n — 3)x +... -"C, sin nx 
22"-! sin их. 
Let the sum of the series except the last term be S. Then 
LHS = S + "C, sin пх ... (1) 
Now 5 = "Ст x - cos(n — 1)х + "Csin 2x cos(n – 2)x 


+... + "Си _ 2 ѕіп(п – 2)х - cos 2x 


+ "С _ ,sin(n — 1)хсоѕ x. 


Writing it in the reverse order, 


S = "C, ,sin(n — 1)xcos x + "C, _ ;sin(n — 2)xcos > 


+...+ "Casin 2x cos(n - 2)х 


+ "Cisin XCOS (5 — Dx 


Adding, 


25 = "C, [sin хсоѕ(л — 1)х + sin( - 1)xcos х] 
+ "C4[sin 2xcos(n - 2)x + sin(n - 2)xcos 2x] 
+... + "Cy _ 2lsin(n — 2)х cos 2x + sin 2x 
X COS(n ~ 2)x] 
+ "С, _ ,sin(rn - 1)xcos x + sin Xcos(n — lj 


because y od = م"‎ 


Nis, 
Я А п " 
= "Суѕіп nx + "Сезіп nx +... + "Cy sin ny 


"С. Sin их, 
because sin Асо$ В + sin Bcos А = Sin(A 4. B). 
= (TC + "Ca +... Су UC, sin nx 
= (Co + "Cy + "C; +... + "Су + "cC 
> 
-(2"-1- 1)sin nx = (2" - 2)sin nx 
5 = (2" -! – 1)ѕіл nx; 
putting in (1), 
LHS- (2-1 - 1)sin nx + "C, sin nx 


22"-lsin nx. 


19. possis 
ar ФР 18^ 
=; ЗАР 2“ 


> e -1)'- "c 1— + е: 
reo 


3" 


Sum = > (-1)'-"C, 3+ E (- 2 - "с, 5; 
out r-0 

n " gr 
+ > (-1)"- ore” 


r=0 


... to m sigmas 


n 1 reme 4 
== p. cie ien 2; 


r=0 pi 


+ = "С: fy +... tom sigmas 


r=0 


to m brackets 


Віпоті 
‘nomial Theorem for Positive Integral Index 


1 n Б 3 7 п 
P081 сны. 


2 
4 1 ry 
+ b: “Ізі +... lo m terms 


T oe 2^4 
7 КШ 
gn 221 


ped‏ ے 
Pr 2" - 1)‏ 


f с=п + (a + d) + (a + 2d) + ... + (a + nd) and 


20. 1 n 
$=а+(а +d) "C,+(a+2d)-"C +... 


+(а+пй)- Bes 
then prove that (м +1)S - 2" 5. 


Let the (7 + 1)th term of the second series be f, ‚ү. Then 
they =a +74) "С, 
=й- "C, + d(r р ЧЕ. 


oa "Cad aPC... 


(C 7. "СТН ТС. у, 
putting Г = 0,1,2, ..., n, we get 


н=а- "Со+4-п-0 (7 "С, =ОИн<г) 


ТТР К КЕКЕ 


Қалжа "Cad pus Cha 


Adding, S = а("С + "C, + "C; +... +"С„) 
+d ‘n qoc Ep E d) 
= 4.2" ed-n.2"^! = Qa nd2"^' 
+1 --- 
(n + 1S = 77— {2а + (n*1 - 142" = s-2". 
Second Method (using calculus) 
тауа а xen rte rss" C, x" 
(Таут s "C "C, xt ato... $C IM 
xf(3 gen y a Cox? "C, 5 


Е Е «е rtm 


А-1#9 


Differentiating, w.rt. x, 
ax*^ (1 x^)" « x* nl + жеу" 
.4-1 
-a"Cox?^! + (а ау" x* 
; snd -1 
ST AE x? * 47" +... ж (а + п) Са Ж” 
Putting x = 1, 
2-28 « n-2" daa "Со+ (a +4) "Ci 


+ (a + 2d) "Сз +... + (a + nd) "С, 


Qa-«nd)2"^!-S 


п + 
2 


ог (n«1)S- L (2a + (41-130) 2" 


=5:2", 


21. Prove that 
"С. -2*."0,3* "Co (-1)" (n 1) "С, = 0, 
n 22. 


Here Itl 2 (r +1)? "C, 
= (r2 + 2r + 1)"C, 
=i 10) 2t" C) € "C, 
aram CX, oan "б Le Ce 
[^S к Саи =” IC) 
ande) Io a eins TC ee 
«nir 1j 526. cue OC 7% 
esiti - 1). 4716, а 3n C, e C 
(n22 => noindexis negative] 


Putting r = 0, 1,2, ... , n and taking note of the sign of 
the term, we get 


1,2040 + "Co 
t= - (0 + 31." ^! Co + "C;) 
t2 n(n – 1): "7C, 4 Зп "С + "С 


f. =— (n(n - 1) -"7?C, 3n. "^ C + "C3) 


6999000008090000€909009090096040006000€90900090922099909$099099 


+3л. 


Adding, 
sum «n(n—1) 736, - "4C, + 1) E з) 


cito Cn te p sss. tote. 


a ت‎ = 


BENDUM CL ELLE LIL a a RI 


SEC 


ES iili 


"CN 


Рае Plus in ИТ Mathematics 


= эм 


-D*0-34«0.0-0, 


beca әз Me "~ " ” 

А use == сч es = Соже. =0 for all r. 
> n i 
Seco Method (using calculus) 


(I~ 43 о O Ra M t 

` X) = Cy + Cix-" 

EFS "C РЕМ + “С Mel 

Differentiating | | | 
Tentating want хь 

Я -x)".x.n(443)^-! 


SATA 
Сез "Cy xp Me ud 


Multiplying by x, 


M1 + ху" ях а +x)" = 
> 
= мая. Я "экиз 
о - Ci x +3-"С. хч. 


+ (1 +1) - TC, x~, 
Diff iati i қ 
erentiating agan wert. x, 


(1 +x)" х. +х)7"-1 


+ n(2x(1 жуз +х?.(п- 11 RA 


r > 
= — рер n 
Cot?" "C xus Ota 


| *(ne-1)-."C,x" 
Putting x = -1 and remembering п > 2 
00+ 110+ 0) — 7C, 22. "c. +3 С... 


*C1)"(n + 1)?."C,. 


n 
22. Sum the series у (r+1)- "C. 
r=0 


Here -і-(ғ-1)- "C Е р. me opc 


ss Pigg 2—1 25232 
“ п Coa C, 


n 


n 
Co t dev E nitet о 


^=0 r-0 


n 


n 
= 2n - 
2n > sad m tne 
ғ-0 r=0 


=2n Prep کے‎ Ae audi = ‘3 


# PCy С, + Luo Cy) 


=n (C^ 7! C, + ?n- 16 + (2-1€, ENIE YE 4% 


x mM TL а Ы) 


1 
+5 (Cc; + "Со) + @”С, +?”С,) +... 


+ e. e тс. 


> ^ 
rap мас, + ("С а 27-1 
а Ge Oe ECC UO Саһ. 3) 


* 


АР был +" Си) 


1 > іп 2n 2n 
+= C Cot” Con) + СС + 


+ С.) At 


ECC, FC + с; а. чес 


n 
ПС n 
( С, = Cd 
К 5 24-1 2n - 
ene Сү Т Cree Can 
1.5 2 
+5 [CCo +C +... + "Қас, 
-2.227 42 M4 Cy) 
— 1 э 
=(n+1)2™ E "Ch 
tc. lo (M 
ети 
23. Prove that 
"C "Cy E70 - с ^ "Ch, 
s x Mies en 


We have 
à -3)" "Со "C, x с, x? - ... 


Қатыны Te CD) eun 


m 


гіз ©... qx (from sum of СР). 


Multiplying these and equating coefficients of x" ^! оп 
both sides, we get, 


-3^-0-x^) 
1-х 


coefficient of x " ^! in 
a" une a Moo EDE 1-С л 
AC ER EOS ins o) nO s 
= coefficient of x "7" in(1- x)" ^! .(1- x") 
= coefficient of x "7" in((1—x)" ^! - x"(1—x)" !) 
=": ES D 0 
уты ср 

j n 

24. Evaluate X Сы: 


r=1 
3 +1 
where j= = 


Р. > п+1 
|. 1.е., greatest integer < 2 


A-191 


Binomial Theorem for Positive Integral Index 


п+1 


n 
v Cex? =... х" 


x 
n 2:8 3 n " 
z[e re C;x + С. x +... + Cx yix 
0 
"Сх" "Са? 
ЕЕ а 


ja 4571 id 
er en 5 а 


ог n+l Jg 


"сыл? "c, xtti 
т + 
0 


aean- 1 


n+1 п+1 


nc x? "c e? "Ci х* 
LUC, x+ —À—— ——— + IMM 
="Co = 3 i 
Putting x = 1, -1, we get 


v iain 1 » "Ci "С. = "с, 


n1 nel 2 3 4 5 

nc nc nc "С 

к-К 1 "C+ P А: 

п+1 2 3 4 5 

Adding these, 

21+1 2 e. "n. "p, | 

a ee ae ы, 

п+1 п+1 2 4 6 ) 
„бу, СУ "С, — 2Q"-1)y 


1 2 3 Tu mai 


1 
(r + 1r +3) 


ne ІС; i 
е + 


"n«1 7+3 nt 


sum- X 
r=0 


п 1 сх » 


25. Evaluate Ee opo 2 


r 
x 
—— 
r+3 


r+2 le wt" 


= ШЕ 020 — 
n«1 (r+ 2)(r + 3) 


г+ 2 1 .8“2С, 


ص ;6( — 


1 п zi несе) 


Е rel ЕГЕ 


3 r 
1 1 HONE gk 


m, EE 
"DG E n3 


т 
2 13-1 ie Car 


a 
5 (п + 1n + 2)(п + 3) 


1 


SS мал с. 
(n1 n-7 2)(n +3) 


2 ий +3 „г 
x (п + 3) шайр OS шш С, .з)х 


а 1 mas, а" 
(п + 1)(п + 2) 

x 1 пәс, yx 
— =: + 

ы + 1)(и + 2)(и + 3) 


: ' 


E (n + 1)(п + 2) 


+2 2 
А от 4 P TOV" Cx ХЫ. элә i 
+ n 
+" Ca } 
\ 


1 
НЕЕ р 
(n + 1)01 + 2)(n +3) 


n+3 2 
git tee би" Ca ete 
n 
QD, 4 Х ) 


1 


* (n + 1)( + 2)x* 


3 n+2 4 
x[!**C, x? &"**C, x + Cex” ж-е 
* п+2 
+” RARUS. } 


1 
(n + 1)( + 2)(n + 3)х? 


3 5 
52 АРЫЗ ыы Ғы амы «СҰ. "AN 


COE ИЧ суг эйр 


Problems Plus in IIT Mathematics 


A-192 
1 d ыы “іс ۰2~ 
- 5 * X) s M С.х" 2С, 
(n + Dn 2)» 
NET acia = 2 "ЗС, х-"* С, 
(+ 1)(н + 2)" + З)х? 
26; Prov Е 
rove that C, == 26 i^ G- tennt ne, 
1 
-1%2%3% Ai 
1 lá 
Let S,» "C, - inc, +i"c,-. e cnt Тис, 
Е ЕТ 
Sg m Sd n-i P 
n € Cea А А-а 
n-2 1 n-1 
+ (-1) 5 л 
5,59, = CO =" ey Ыр. ж-ш 
1 n n-1 
ta CGS Суз: 
= 1 _ 
+ 1)72. و‎ чл 
aq 
+ (-1)" E cac" 
-1 е 1 
п Ca Маза te HELL 
n-2 1 E А 1 
+ (-1) T Соту" лс, 
1, 1 1 1 
UN Crea Cau Cas куле, 


*C1"-!. 


1 
я C - "C e "C, - 


Thus, 5, - $,.,- 2 
1 1 
$;—81—75; 83-827 97-3 


1 
= Cn (- E 


; putting n —-2,3,. 


l n 1 


Gp Os) 


r+1 п+1 


Е c 


+(-1)"~* „Erc, 


=.. +1" "Ca: 


apnea 


.. ,n we get 


1 
5, — Sn- а с" 


1 
Adding these, $,-517 21374 
But 5, = ‘С = 1 
1 ДЕ 
Sá self em 


Second Method (using calculus) 


(1 =x)" = "Có =: 


"Cx - "Сух? +15? = us 
="С,- (1 z^ 


n 2 
псу "Сх + "Сух — +: 


ог 

isa" 

с х 

1 

[ tC, - "Сох + "Сх? = -+ 

0 

(i= "S 

x 
0 
3 

or Еа G+ еу” 


-[a«a-2*«a0-2**.. 


0 
1 
3 n 
(1-х)? (1-х) (1-х) 
-|x TS E d + bus De Ra 4 
ud? e n 
27. Prove that 
n 
"Co "C "mo t. S 1 я 
n п+1 n+2 2n п.с. 
We have, 
(1-х)" = ="Сухж "Сух? „+ ED" -"Cux" 
۳و "یھ و ےو ےو کے‎ 


2 
"Сух + "Сх 


1 
+—. 
n 
-"Сэх?+ 0 
ал (-1)" . "Єк" 


£C)" Ox" 


+(51)"- ire, xn- 


+ yr А "Cat 4 d 


+ )1- x)"7!) dx 


mE +(—1)" ҚЫ ^0. ad 


1 


Біпоті 
tomial Theorem for Positive Integral Index 


"Со "ol n+l 2 n*2 
= £d n1 а” 
п 
C 
ب‎ (C1) Z^ yan 
) 2n * | 
п п 
"Со ho WA ЕТ А. 
=H n+1 п 2 2n ... (D) 
f n-1.(1- x)" dx 
No” 
0 
1 1 
n n 
[ xj. (е е 
sane "| E n1 =x)" + (71) dx 


1 
жара Е dx 
0 


" 
nn - | 
2 1(п+1) 0 


х") .(1- x)” ~? dx 


(integrating by parts again) 


n(n = 1)" 7 2) n+2 4 = n-3 
= (+ 1(7 +2) 5 | zm ES 


(integrating by parts again) 


n(n - 1Yn – 2) 1 — 
n(n + 1n + 2) aa dx 
n! (0-0! 1 nint_ 1 

(п-п)! “и Qn)! н. 2"С, 


28. Prove that 
"C," "C "С; - С, +1 +" С - "Creat o +”С„- я Се 
(2n)! 
= (n- Zint)! 
We have 
(1+х)"= "C, + "Сух + "Cox? +.. 


n 
ҰС + ct Сх" 


(x + 1)" = "Сох" бит rC"? + ... + "Cn: 


r 


Multiplying these and equating coefficient of x"*' on 
both sides, 
coefficient of x тіп (1 x)" ·(х+ 1)” 

== С, "С, + "С, Са лт E Cg 


"C, "C, + "Cy "Cpa tone + "Cnr Cn 


A-193 
2n 
= coefficient of x п» (1423 
8 anc = (2n) ! 
J ner ат) D! 
Note on ai 


ansion of (xX + 1) 


(i) Instead of taking the exp 
take the expansion 
1 —-+... + "Cy DIN 
x 


1 n 
(1+5) z "Co Сү" 2+ Ри] 
x x 
x" in (1 (o) 


2n 
n *' in (1 +x) r 
yur? in the 


n 


Then, series = coefficient of 


= coefficient of x 
(ii) Instead of taking the coefficient of-x 
product one can equate the coefficients of x 
both sides. 
(iii) Taking r = 0 in the result we get 


п-” on 


2 1-2, "С2 пе ==. 
т Ее Cy +... № Сп nin! 
TITLE y 
(iv) ( ot 1+ 2 ... п 


nc242 {sum of the products of 


="C2+"Ci +--+ 
"nc, taking two ata time} 


"Co, Cy e? 

i 

(ay? _ 4 2 (sum of the products of ( 
In! 

1 coefficients taking two ata time} 


if we 


binomia 


(v) Instead of taking the expansion of (х +1)" 
take the expansion of (x — 1)" then equating the | 
coefficients of x" "Гоп both sides of the product we 
get 
ue C, © "С, & С, "Сеат i 

nT in (x? — 1)" Wi 

= coefficient ofx"*'inc-D"- 0 EM i 

If n + r is odd, the coefficient = 0 

because the expansion has powers of x? only. 


= coefficient of x 


(vi) For series like 
"Co * "C T "C TE es 1 + °C. mE +2 +. 
one can take expansions of (1 * x)" qua (x + 1)" 
and then multiply. 


(vii) In series like the above one, consisting of products 
of two binomial coefficients, the difference of 
suffixes is constant 


herer-07 (r+ 1)-1=--- =: 


29. Prove by binomial expansion that 


"C neat” Ca 9 "Сы Со ы "> +... + "s ы "Cs 


m+n 
2 RE, , Wherer<m orn- 


Problems Plus in ИТ Mathematics 


m 
ФС. в Сый 


+ CC etg. Сх" 


(1П+ ху" = Bis dk "Ск +"Сх +... 
(1 +x)” = "Cyt "Cix + "Сз? КАС 
Multiplyin 


sides, we get, 


coefficient of x" in AE TAH" 


ILÍÍIm 


n 
С,” Сет бу eR meo 
т n 
C, Cot Cas "Oeuvre 
= coefficient of x” in (1 + p en 
= n. "Gs 


Note In series like the above one, 
oftw 


constant (here r + 0 = (г-1)+1=... =r). 


30. Prove that 


шел аны "p, mede „нб, eO __ шей 


2n 2n-2 > 
Аз C Сы» = "6 


we consider the expression 


"Coll + x)?" 2 "C, . (1 + x) 21-2 


Са 09774. 


Clearly LHS = coefficient of x" in 


[СП + x)?" - "C. + x) ^7? + "Ci + х) 21-4... 


= coefficient of x” in 


["Co((1 + х) 2р" - "C. (à +х)?}"-1 


LUC UE 39) T uu 


= coefficient of x" in ((1 + x)? — 1j" 
= coefficient of x" in (2x + x°)” 
= coefficient of x" in [x " . (2 + х)") 


= constant term in (2 + x)" =2". 


31. Show that the HM оғ?" +С, апа ?" *!C, , іѕ 


2n +1 
— —— times of 7"C,. Also show that 
ı1 +1 
2n-1 
r n 
la dS ee 
an Mm Unel 


Б and equating coefficient of x" on both 


Н ! consisting of products 
O binomial coefficients, the sum of suffixes is 


п, €tc., are coefficients of the same 
п; 3 
power x in the expansions of (1 + x) ?, (1 +х)?"-?, etc., 


1 1 


ш> =... 
—— 
mec o 2C 
r 


= ! 
9n -r4 1)! (7+1)! (Qn r)! 
r!Qn-r cm i 


(2n +1)! 
т0н 0)! o, -r+1 +r +1] 

(2n +1)! 

ri(2n-r)! Qn¢2_ 2*1). 1 
3 Оп)! "Süd WML “С, 
шш m ӘСЕТ Же к” 
 2n*1 “С. 2n*l anc, 

nl 


2п +1 anc is the HM of ii Cy and CR 
е г 
nl 


Hence the result. 


2n-1 ^ r 
p. Vo 
Now, % (-1) P ang 
r=1 Ж 
1 5 3 251 —1 
کے ے‎ = N oS. anc 
m < с- C4 2n-1 


" =< EC CT ЕДЙ a 06 Е 
“Es "Con -3 me 


(combining corresponding terms from the 
beginning and the end—the middle terms, 
ie., nth term being alone) 


A: de euo m. ... to (п — 1) terms 


3- 
n-1 n ( 2nc zc 
+ (-1) іс r 2n - r) 
n 
— жән жене. 
=2н Бе anc гас. О а 


ee Жа: Бен ж 
Seip, 96 


2n+1 1 1 
ек ENA 
20141) nic an с. 


2n+1 1 1 
— | — + —... 
2(n + nc, mc 


слу" 2п + 1 1 " 1 
( 2(n +1) атасыз mS 


#1)" > ,ل‎ using (1) 
7 С, 


33. If (rx ex)" = 00 


Ё i did 
Binomial Theorem for Positive Integral Index 
1 j : : 
اچچ دد‎ : =(n+1)° 

au e aa 
an’ 20 * 1 1 1 

Ж. ende п Tein Me ` = 
| CS \ С, “ з 
еген Қ snc, ic : 

, X n-1 n : _ n(n + 1)” 

*( 1) Ее è 
Os 
1 ; 

n х E 
1) سے‎ A i 
"Rapper va i 
2141 + (-1)"-'. в: 
"oS : 
1 : 
Qn * ? 2n * 1C, : 

| 


А-17- | 


, 
ей Ее ИЧР ЕЗ ke 


v поп DEE 
6 


n(n + 1) 2(n + D: { 


ана 


+ 31 


n(n +1) 6 6(и+1)- а 


п 
х?+ + M2 
ах + 02 ss ur 


чє! 
> 41 Men pe^ L3 ER ET as iu 
g a Page = в | 
| eee qu a E i ажа, (1-3 ay) 
а” БӘС | п+1 С; 2 
рт a We have ET 
T dn e 1+x+x) = ао + yx + 02 + asx + Tan (1) 
da ni(nt))! n(2n + 1) (1+х 
п. EN NÉ 
«СУ ane)! is n 1 к ЖЕ “ 
en s s Жі = йо - fh -+n T ау x? 
(2n)! X «3 x қ 
! ET "Mon 
n po: nime, п + (-1)" а 
E cla (2n)! (2n)! ФЯ | 
г. arni ing the coefficients of x on 
n C1) ا‎ Multiplying, and equating | 
a nma ар sides, 
п+1 ИГЕ 
سے‎ ^ 24". em 
erri coefficient of x^ in (1+х+х) % » a] ЫҢ 
“ntl i д 
sal map edd cab + tme " 
У НЕМ and сұт Ср find the value of = 
i " Ck Т now etx" е) 
| .3.|—— 2 
| E A к 
б 2 (х2-х+1) 
n. 
| “27% п! (К-1)!(1-К+1)! -(1%х%х?) кек. 
E ki(n-k)! n! 
| а-а "Су dex) а.да XX tX) 
| = э”. x^" х?" 
^ K 
| WE COLL eem ) 
н «ү n-k*ly coefficient of x in БЕ 
e(l БМ өсе - 
n Ck -1 К=1 | 
д: E +02 - eT .. (2) 
n 
as k(n-k+1)* Putting x? in the given expansion, 
kel ] 
(exte xt eap tae? + aK + Uv aux 
CENE а 


n 
= у Qe 15-200 € DEC KI 
kel 


н ВИ Grasse 


А-196 


ог И ++ + 542 
ан сез: АЯ АЙЯ 


xin = 20 + A,X + 
2n 
+ан +... HAX 
by (2 
У (2), 40 ¬ ay «a; — ay + +033 = d, (3) 
Now, 
‚ Putting 5 for x in (1), 
1 ү" 1 
1 سک‎ 4. i a> a An 
^ = аз + — —= — - 
| х y2 0 + PLA pe 
, x x^ 
^ n 
x43 т ЖҰЗ 
Хх ұз 
= аох 7" + 2n - | 2n-2 
ох aux + ах +55745, 
ог 1+х+х?у" _ 
( ж”) = dp Fan 1X +2, х? 
-2n 
+... + аох ... (4) 


From (1) and (4), 


a = 
2п = 90, Ani SA ana =а., ..., 


а, = ay, .. 


from (3), 


2 ‚аб = Aan 


2 2 
ас +аў) – (a2 2 
(o 2n) — (ai tain) + (a2 жад, o)... 


ua dE ro o ее к 
А 2 2 
-- 2ag — 2a; und ЕА ME 
-а, 
ot а 2 
ao ai + а; = 


= 1 
тар ай, +2 CD" a? =F ay 


. 2 2 2 
om ав — à n-—-1 2 
0 5 —... + (— 
1 Жаз (-1) ad 4 


1 
=5 41 — (-1)" а, }. 


34. If (1 +х+х?у" 
Prove that 
"Co TE 


= ао + арх + ах? +... д х?", 
"С,. tpi "С 4:2 — 
=0 if r is not a multiple оёз 


0”. "Сы if r—3m. 


-+ (1) -"C,- - ао 


We have 
2n 
Я +х+х2?) = do +аух+азх? +... 


2n 


r 
+а„х +... +ах 


С — x)" = "Co — "Cx + "Cx? _ wee #(-1)"- "Cx" 


tabo)" "e, x". 


Multiplying these and equating the coefficients of x" on 
both sides, 


(— 8 


Problems Plus in IIT Mathematics 


coefficient of x” in (1 — x)" (1+х+х гуп 


" п 
z"Co.a,—- "C. a -1+ Са; = 


MEE LR 
series = coefficient of x" in (1 — x3)n 


= coefficient of x" in 


("Co – "Сух? + "C(x 3)2 _ 


*(-1)".n 


n(x), 
ot a multiple of 3 | 


=0 whenri 


because only Powers of үз 


(-)"."C, where Г = 3m. "ur 


35. Prove that the HCF of "С, ,?"C.. Е: см 


, 


2™* where: =2" . :4,4 being an odd ; integer RISE 


2 2 
We know that "C, + "Су + Cg +... + i cm 1 


HCF of numbers divides each number and So itg 


their sum also. Vides 


HCF ef "UC, e, Cc °C, 


-1 also зы 
5 2n - 8 divide, 


So, the HCF = 2* where 0 <k < 2n — 1. 


Now, every number п can be expressed as 2 "т 


„9 bej 
an odd integer and т is an integer > 0. 94 being 


2n- "QC =2-2"4=2"*1.4, where 4 is ода 
HCF-2* where 0 <К<т+1. 


1 
Now "Cy =. E ae. E 


Cs r-"C,=n."-1¢ А 


r-1) 
25 т 12n-1i _эт+1 1 2n-] 
= 2n Р С» |=2 E 5-4) 
2n -1c 
Loses Ж _ бушу. 
р 
For p-1,3,5,..,2n-1; "C, is an integer. So 
gore. -1 15 divisible by the integer p. 
q- 2n-1c 
Let Tee e = Qp = integer. 


жс, ажы, 2’. My, where Q, = 2" М, and M, is 
an odd integer as well as г > 0. 


required HCF = HCF of (27 *!.5,52m«1 2’. My 


-2"*' where2n =2т*1.4, le,n-2".g 
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Binomial Theorem for Positive Integral Index 


Exercises 


m of odd terms and B the sum of even 


the 5 n 
i^. the expansion of (x + a)", prove that 
FO ns! > an 
ier! a B^ 7 got ) 
(i) й в=К* m" e a)". 
(ii) is qas 05 02-0". 
ra р 
ЫЕ juate (0.99) + (1.01) 
„luí 
, г meii mainder when 27 0477 is divided by 10. 
fi „32 жү 
4 o that 32? when divided by 7 leaves the 
ro 
3 maine? n п 
ve that (2п+1) 2 Qn =1)" + 2n)" 
ro 
(or all " S 
1 n 
: prove that Ни +1 > иң where ин -(1 d forn e N. 


10 

d the 7th term of(3x*-3| 
4х 5)? 

d the 7th term of (2-2) when expanded in 


nding powers of x. 
urth term from the beginning and the 
` fourth term from the end in the expansion of 

9 


х+—|- 
x? 


find the middle term or terms in the expansion of 
the following: 


92-2) 


11. 


(ii) (1 - 2x + x?)" 
Gv) (x +) 


12. Prove that the middle term in the expansion of 


4429, 1-3-5:...Qn— 1) 
(+3) 1S = Rr 


2n +1 
n 
(8-3) ‚ПЕ М 


«2t, 


13. Find the second term after the middle term in the 
20 


expansion of Iia E 
pre ge 
14. Find the coefficient of (1) x^! and (ii) x 


8 
in the expansion of i * 2) 
x 


А B" 
15. Does the expansion of (2° - x) contain any term 


involving x? ? Give reasons. 


16. Find the coefficient of x” in (x? + 3x? + 3x + 1) ІН. 


E: : 
17. Find the coefficient of = in the expansion of 


n 


1 ".[у++ 
vel 


18. Find the coefficient of x? in the expansion of 


1 
2 = 
(1-х + 2х (ез) . 


19. Find the coefficient of a b* in the expansion of 
AZ 


2_b 
a) i 
20. Find the coefficient ofx?y^ 
12 


2 
UM 
у 3x 
21. Find the relation betwee 


1 1 аға 
coefficient of x7 in (= + | and that of x^ in 


3 in the expansion of 


aur and biso Hiat He 


1 11 
ү! - psi are equal. 
bx“ 
2n 
22. If x? occurs іп the expansion of (^ + >| ‚ prove 
4 (2n)! 
that its coefficient 15 77 1 s 
a (4n- 2 Д 15 (n+ p) 


ан J 1 1 2n 
= | erri md 

= род" + pa + pe 
where a > 0, find pz- 


жї.) 


24. Find the coefficient of x" in the following: 
Gap "4 (x +2)" (х +1) 


ca QT ++ ае rir". 


25. Find the expansion of (1 + x + x?)* up to the term 
containing х?. What is the coefficient of x *? 


26. If пе N, prove that the coefficient of x" in 
(1+х+ х2)" is 


n(n – 1) "i n(n — 1)(1 — 2)(n – 3) A 


a »* (292 
27. Find the term independent of x in the expansion of 
the following: 


ч 


(iv) (1 + x)" 


10 
4х) |х 22 
Y 


1v) 45». 
! 


ы 
т 


. Determine the constant term in the expansion of 


)1 + ج چ‎ yyw 


2 2 А 4 А 
29. Find the term independent of x in the expansion of 


c 

223 \ 

VE mx E ys ТЕМИН ور‎ 
(x'^-1 уз. +1 


30. If. the 4th term in the binomial expansion of 


Iu" а 
Рх я zl 15 Independent Of x, find the value of n 


Also calculate 


РИ the fourth term is 


мл 


31. Ргоуе that cannot be 


there а constant 
(independent Of x) in (х4 зу" 
integral multiple ofa , b. 


32. Find the term 


term 
unless na is an 


which does not contain irrational 
expression in the expansion of ( 33 4 $). 

33. На, b, сапа 4 be the 6th, the 7th, the 8th and the 9th 
terms respectively in a binomial expansion then 

bisa 4а 

LES bd 3c | 

34. If four consecutive terms in а binomial expansion 
With positive integral index be respectively 14, 84, 
280 and 560 then find the expansion. 

35. Determine the value of x 
(х + x loni 5 if the third te 
10,00,000. 

36. Prove «Һай the coeff 


prove that 


in the expression 
rm in the expansion is 


icient of the middle term of 
(ex) & equal to the sum of the coefficients of 
middle terms of (14 x)21- 1 


37 


In the expansion of (1 + x)?! the coefficient of the 


(2r + 1)th and the (r + 2)th terms are equal, find r. 


38. Prove that in the expansion of (1+ х)2", the 


coefficient of x " is double the coefficient of x " in the 


z (12x + x2)" 
expansion of Кт з . 
+x 


39. If in the expansion of (1 + x)", the coefficients of the 
5th, the 6th and the 7th terms are in АР, find n. 

40. Prove that three consecutive binomial coefficients in 
the expansion of (1 + X)", n e М cannot be in GP for 
any 71. Is there any м such that they are in AP or HP? 

41. Given positive integers r»1,n»2 and the 
coefficients of 3rth term and (r + 2)th term inv the 
binomial expansion Of (1 + x)?" are equal, find г. 


'f in the expansion of (1+ x)", the three consecutive 
coefficients are 165, 330 and 462 then find n. 


43. If in the expansion of (1 + x)", 


0727 | 


Problems Plus in ИТ Mathersatics 


three Cons, 


"utis. 
2 » 2, lb, ч » t 
coefficients be a, b, then Prove 


tha 
А TU i 
"n 20-1020: Also show that а is the 2th . C) 
b*-ac 5 қ 
~ th 
coefficient in the expansion. а; 


44. lf а, b, c, 4 be four consecutive Coefficients i 


in 


№ 
` that 


м 
binomial expansion of (1 + x)" then Prove 
š 4 
2 h hee Hu 
: жы: are in HP 


d с 2b 


4. c+d be, 


45. Ша, b, c, d be any four consecutive Сосны Ín 
TUS 


binomial expansion, show that 


(he + adyb - c) = 2(ас? - bA), 
< - r z = i 
16. Let (1 + 13)? (15 x) 5 dx 


in AP, find r 
47. If rı be a positive integer then prove that the integra 
part P of (5 + 246)" is an odd integer. [f EBE the 


fractional part of (5 + 2\6)”, Prove that p = же! =f 

48. If (9 « 435)" - p« B. where n and p are Positive 
integers and В is a positive proper fraction, Prove 
that (1 — Вир - В) = 1. 

49. If ((x)) represents the least integer greater than x 
then prove that (153 + 1]7")), n c №, is divisible by 
274%: 

50. Find the greatest coefficient in the expansion of 


(1 + x). 
51. If x - z ' find the greatest term in the expansion of 
s 3 


{1+ 4x)*. | 
52. (a) Find the numerically greatest term in the 
expansion of (3 ~ 2x)” when x в 1. 


(b) Find the value of the greatest term in the 

í Qa 

expansion of ¥3 L E 5) 
53. In the expansion of (x + а) 5, if the eleventh term is 
the geometric mean of the eighth and the twelfth 
terms, which term in the expansion is the greatest? 


(2% =] when x = Ж itis known 
(2 3] 2 

that the 6th term is the greatest term. Find the 
possible positive integral values of n. 


54. In the expansion of 


тн БЫ А ы 


Binomial Th 
for Positiv Integra? Inder PEL 


„that the greatest. coefficient in the expansion 
nu T ble the RN M 
s$ p ұз ЖУ із dou E t н Greatest coefficient in the 
p vole tv 
or 
ae 
«ғ MES oe ана ‘С, + кс. 
m the seme 
2 لے‎ 
Tie - pt: 3101723] 5'in-5)! 
- "en, NES 
4 (n= 1)! 1! 
here " is ап even positive integer. 
whe 
" he sum 
and t 
45. 1 
1 ig o nC 22:705 927 161+ эзле 
2 r 
prove tha | 
> - вс 4 4 + \2 
(1+ "Cr? + t C, Сл 
= } „С; MC, ac "С, "Ca 
P met 
п "c Е "C. А я VE 2 
60. prove that Со % - C. яз fi + 1 
are the E + 
61. 1f to, I „га ге he terms in the exp TT at 
(х +4) " then prove that 
quiste ad а EET al =(x* Ge 


2) 30 
rE = 2 ) - 
едо + 4X + E +.. 


e2. И TTL 


then find 


Фета 


(1) г, -4,)%4:- 


(1) ay + 01 +1; +... 


(iii) do + 22 + t,t .-. (iv) 2, +4, + & + 


ix; Mod oce x a, + dX OX +... ғ,” 

then find 

(i) ag * & * 092 * - + 8s 

(i) ty = 1 * 4:- + its, 

(iii) to 4 ty dat ee t tse 

(iv) a, + ay +4 * -- + Ary 3 

and prove that 

1 n 

РЫГЫ + dà). 


ы. The sum of the binomial coefficients in the 


PE 
expansion of |X 7 * Y | is 1024. Find the coefficient of 


x" in the binomial expansion. 

65. The exponent of a binomial exceeds that of another 
by 3. The sum of the binomial coefficients in 
expansions of both binomials taken together is 144. 
Find the smaller of the two exponents. 


66. Find the coefficient of x ` in the expansion of 


1 «(12у (1 ху + (he) 7 


« 


e (1 * X! 


67. Find the coefficient of a in the expression 


(1 6 х) 99 + 21(1 + х)“ + ЗА (рж © 
+ 1001 х 


68. Sum the series. У Cas 


69. Evaluate 


QC, e C, C, +... + "C9) 
x (fev s M “ұлыс ойды "Cad 
70. Prove that 
е, a M e Salis, 4 Элч" С 
a MC, с, "°С ор. "Ca 
"n " 
Tl. Prove that “E, #2-® "C; k? 
k-2 4-2 
22. if (14 x)" = C, * Сух + Gits WE DU ы 


find the sum of the following serie 


aC, + (a + d)C; + (a + 2d)C, + e (atn- С, 


73. Prove that 


"C, 432 "Cyt. Ft D "C, = (n +232" 


pæ ї 
"t2 
74. Prove that 


"Coe 3. "7C 05 "С%. «(она "Са m 0r 12" 


75. Prove that 
C, абас»? ТЫС 41)"C, = 0 


" ^ п 


o7 < 


76. Prove that 


1-09) "С, + (1 + 2х) "С, - И + Зх) aC - 0 
ты ge "C 2 "C 3o "Сач ae "с, 
п 
then find X 5, Also prove that 
nel 
5 $ ne қ < 
ac, (CCE C? СС ў” کاچ‎ | 
“3 2 3 n Ln 1) 
78. Find the sum: 
1:;^C, «2 "СЗ оты AUC ЦЕ 
79. Show that 
"с-т-"Сі-іт- їз "С; Өн -2) 


44508-46, on nv 


80. Sum the series: 
3."C,-8-"C,* 13- "C, = 18 "C. + . 


to (n + 1) terms 
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n , 
81. Evaluate x P 
r 


rel 


"C, where р, denotes the sum of the 


first r natural numbers. 


82. Prove by binomial expansion that 
n 


2 ЫР "C, = n(n + 1)j^-* 
ret 
83. Prove that 
ч BJ : n(n ~ 1) 
ab ~ n(a — 1y(b — eT 5 0-20 -2)- et 


*(-1)" (a- n(b-n)z0,ne М. 
84. Prove that 
143-224 n(n-1). 3:5 n(n - 1)(n - 2) 
"e 3! 


1-2 21 
(п + 1)(n +2) 
ы 
1:2 


2 — - 
-(n"-7n48).2"-3 N 


5l 


+... + 


n 
55. Evaluate x (FFA TE ғ 


r=0 


86. If (1 + x)” = Co + Cu Cu? + C313 +... + Cy" 
then prove that 
Ge AO, jet Ee 


nil ntl 


С, 1 


Ge-i6ie.le. - + (-1)".— = 


87. (i) Prove that 


10 
C 10 10 
a. 3و ر .32 چ‎ 3 11 Cro 
0 5 3 +... +3 wr» 
m 
"T M 
(11) Prove that 
n n 
2:76 422. E OTI "C, 
2 3 nl 
899.7 
A nl 


88. Find the sum: 
n 11 
C, n ncs 
GU E ————— ll. күл еі 24 
e (К+ 1)(k + 2) (9) 2 P5) r 


89. Find the sum: 


n 
С» - 1 е HE 
(a) x 1 Ж Е 
i. = pio rr 


90. If (1 tx)" = 5 C, x", prove that 
r=0 
s С; Bet qne] 
= Е ВЫНА 
reo (7+ 1)2"*1 (пъ 1)2" +1 


n+l wal 


92. Evaluate 
"С "С, ес. "С, "C 
= -+ (C1).. 
i 3 * 5 = (1) 


n 


2n “1: 


93. Prove that "Сё + "C? + "C2 +... + ger Qu)i 


п ! п ! d 
n-2 
4 2 
94. Prove that X "Ср "Ср, з= "Cy |. 


k=0 
95. Prove that "Cj = "CÈ +"C2-... 4 (-1)” . n2 
n 
=0 or (-1)2."С, according as n is odd 
2 Or even. 


96. Prove that 
* 20410752 , 20 +12 
2п каса + C24 TE we ей 
97. Prove that 


+ C$ = (туп... Qn)! 


nig 


aaz 22 “єс? + moz zs 


98. Prove that 
"Со + "СР + "С? +... CZ 
1| (4n)! Оп)! 
= | +(-1)".@")! 
2 E yore (n Ы 
99. Find the sum of the products of binomial 
coefficients "C "Cy, "Суу ; "C, taken twoata time, 


100. Prove that 
2n + le ТЕ 2п + чє? + 2n + г T NETS 2n + с 
— 21 + Ce + 2n + е? " 2n + е? „р 2n 4 pe ИИ 
101. Find the sum 
ie 1 эс. +C- 5c, " e қ ВС: 
E on POS С, 


k 
102. Prove that £ (-3)'^!.?"C, 1-0 


r=1 


where k= = and п is an even integer. 


103. Prove that 
1 i6 2:30. t С. 
- +(—1)'(т+1)( +2) =2. "=C, 


104. Show that 


"c “С 
"C(1 - x) - (1 -2)2+—2 E 
п 
+ (1) "71." 1 - x)" 
із 1-х? 1-х ics. 
= 1 + 2 + 3 “Ға " 


— = = o 
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at 
pave 
105. пә ac, pq" = npq  n*p* if p+q=1. 
sU 
r=? 
„that 
prove 
106 ИСА Mic 7 
1 -1)! 
that 
rove n n 
7 п C C 
; "Ci Saige ТЕ, 
i "C, с; рий" 
0 
t 
rove tha 
"m 46 T nc ("C + "Ca шелі "С. C, Ж "c 
0 
(n +1)” 
= xum po "c UG. "б... "C. 
Given 
| 109. psg 4", 
| 1 2 +1 n 
gel , (a= q 
p sita + 2 Же № 2 ,Qq*-1. 
prove that 
| "wu Lc Lc „+ Св, 
=2”=5„, 
110. Ргоуе that 
"С С, сз» TEN. "Cs 
HE ues (n +1)? 
- : 152 1 
ntl 2-3 n+1 Ы 
п п 
| 111. Evaluate Х | > ©") 
pz! т=р 


2n +102 4 21+1 
112. Evaluate “"* Co + Helge, TEZ, PTE, 


113. Evaluate X 21C; . IC; where Osis 10, 0 <] «10. 


izj 


| 


114. If (1 + x + x2)" = ao + ax + aX? +... + aux 
then prove that 
(i) ad - a? + a2 - a2 + ... +а = An 
(ii) aya — а1@з + 0204 — ... + Aan -2 ` Qn = An +1 
(iii) aj = an- i 
115. № (1+х+х2+х3)" = Mg Fx taxa +... + Azn acm 
prove that a, = a3. r: 
116. (1 py + y)" = ao + ay + aa tt 
then prove that a, = à» - г. 
Also prove that 
ао + 3a, + 5a; +... + (An 41), = Qn + 1)(2 + р)". 


117. If (1 + 2х + 2x2)" = ag + ax + ax? +... Hat 
n € N then prove that 


А -2 
(i) a, 2 "C, - "C, 4 "C, 77 Cr-2 
-4 
жс” Cra = 


(ii) 0,2! ("C, * "C, Зп. жс; .21-4С,% ES 


Objective Questions 


Fill in the blanks. 


ә У 
118. The coefficient of a* b? in the expansion of (a +b) 
is х 
119. The coefficient in the third term of the expansion of 


n 
x* -i when expanded in descending powers of 
xis31. Then n is equal to · 


120. The larger among 9950 + 100° and 101% is 


121. (a) The sum of the coefficients in the polynomial 
expansion of (1 + x – 3x 2) 2199 is 

(b) The sum of the numerical coefficients in the 

expansion of (2x * 3y) di — 

122. If the 5th term in the expansion of (a7 +a~')" does 

not contain a then the value of n is 


123. The sum of the rational terms in the expansion of 


1 
(N2 +33) is 


TU 
124. The middle term in the expansion of C * H 15 


125. Let n be a positive integer. If the coefficients of the 


2nd, 3rd and 4th terms in the expansion of (1 + x)" 
are in AP then the value of п is 


ix^ р 
126. If x" occurs in the expansion of ap then its 


coefficient is Я 
127. If the sum of the binomial coefficients in the 


expansion of (a +b)" is 4096 then the greatest 
binomial coefficient in the expansion is 


128. The number of terms in the expansion of 
(1 + x17) which are free from radicals is 


129. If n is even then the coefficient of x in the expansion 
n 


ota» (1-5 is 


130. The sum of "Cy + Су + C; +... + "Cro is equal to 


131. The sum of ?!C, "С + С, - ... + Сю is equal to 


132. Take the expansions 
(1 + x)" = "Co + "CX # "Cox? +... ec" 


(y 41" = "Соу" + "Cy"! pu a С 
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(N + v) 4 "c m n 4 Са n ty + « E y е Od 
4 "сыр Án 
The coefficient GF "gy" an the expansion of 


ж + уух уу" is the series vM 


Choose the correct option(s), 

133. The number of terms in the expansion of 
(0 +2x 4 37)" when expanded in descending 

powers of x, is 

(с) 2n (d) 2n 4-1 


134. The number of terms in the expansion of 


(а)» 1 (b)n 


(1 + 5823)". (1 = 5421)? is 
(а) 5 (b) 7 (c) 9 (d) 10 

135 . -f 1 1 АЗ 

S5. In the expansion of p C zi] ‚ the constant term is 
EE 


(a) ^C. (b) 0 
(c)- "С; (d) none of these 


136. The largest coefficient in the expansion of (1 + x)?! 
is 


@ "Cu ФНС, (озс, 


= 51 2.24 
157. 35! when divided by 8 leaves the remainder 


(d) С 


(a) 1 (b) 6 (c) 5 (d) 3 
135. The sum of the series go Ж Te E °С. Meg c 
is 
(a) 220 (b) 2" 
1,1 >02 l 
«2 + as Cio (a2? >: Td 


139. The sum of the last eight coefficients in the expansion 
of (1 +x) " is equal to 


(a) 2^ (b) 2 
1 16! 
(c) 2755 — E zT (d) none of these 


140. If C, = "С,, the sum of the series 


where n is even integer, is 
п 


(b) (1)3. (n 4. 1) 
(d) (-1)" < n 


(a) 0 
(с) (- D" ° (Qr 2) 
(e) none of these 
141. The coefficients of v" and x "єр, пе Ny " 
expansion of (lI FA)" are th 
(a) equal 
(b) equal but opposite in sign 
(с) reciprocal to each other 
(d) none of these 
142. The number of dissimilar terms in the expansig 
(a + 2b + 3c) is No 


(a) 9 (b) 24 


(c) 45 


(d) 10 


x ~m 
ечен 
T | the 


' expansion of (1 + x)?" 
143. In the exp ler 


independent of x is 


(a) CS (b) né i^ 


(c) - 0" -?"C,, (d) none of these 


State whether the statements are true or false, 


144. The integral part of (8 + 3V7)” is even, 
Y^ y? 15 
145. In the expansion of p + A there is а lerm 


independent of x and а term independent of y but 
no term independent of x and y both. 

146. [n the expansion of (1 + 2x + x?)? there is exactly 
one term whose coefficient is not equal to 


coefficient of any other term. 
13 


1 
147. Іп the expansion of (в г) every term is a 


function of x. 
1 2п 1 2n 
148. If- f(x) = XY + (“+ 
polynomial function which is an even function. 


then f(x) is a 


149. 5С,- °C, +6С,-...+8С,=0. 


Answers 


n > 
vo 
iz > > > > 
5i [С —26r € 3C? — =. + (-1) "(п + 1)C,?) 
2. 198 3. 2.0020001 
7 
4. 2 8. = X 5 
ği = 84 229.93 5376 


10. 672, 
x? 


! 3 
n. ()-20 (ii) со". C9 үп (iii) -560x5, 28027 


(2n * 1)! 
n!(n +1)! 


(2n+1)! 1 


(n+1)!n! x 


(iv) 
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п! : у" 14-1 
pe Л ` , AE s 
ocn? Т T ШІ TERM 63, ()3" (т (ii) Lis (v) 
a |" 
: mani 
LEA EH | ‚ 61, 120 65.4 66 зул! 
ЖҰ “А [E EET. т ала : 
( ) m (1 ІП 5 (n ~ " р А : Ш/А Г 9 WAC а 
ы ° 501952 ! т. 
ПАР "ni ; 
"2 ^" эненин Г? — , 1 
ду” =x if nis odd * 69, "*!cC,.[2" - —n(r = D 7 " 7 П 
| : 72, 2" - тия (n:277! -2" « 1)d 
201-55. << 14. (i) 56 (ii : в 
13 IH 2 MI (i) 56 (ii) 0 : 77. (n - 12" 4 1 78. (n + 4)2 
E 10И : 80.0 81. (n + 2)2” 
15. ПО 30115! 
QD — 18. 714 285. (n^ +219 x? + (3п + 2)x + HC. + x)" 
jo О! Ore DE : ae 
х B. каласы) (18 کے‎ 
19. 924 پا‎ 85. ја um 4 1)(n + 2) (b) n43 
2 : 
21. al = | 23. 8n ; ү 2" 1 ы n2 4141 
24. i" =) "С, : * "^ +1 (n 4 1)( + 2) 
25. 1 4 АХ 4- 10x? 4 16x? +, , ; 19 si d А e +2 5 (н 4 2-1 > 1 ей ТЕ x)" £3. 1 Р T А x)" 
: S (ii) S a 52219 (n+ Mor + 2)х? (n+ 1)х 
27. (i) 12 10115!” 4. я А (2n)! 
) ( № t жыл 3 99, — |22" -= 
Qu)! gy 2 РТТ 2 nin! 
ШТ ніні 1-996 x^ к, 
` Р . noon 
28. 11851 29. 168 101. 351251 11.3" ~2 
1 24! . ! 
=> ن‎ 2 : à; 1 D det] 
0. n=6, P= 32. 32.2 : 1. (4n + 2)! |g —— 
3 2 14 ! 10 ! ч 112, 5 Taini ar 113 5 |2 2 Q19!| 
34. 1+ 14 + 84 + 280 + 560 + 672 + 448 + 128, ^ 
ie, )1 +2)” 118. 126 119. 32 120. 101 
| 5 121. (а)-1 (b) 5" 122. 10 123.41 
35.10,10 ? 37.14 39. 7 or 14 т за? 
{ “(51)” | 
40. possible to be in AP but not in HP ee T 
n: 
L " а 
41. 2" provided n is even and n > 2 42.11 | E (n = 2 р I: (n+ n| ! 
46. 2,3,4 50. "C, 51. 6th termi, i.e., = : 127. 924 128. 12 129. 0 130. 2" 
2 | 
à; )! > 48% 132. "C2 + "C? + "Сі +... € "C, 
52. (a) 4th and 5th, i.e., 489888 (b) я қ (10 1)? е 3 d 
M : 333. 134. (c 135. (c 136. (c) 
53. 8th term 54. n = 49, 50, 51, ..., 59 : 133. (d) 34. (a) (c) 
жел > 137. (d) 138. (c) 139. (c) 140. (с) 
56, 2?" в7.2—— 58.5.3" : 141. (a) 142. (с) 143. (с) 144. false 
145. true 146. мае — 147.true 148. true 
1 1 1 : 
62.(0— (і)- Gii)= (i : 149. false 
2. (1) 5 (11) 5 (iii) 2 (iv) 0 
a 


————  ———— 9— 


Ке БЫНЫ. ғы. CO д — — 


—— =— + ИП анн 


Беле! 
стт? 


Thecres for Positzce integra! Index 


Chapter Test 


Timez 75 minutes 


за 


tement is incomplete. Fill in the blank so that each resuitung 


Es = e 
rane SUNN O7 С: 


Q 


mial coefficients in the expansion of (x + y) " is 1024 then the greatest 


ent - st ы > > €. 
к ER O: x іл е ехрап=іоп оё (2-х = 3х5) 15 à 
(іп) Ин <(N2=1)° <r=l re N theath 1 AE 
1,7 = i» Men ine value ої к 15 - 


+} Em] 2629 * 
2. In tne following, егсп queston Bac e 


juestion Баз one or more than one correct answers. Indicate the 


>, - % g = 2 = 2% 
G) The number of rational terms in the expansion of 27^ z3 меу 

A. 4 Б. 30 5 D 11 
(ii) If the coeffident of x* 


1+ +x)+G+x)*+ 


-- + 1 =x)" is the greatest then the value of k is 
* E РУС 
гыз В.8 ÈT D. none of these 


(iui) Е the coefficients of 


2 * Da = m > cm 
x and х* are equal in magnitude but opposite in sign Et the 
- - Тт к» 


2 


С.с-Ғғ-0 D. none of these 


(1v) ine’ 


S NC : 
3. Use binomial expansion to prove that the number 
one containing (т> г) Hines end the other rir > г) things АП the things being Ca егет. 
- . аа = * - т) C. - - [x J > SS * 
= equal to the number of ways to select т things from a bee when all the m- п thimes аге 
3 “5” o + > 


kept na bac. 


є 
4 ы Же Жа кам, т ыс аа а > x "t 
4. Evaluate E ."C. where s. is the sum of the squares of the first г natural numbers. 


5. Evaluate У E "C;-'C; 


> Prove that ECI ^! - *Ce- 1r) =e", n2 3. 
=1 
= 
8. I£(6— 12x - 12х27 == a,x”, prove that 
a= (ty 39-27 PC "C, эс, "с, Cf 


^ 
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Answers 


1. (1) 6 (й) -520. (iii) 197 2. (JC GDC (іі) A (іу) С 
4. HOUR + 3)2 n-2 Б 48-1 


6. 3,4,5,6,7 И gia d) 
2 (30: 3 


kc 


7. Principle of Mathematical Induction (PMI) 


Recap of Facts and Formulae 


Statement and predicate 


— 


. Asentence which is either definitely true or definitely 

false is called a statement. "Snow is white" is a 
statement but "Ram is a good boy" is not a statement. 
Some sentences depend on a variable for its truth 
value (i.e., true or false). "1 + 2 € 3 +... +п= 2n — 1" is 
a mathematical sentence which is true for n = 1,2 but 


false for п = 3, 4, etc. As the sentence is definitely true 
or definitely false for a particular positive integral 
value of п, the sentence is a statement and it depends 
on п € N for truth value. Such statements are called 
predicates and symbolized as P(n). 


2. Peano's axiom (Principle of mathematical induction) 


. Astatement P(r) is true for all n e N if 
(1) P(1) is true 


(ii) P(m)istrue => P(m+1)is true. 


3. Verification of truth of P(n) 


РМИ a principle which can be used to verify whether a 
mathematical statement P(n) is true for all n e Nin any 
branch of mathematics. For this take the following 
steps: 


Put » =1 on one side of the statement and then 


simplify it to take the shape of the other side where 
п= 1. 


Then assume Р(т) to be true. Use the mathematical 


result obtained by putting п = ri in the statement to 
establish Р(т + 1) is true. 


4. Use of substitution in PMI 


PMI may be used to prove whether a statement Р(п) is 
true for a particular infinite sequence of values of n. 


* If the truth of P(n) is to be established for all positive 


- If the truth of P(n) is to be established for all positive 


odd integral values of n then take ф(п) = P(2n - 1) and 
use PMI to prove that ф(п) is true for all e N. 


e If the truth of P(n) is to be established for all 


n»kneN,keN then take ф(п) = P(n + К) and use 
PMI to prove that ф(п) is true for all n e М. 
Similarly use 


ф(") = Р(-п) for all negative integral values 
1 
b(n) = P a for all fractional values of the form zr 


reN 
ф(п) = P(3m) for all positive multiples of 3, etc. 


5. Alternative forms of PMI 


e P(n) is true for all n e МИ 
(i) P(1) and P(2) are true 
(ii) P(m) and P(m + 1) are true 
=> Р(т +2)is true. 
e P(n) is true for all n e N if 
(i) P(1), P(2) and P(3) are true 
(ii) P(m), Рон + 1) and P(m + 2) are true 
= P(m-3)istrue. 


e P(n)is true for all n > k, n e N and kis a fixed positive 
integer, if 


(i) P(k) is true 
(ii) P(m)istrue = Р(т+ 1) is true. 
• P(n)is true for all n = N if 
(1) P(1), P(2), ... , P(k) are true 
Gi) P(1), P(2), ... , P(m) are true 
=> P(m-1)istrue. 


6. Use of PMI in statements Р(т, n) 


Some mathematical statements are predicates of two 

arguments (i.e., truth value depending on two variables 

m € №, п e N). The method of establishing the truth of 
A-207 


even integral values of n then take ф(п) = P(2n) and use 
PMI to prove that ф(и) is true for all е М. 


—_ aS eee 


A-208 


oq 
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Pim, n) forall m e Моне 


` Keep т fixed 
Establish the 


Is as follows: 


and treat the Statement Ром, м) as Ф(н). 
truth оғ) for айй e N by using PMI. 


Next keep п fixed and treat the statement Рт nis 
, € $ 


wnt). 
Establish the truth of (т) for all n е N by using PMI 


Selected Solved Examples 


1. Prove that 
cA A 2 
12x - 13x^ + 


Where xx + 1 and лем 


Let Porr): er ТА Sei 4 2" 
+ × 1 - x? 


When n= 1, 


= — 


1 NEC: +× + 2)1 - x2 
Ce, “т = 


A P(1)is true. 
Let P(r) be true, ie, 


1 2 4 2" 


“о‏ و 
1+х рее"‏ 


1 2т+1 
y= [aks Бет ast 
1—»x* 


1 mel 1+х tyr 
- +2 у 
x=] 2т+2 
1-х 
1 2т+2 
= +_— 
x-1 „.т+2 
1-x* 


P(m + 1) is true; 
thus Р(т) is true = P(m+1) is true. 
by PMI, P(n) is true for all л є N. 
Hence, the problem. 


Note 


(i) x = + 1 is only to ensure that no term of the Series 
is infinite. 


(ii) If the series on the left is asked to be summed 
(without the right-hand side), the PMI cannot be 
used. 


2. Prove that, for all n є М, 
کے اک ےا‎ a 
2 3° 4 (п +1) 2n+2 


Lei Pin): [= [== Бе; т 
27 3? 4? (n +1)? 


n2 
un 


P(1) is true. 
Let Р(т) be true, i.e., 


т-?2 


Sew BA ое асно зе EE, 
| 2 за | елесті! aed s а) 
1 1 1 
Now, |1- —|[1-— 45% =< 
Y» | || mj | T 


(ез езе t ЕСТЕ 


_ т+2 1 : 
“2m +2 | gom ов) 


4 


——]  — 2 


D MEZ, pas (mr 3)(m +1) 
2m +2 (m + 2)? 2(m + 1)(m + 2) 


HES Durur 
“on +4 2(т +1) +2 
, Рт 1) 15 true. 
к by pMI, P(1) is true for all n e М. 
Hence, the problem. 


1, 1 
3, If 5,=1+2+ 3 +... п’ E N then prove that 
5, +S2+ 55+ +... + Sp = (п +1)5, – n. 
Let P): Si + S2 + S3 Ғоз Ж S = (п + 1)5, — n. 


s T d 
1=1,5 = 1 Е 5.=1+ = T 4-4. 
i W 


when? 
51=1= (1+ 1):1-1= (1+ 1)5,-1 
P(1) is true. 

Let Pm) be true, i.e., 
5, + 5; + S4 can Ж Sp = (m + 1)5, —m 


Now, $1 + Sa + Sy + t m + mi 


= (т + 1)S,- "i+ Sm. using(1) 


‹ | 1 
=н +" 


As ol 1 
1+=+= +... + 
+| 2 3 "enl 


thus P(m) is true = P(m + 1) is true. 
by PMI, P(n) is true for all n e N. 


Hence, the problem. 


A-209 
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4. Prove that 10" +3 44245 is divisible by 9 for all 


пе М. 


(ог, Prove that 9| (10" 43-4" ** +5) for all 1 e N.) 


Let P(n): 10" 43.4" *? +5 = 9k, 


where k is an integer. 
When п = 1, 
10! 43:4! ** +5 
-10+3.43+5=10+3.64+5 
= 10 + 192 + 5 = 207 = 9 х 23 


P(1) is true. 


Let PO petisie, 107 «pod ^ + BSF ss d) 


where k, is an integer 
Now, 107*!43-4"*!*?45 
«30.107 e 95 
„лок - 3.47 5-5) «3. 4 * +5, using © 


-90k, 30.47 *?-50 43-4" ^ +5 


AD: = 90k «30 4” ** 12-47 7^ —45 


= 90k, - 18 - 4" *? — 45 
«90-24-51 
= 9 x integer 

P(m + 1) is true; 

thus P(m)istrue = 
by PMI, P(n) is true for all n € М. 


P(m + 1) is true. 


E (п +2)! қ 
~ (n-3)!5! 
=5!-(n?°-2): п«2С, = 120 x integer x integer. 


!-(n?-2) 


| = (т +2) fi «зарн [1+ ee 37 E : Несделкедеікт 

-т+[ї+г+у+. + : 7 E 3 :c divisi i 
| 2.3 т+1 5. Prove that n° — 7r +147 —8n 15 divisible by 840 for 
| 1 all ne М. | 
| "+2 [1+5+5+ pem Here n? 7n? + 14n? - 8n | 
| +2) 1+5+3+ "PT ss ы ЧН = 

= п(п = 1? 2 n*—6n? - 6n^ 2+ 8n +8) 
| 2 ЖЕР ЕТТ (2:1-7%14-8- 0,n —1isa factor] 
| mal т+1 = n(n - Din (n 1) би? (и +1) +8( + DI 
| ати Tm = n(n - 1n + 1) * - 6n* +8) 
0801 = n(n – 1)(и + 1) 2—4)(п 2—2) 

f = (HFT +1)5ш+1—0" +1) = пи —1)(п + п - 2 + 2)? - 2) 
| Pipa Diss = (п — 2)(1-1) n(n + (п + 2)? 2) 
| 
{ 
| 
| 


——— A c €: сщ 


А-2 
" Problems Plus in HT Mathematics 


Now 840-7 ё т > 
224х120 and there is no factor common : ie, 27” s1527'*.. 
becca > jud ino é re is no factor comme Ж Let Pn) be true, i.e., 3 1 


“з (1) 


= where K, is an odd ; 
: ys Int 
М we can prove that s^ 27952. 145? — 8n is divisible "Ber. 


by 7 our Problem will be solved. ; төз 2x da (3 2", 2.1 
Let Pin: n. 7n^ + 14; * —Sna 7k 5» 
a =(1+k,-27°*)°-1 

where К is an integer. 


: MS т + 2 2 
When  - 1, : = Vk 2-277 4 4:275 *—1 
17-2>4%ь44-13-6 1 ; BT ы” ады 
51-7%14-8-0-7х«0 : = BERNE 2,27% 


P(1) is true. 4 
=a Raaka” Э 


Let Por) be true. jem? 5 1 а = 
саве CUM, LC, nt" = 7m + 1483. Bi FE (1) =К„.2'"7!)*?, where k, is an odd integer 
vhere is i d D oe $ 
erek, is an integer. because К, = К, · (1 +K, - 2" * 1) 
Noy * <. 7 - Е . ёс; ый a "s 
OW, (m +1) - 7m 135, li(m + 1)? — S(m + 1) : where k, is odd integer 
= от? Cumt. ER a "c. : = odd integer x (1 + even integer) 


= odd integer x odd integer 
= odd integer. 


3 2 ^ z 
+ Ma" + Sm? eSis Deem = x meien 


= ECC ES 3 
(m^ — 7m> + 14m? — 8т) thus, P(m) is tue => P(m+1)is true. 
-$ 7 Iv na 3 2 : 
COR FEM +... + C.) >. by PMI, P(n) is true for all n є М 

_ 75 4 as 3 5 м 

7ССұт” + Cum? +... + Gig . 32" _ 1=2"*2. к, where k is an odd integer 

+ 14(3т? + Зт + 1) – 8 ‚п 

= 7k, + 7m * e Сс; -7.5Сут 37 -1isdivisible by 


+ (5 7-5 $. 7 2 2"*? but not by 2"*?.2, i.e., 2"*3 
66, 57-2 + (Cs - 7 5C, 42)m? y 


+ C=. °С. + 42)m = 
Y : P h n LN беп is a positive i 
*CC7-7."C,-14-8)using() : 7 Prove that -T+ 5+ +в P e integer 


SIR I Baa ames. vnb түте for all n є М. 
= 7{k, + 6 4 3 2 2 ы à 
j FT -3m^—5m -m' *2m)-7k, - LetP(n) +++ НЕЕ 
Р(т + 1) is true; 
where k is a positive integer. 
thus, P(m) is tue = P(m + 1) is true. 


When һ = 1, 
by PMI, P(n) is true for all n е М. 14 d & 
7 : РИ МЕ RM. 
n > 71° + 14n? – Ви is divisible by 7 for all n e N. : U s 3" 165 
H fn" аж 4? 8p is divisibleby 120 аз wellas : _1° +33 +55 +62 165 1 
7, i.e., divisible by 840. : E 165 | 165 — 
P(1) is true. 
6. Prove by induction that 3?" — 1 is divisible by 2"*? but ; Let P(m) be true, ie, 
not by 2"*? where є N. : m" m? m? k (1) 
а a РН e 


Legs. 37 n ee 11 5 3 ` 165 
n): -1-27%4, К, h H 1 
where К is an odd integer. where К; is a positive integer. 


Nh = 2! 2 1-2 
em OWETLSU e15g*.—].48..512.3 > Now, SED. BED (m+? 62 
P(1) is true. : ANE B 7 N 165 


————Ó—— 


Principle ор Mathematical Induction (PMI) 


Т 10 11 9 : 
Lm" + Син + Сот + + ПС) 
= 11 


12,552 4,5 3 E 
&zun + Сут" + Сут? +... +5с, 


l n? + 3m? 62 
= {m + 3° +3 
+3! +) 


5 3 
ш UI МАР 62 ДУ 
ша EE 
rot 5 3 165 
l ow 10: м 9 T 
«тті Сут + Сут" +... + Сут + 1) 


1 5 4 5 3 5 > 
Ng = .3 2:5 
+5 [Cun + Сот" + Cyn? + Ст +1) 


1 2 
+3 Bm? «3m +1) + 2. 


165 


ч ІШ 0 11-57-11: 15т8 +11 -30т” 
= А 1 


4 11-42m* + 11 - 42m? + И 30m? 
+ 010150? + 11 5m? + 11m +1} 


eg (Sm + 5.2m? «52m? «5m 1] 


+i Gm? + 3 + 1) + 


165” using (1) 


1 
= к + (+ve) integer + 77 + (+уе) integer 
і ) integer + = + E 
В 5 + (+уе g 3 + 165 


itive integer + ga Ep 62, 
- positive in eg 1*5 з +165) 


= positive integer + 1 = positive integer. 
Р(т + 1)is true; 

P(m + 1) is true. 
by PMI, P(n) is true for all n є М. 


thus, Pon) is true = 


Hence, the problem. 


8. If ris a fixed positive integer, prove by induction that 
(r+ 1)(т + 2)(r +3)... (r + 1) is divisible by n !. 


Let P(n): (r +1)(r +2)(r + 3)... (г+пу=п!.К, 
where К is an integer. 
Whenn =1,r+1=1!-(r+1) 
P(1) is true. 
Let P(m) be true, i.e., 
(r+1)(r+2)(r+3)...(r+m)=m!-k ... (1) 
Now, (r+1)(r+2)(r +3)... (r + myr т + 1) 
=r(r+1)(r + 2)(r +3)... (r +71) 
+ (m + 1)(r + I(r + 2) +3)... (r + m) 


— === =a — —— 


- aan + (m +1) от 1) К, using а) 
r-1)! 
(rm)! 


n+1)!-k 
ieee 


= (т+1)!. 
Snr алу! COE, Fk) 

= (m +1)! (integer + К) 

= (m + 1) ! k, where k, is an integer 


P(m + 1) is true; 


thus, P(m)istrue = Pm + 1) is true. 


P(n) is true for all е М. Hence, the problem. 


n 
-1 
9. Prove by induction that X r- "Сəн 2 
7-0 


for all n є М. 


Let P(n): 1-"C,+2-"C,+3- OE HR "С 


пед". 
Whennei, i-'Cye1-1-2'a1.2"" 
P(1) is true. 
Let P(m) be true, i.e., ty 
ic76,42. 706,43." C34 a T cM Cm 
em а 


Now, [ee ax mee ag Су, 
т" Cua 
=1 ("С +6) «2-( "C. «" C) 3- ("C5 + Ca) 
+... + m(™Cm +" Cm1) + оп + 1)" Cs, ы 
z170,92."C,43-"Cs  ...m- m 
(C942. 0,4 3- "C, e. FN Cm) 
«аны С, 
-m.2"-' 4 ("Co (1 +1) "Сү + (Q +1) "С, ... 
+ m- +1) "С, 1+ 0п + 1) "Cy, using (1) 
ss ppg D8 Pe h 702 Ey & 
ану Cmar En eu 
EC, "UC + "С +... "С, 
Мы ыы mm, 
using (1) and a property of "C, 
-2m.2"-!42" 


Ui 1p (naja 


Рот + 1) is true: 
thus, Рон) is true = Pon + 1) is true. 
by PML, P(r) is true for all e N. 


Hence, the problem. 


10. Using induction or otherwise prove that 


К 
Хит FERED н k 
Ur өсі 


т-о т! К! 


for all non-negative integral values of n, rand К. 


/ > 
We have to prove the truth of the statement 


г! r ! 
(r+k)! 
*(n-k) 3 
SEEDY k 
K! nur" Riz 


Let К be fixed. Then then 
in LHS. Now, epis uL еее 


LHS =F! {n <TC, + (n — ИТ 4-236 4. 
+ (n — К) dai, e 
= г! x coefficient of x" in 
[mm + х) -(n-1)124x)'*!  (n-2)0 + x)? 
+... + 01 - K((1 +x) .2(0) 
Let S=n(1 + x)” + (п -1)(1 + x)" * 1 + (1 — 2)(1 + x) *? 


+... FED ERS 


> 


{1+2)5 =n(1 +x) 0и паж"... 


+ (ı —Kk)(1 + x) F1 


Subtracting, 
-xS-n(1c-x)'-(1«x)'*'- (14 x)'*?- ... 
_ (1 3)**— и y x) 
-n(ü*x'-(üs«x'*'-(004x)'*?4... 
(13 *5)- (1 - B x) * 


(1 кука 


=n(1 +x)’ = LES) N 5 i 
+х- 


- (n - k) paj EE 


NT + x) =A 


5--п---- rel 
ст. + 2 (1 + x) 


+ (n — К) E 


(1 parri 


Problems Plus in HT Mathematics 


from (1), 
LHS = г! x coefficient of x" in 


x)! 1 o. 
[ 0297, 095-1 


| X x? (1 + хуту 
ej) CE) 
an 


=r ! x coefficient of x” in 


aT Akere 
| ET Gean 


-n 
| x x= “a 


RE с 
x 


erix[-nx04**5*'C,,, - 0 + (n — k)"* etc \ 
rey 


> 1 e 
sla rcr es 
(r-2)!(k-1)! (r+1)!k! 
Е ГЕО: k UTE 
Ы k! ovp TEST | 


(r+k+1)!p n 1 1 
ВО ЛЬ لم ا‎ - —— 
k! D cm 1) veil 


_(r+k+1)! n іс 1. 
E k! E ез| ГЕН: 
By the principle of substitution this is true for all п, 
(non-negative integers) if k is fixed. 
Now let п, r have fixed non-negative integral values 
and k vary. Let the statement be denoted by Р(к). 
When k= 0, LHS = n - (r !) = RHS; so P(0) is true. 
When k= 1, 

! (r+m)! 
LHS = > (n=m)— = 


т=0 


=r! {n(r + 2)) – (r1) 


€ n - (r !) + (n — 1) - (r1)! 


Jer inte 2)— ge 


п 
RHS = 2)!|——- 
depen ту т+2 


P(1) is true. 
Let P(p) be true, i.e., 
* pci а. [rg IM КӨЗЕ: 
NU m! p! rei zu 
р+1 
Now, E dpt A 
xac m! 
RS bat he Sees Шол, aiu хт SORIEETE 
p! bu T iit (p +1)! 


p" 7 7 = лаш Ш лн 


Principle of Mathematical Induction (PMI) A-213 
aug 194 n p 
ESSI In meses pereo; 1 2 1 1 1 
di^. جه‎ + 6-۵ - utinam) 
қ 21)! p+ 
tpt ДЕ к1)- фат вы 
„оно 1 uri ! (туз *1] "moo үле ہد ت‎ 
! 1 1+1 : шысы o 2.4" 2.4" ges 
pc те e : 
= {р +1)! г+1 r+2 - E 2 1 bh 3 
1) is true. ч 72 an + 3-0 дит) 
pees Е — : 
50 :nduction P(K) is true for k = 0 : 
. by inc andallkeN. : 2 1 1 i 
Hen i aplishes the result. x : %ің-3 (b — a) а + 4": 3) , using (1) 
Thi5 ** : 
. 1 
сажі, b, = mee а; cl кі bi b, = а: + b, : E (ат ш bm) 
11. Let h7 2 2 2 2 ге. 
нео +5 56-9) = 2 A LESS 
44-4 0-9-4) апа : l 
Е An, +b 
2 1 : =" -amı (from question) хз 52) 
peas Ze m (+r qr) eran en. : 2 т+1 3 
> 2 1 
Ара = TOS ME 
2 1 gain, a«z (b-a) [1^ \ 
= — - ---- 3 2.4т%1 
Let Pon: а„=а+з 0 o а") апа \ ) 
x 1 4 1 
2 1 А == )2а + = (b-a) | 
Е rwr! A 3 | 2,4" | 
When n=1, : 1 21 1 
2 1 19 2. b 3 : +26 ا‎ 
a+ 0-0 [1-4 ыт. ci) = 5 | ( 
" bea ae й : 2 | 1 | 
=а+25 = | назо 
2 1 2 9 : 
TEE 030-05 $ 1 2 1 1 1 
8 : =—la+=(b=a)|1 -—— +— +> m1 
2. 3 "IMP CMT 
#8 а + 3b ast b a +b 4 . 
=a = =—— + — = — = 1 1 1 
1 4 A "xy E као аан 
P(1) is true. : 3 2.4 2.4 2.4 
Let Рон) be true, i.e., : E 2 1 1 
й 272715 4) ^ a 6-9 (ит ди) 
Ary = @ 3 we m |? 
: 2 1 1 
2 е +b -$e-o[ ыа 
b, =a + 5 (b-a) [1+ -_) жау; к % 2-4" Dus? 
2.4" ¡ : 
| _ @т+1+ bm 
Now, a+5(b-a)-(1-— | 2 
1 (2 3 2 \ 
mS 4 +0200) == (реа) 
ا‎ ЕШ) 213 2.4"*! 3 2.4m*i 
1 2 1 | Е ea (from question) 479) 
73 i d 2 ы? 
by (2) and (3), P(m + 1) is true. 
2 1 ; by PMI, P(n) is true for all n є N 
+а+5 (b-a) узде Непсе, Бу , P(n) is true fora e N. 
Hence, the problem. 


LE i Lk сқыолашы 


A-214 
„з 
12. If x = x +1, prove by induction that 
x" ажар, ы c 
= 


where an = An- bno 


Dn = Any + bn itna 
and Oe — Hg EO. 
forn є М 
"n € Nand also a, = 0, by = 1, c, = 0. 
TAS € 
Let P(r): y?" = a,x ob, p=, 


When п = 1, 


ч. 


ao Jj Со 


р с, 
ах + hi 4- x = (ау + bo)x + (âo 4- bo + Со) + 
(from given relations) 


= (0+1)х+ (0+1+0)+0+0 


=х+1 =x? ES 
P(1)is true. 


given that x? = x +1) 


Let Pum) be true, i.e., x2" = ах Du + = И 


Now, a,. I b у 


Am + Ст 
, 


= (Am + Бух + Am + bu + ст + 
x 


(from given relations a, =a,,_,+b,,_4, etc) 


ЖЕСІ. ( 1) 
=" +a, k + F bmX + ст, using (1) 


= 
=x ах + Вых + ст 
/ 
[5% 1 
p^ xP axe] => ا‎ 


^ f: Cm) 
к" ых ашха Б, et 
\ x) 

= 3 i 
Sx FEKE A using (1) 


= x71 + x) = хт. x? C^ 1+х=х?, given) 


=х Зи т + n 
Рт +1) is true; 
thus, Рт) is true = P(m + 1) is true. 


by РМТ, Рп) is true for all n е N. 


Hence, the problem. 


13. Let a > 2. Prove using induction that 


іға-а?ж.. а-а" +2 
АЕ ҒИ C. 


forall нє №. 


"Gu uu ка” 


Problems Plus in ИТ Mathemalics 


Let P(r): 


When ли = 1, 
1+а+а2 (а:-24%1) + За 


а а 


= 20-33-1121 


P(1) is true. 
Next, let Р(т) be true, i.e., 


mel 


1+а+а?+...+а т+2 


= 
Ded e. жа" m 


m2 
mel 
> (ata? +... т, 


» 
FAFU + .. 0 
or 1 Ж т 


Now, we want to prove that P(m + 1) is true. For this 


Ww 
have to prove that S 


22 
ise RS. атты wi ed 


> 
"e re т-1 


mes. TES 


is, DEA жа > (@+а*+... +ат+1 
т+1 ) 
-. (2) 
From (1), 
144410 pala QU meo 
m+ ; 2 1 m m+2 
>--5 (a+a“ +... +a )+a 8) 


т +3 +r 
7 (a +a + dom !)>1+а+а?+..+а"? 
т + 
Also from (3), 
т+3 + 
(i uu зи") 


(a +a? + 447) 4,42 
m 
В т+3 т+2 2 m 
1.e., - (а+а + 4) 
m1 т 
т +3 4 2 
rs ат 1—8. 0 
т+1 
or ————(а+а?+...+а'") 
т(т + 1) 
m +3 " 
а" ат 2-0 
т+ 1 
ог -=2(a +a? +... +а”) + mim + 3a" *! 


— топ + Па" ^2 > 0 


Principle 


2 жа") + ma 


24” itum n 
5 24,87) + та 


** Mn + 1j - (т+3)} <0 
mel 


eT (m + D(a — 1) — 2} <0 
2 З possible fora >2 and 
is” 
" h! ( 


n 123 


°. misat least 2) 
е. Hence, P(m + 1) is true. 


P(n) is true for all n e М. 


e А 
t 21 n+2 n+3 


КИШ "el 0+2 


> 1, 
when ” : 1 


1 
4123 144 2 


re are 2n +1 terms in the series. So when 
= 1, there will be З terms.] 


—— 
141 


per Ther 


Let жо mi true, i.e., 


: a - >1 
т+З `7 3m+1 
1 1 
SS ڪڪ‎ 
(m+1)+2 (т+1) +3 
THEM Tee 
З(т +1) +1 
Lu. + : : ; + 1 \ 
ETE т+3 Зт +1) 
1 1 1 
4 +—— + 
Зт +2 3т+3 Зт+4 
1 1 1 
+ + 
Зт +2 3m+3 
1 1 
3т+2 3т+4 


ре 
т+2 


X) 


m „гъ 
т +1 


кетет РЕ 
NOW (т+ 1) 1 


+ 
т+4 


1 : 
pio PERDU" using (1) 


21-4 


(Gm + 3)(3m + 4) + (Зт + 2)(Зт + 3) 
| 


- 2(3m + 2)(3 + 4) 
i 


214 


(3m + 2)(3m + 3)(3m +4) 
18m? + 36m + 18 — (18m? + 36m + 16) 
(3m + 2)(Зт + 3)(3т +4) 
A жен 
(3m + 2)(3 + 3)(3m + 4) 
Р(т + 1) is true; 
thus, P(m) is true = Р(т +1) is true. 
by PMI, P(n) is true for all n М. 
Hence, the problem. 


=1+ 


— -— mm NH y 


of Mathematical Induction (PMI) 


15. Prove, by induction, that 


2+ N24 2 + ¥2 + ... ton times < 4 for all n 21. 


Let Pin): 24 2 + N2 + V2 +... ton times <4 


When n = 1,2 + ¥2=2+1.41 = 3.41 <4 
Р(1) is true. 
Let P(m) be true, i.e., 


سے 
v2 «N24 V+... tom times <4‏ +2 
Now, 2 + N24 N2 + V2 + ... to (m + 1) times‏ 
V2 +... ют times }‏ 24 {+ 2\ + 2= 


<2 + \4 = 4, using (1) 


P(m +1) is true; 


thus, P(m) is tue => Р(т+ 1) is true. 


. by PMI, P(n) is true for alln = М. 
Hence, the problem. 


12+22+3° + 


п 
212243? 4... +n? 
жақ ке шышы, 
n 


16. Prove that (n !)? al 


v ^7 
1^42^43^ 


кой n? 
Let P(n): (n1)? | E | + 


1 


1* 2 
When n = 1, із =]=(1!)°=1. 
P(1) is true. 
Let Р(т) be true, i.e., 
12 47 427 43" 4 ey 
(m !) <| es Ls 
ал, Гоп + 1)(2т + 1) " 
or (т!) "UN к. | 


n 


2 (ті DEM + | ; ; 
n? =l -k, (k > 0). 
(m !) | 6 
542.354... с; 
nm +1 


1 + (т + n^ 
Now, | | 


س د 


6(m + 1) 


(e +1)(m + 2)(2т + 21 


m+ 


- {Qn +1) 1)? 


((т + 2)(2т + 3)| 
6 | 


| 
ехе + 2)2m + ч) 


т+1 


- (m +1)? 


-(т1)2 


Ш 


T en 


— (m +1) 0? 


1 
— (Gn + 1,92 


|| 


A-216 


(Оп + 22m + Зур т! 
(т + 22m + 3) 
| 6 | 


т 
ер ГЕ + 1)(2т + = zi 


6 
=А(т 1)? + po M 
6 


nm 


— (n+ жашаш 
J 


= Кан +1)? 4 [C * DOM + 1) 4-4-5)" 
| 6 TUUS | 


т 


- (m i mes шш 


6 


nce Tego лун 


= Көп + D*«| 
6 


+ (Gn + 1)(2m - 1)" 4 
„гт oo | m. 


өз i (т + 1)2 re + 1)(2т en" 
: 6 


=А(т + 1)? 


(т + 1)(2 
шнен E DOES n?) 


(m + 1)(2т +1)" ie 
а Р а + positive terms 


= Кот + nag [ЧА ОШ H 


6 
+ positive terms > 0, fork > 0 


[52 33°... ene m+) e 
———————ÁÁÉÁLLBL.ÁÉÁLRÁÉÉÁ e 
m 1 > {0n 1)!) 


P(m 4 1) is true; 
thus, P(m) is true = 
P(n) is true for all 1 e N. 


P( + 1) is true. 


Hence, the problem. 


17. If 


ау, аҙ, etc., are positive then prove that 


a FAY 04... n „ A 
2 


n 
> á 2 
2" 2 (a1 ` A2- аҙ... a, n) 


for all п eN. 


Let P(n): 


1 


" п 
> (а, 22 7 аз... i н)? 


ау +a +аз+... +A 


5n 


When л = 1, we have to prove that 


i —= (ауа) №. 


2 


Problems Plus in ПТ Mathematics 


We have, (а, аз” — 4a,a = (a, — a3)? 20 


or (а +а,) 2 40,0 


1 
or - > (0402) 
2 
0*0) 12 
P(1) is true, i.e., > (0,05) 
2 (1 
) 
Let Р(т) be true, i.e., 
Ay +a + Ag+... + |, x 
—> (а. -а-. т 
2" Б д 
Replacing, п, аз, etc,bya m ,4, ‚ею, ти, 
а +а +... +a 
27.) 3m ШЕВ! 
әт 
ZE 
32" 
> (а “а ей 
( 2741 252 geen s (3) 
Now, replacing а, a; by 
" a +a + 
4,1%4,%..%4, Aim W Р 


2 


respectively in (1) we get 


Rpt Get cn HE, uw Ea Pee 


1 2 2 2 2 2+1 
5 An nm 
2 gu 2 
12 
а. +... +A а +A tsss tA 
a, +4) эт aie د "د‎ m+) 
> x 
zy Ht 2H 
1 1 
2т т n 
z4(0:05-...Rn (a а бэ», РО) | я 
(5 2 2”) т 1 m. т» 
using (2) апа (3) 
By tot Os eH, yii 
gine 
B 
," 1 
о eur or 


P(m + 1) is true; 
thus, Рон) is ние = Р(т + 1) is true. 
P(n) is true for all е М. 


Hence, the problem. 


n to show that 


, inductio 
4... +n) + n Yor... 


(ха 4X2 + yg) 
< NX, ғу) NX; +y; +... + 2 + 
Wh 
gtaternent be P(n). 
те?“ 
ett 
| КЕТЕТІНІ Ух + ур. So P(1) is true, 
n! = 
whe! А 
» 2, 1.6., 
ТД Ж” 
(x LX oe $y” * UE Yat us EN 
xy 
even nm a Nap tye +. Xm + Ym 
pep ron * хой +(у +у5+... + ўл)? 


(ха 


„Өк + Че жуз +... + xe yi) <) 


or 


2 2 
(x, + ¥2* ectXm.D + (Y1 + Y2 + sa HV а) 


3. yt a Ск? C E EC ut 
„(Ух жу + X2 + + t Хт+1 Vm. 1) 


2 2 
„+ Xy) + Хт +1 + 2Xm «(X1 dic 


Nosy, 


=(x,+ + Xm) 


2 2 
4% + Yn) + Ут + 2ут (у, +... У) 


4x2 242 2 

+ NX + Ym) — Xm it yi) 
4 2 2 а 

-- + \Хы + Ут) NX +i ey 


+ (Ур + 


_ (x+y? + 
20У +у? + 


= (ху + ° + Xy)? *(Q +... + ун)? 
- (NX *yL ect Ухт + Va) 


4 2 2 Е T S cR 
-£2[XiXm «1 * ViVin «1 7 YX + Wan? Few) 
+... HAAN Xm + УтУт +1 
N z2 2 М 22 2 
— NXm + Ут УХ, + ул, ү} 5 0) 
2 42 231.2 2 
But (XXma Ун) (Xy + Vi (Xin it Vn 
М 25,2. 2,2 

= 2x ИХ + 1 Ym v1 (ХТУ а + Ут Хи 1) 


= Yims D 50 


жур NX inet +Y mars ete. 
.. (3) 


= - (Мн + 


XXma Унт 5 TES 


Using (1) and inequalities like (3) we get from (2), 


Xma 2+ (уу + Ya +... Yma) 


5 x7 + yp + ixi yi + Jess VX «1 * Vm +1 


P(m + 1) is true. 


(x, tX ... 


Hence, by induction, Р(п) is true for all е М. 


Princ; 
rinciple of Mathematical Induction (PMI) 


19. Prove that 
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2"! . 1 ., using induction. 
22"(п1)? V3" + +1 


i55 м. J 
(Or Prove that 5 45 On eui 


using induction.) 


(2n)! 1 
Let P(): =. 
2" (п!) ? V3n +1 
(2.1)! 2 1 1 
When n =1, ZL! 1. 
епп-1, Way? 4x1 2 «3.141 


Let P(m) be true, i.e., 


Now, 


P(1) is true. 


(2m)! 
2 "(т 1) 2 


.. )1( 


1 
5 
V3m+1 


mr o 
ә 20" * Pn + 1) 1} 2 


———Є 


к Узан + 1) + 1 


D 2(m + 1) - (2n +1): т)! e icm 


2?" . A(m + 1)? (m x)? УЗт +4 
2m +1 (2m) i E 1 
~ 2(т +1) 2" (mı!) Үзт + 4 
2m +1 1 1 


usingin (1)‏ ,سے :ا 
2m +1) Nam «1  N3m +4‏ < 


" (2m + 13m +4 -2(n- 1)У3т +1 
à 2(т + 1)V3 +1. Узт +4 


(2m + 1) (3т + 4) - 4(т + 1)?(Зт + 1) 


K + 1)У3т 41 V3m +4 ((2m +1) Yam + 4 


+ 2(m +1) Үзт +1 ] 


am? + 4m + 1)(3 + 4) 
| 


| 
— (4m 2+ 8m + 4)(Зт + 1) 
j 


іш 4 1) Үзт +1 N3m + 4 ((2т + 1)У3т +4 


+ 2(т + 1) Nam + 1) 


-т 


а" +1) V3m +1 N3m +4 ((2т + 1)У3т +4 


+ 2(т +1) Nam + ni 
] 
«0 


|| 
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Aot 2n > & — 
2777 TO 1) 9? ^ Зон + 1) +1 


Гон + 1) is true; 
thus, Рон) is true = Рт + 1) is true. 
by PML Por) is true for all n e №. 


Hence, the problem. 


21-1 31:2-3.4....2n 2n! 


—- 


2n (2.4.6... 20)? 


+ t 29 5 
Note —-—-—. 2. AE Бедел 
> Е соса 2 
E46 2*"(n !)* 


20 р * b JU -.. 2" ”; 
=U. trove, by induction, that the value of 2? +1 has 7 in 
the units place for all n = Nand n 22 


=. 


- 


Let Por): 2 n +1=Kk, 
where & is a number with 7 in the units place. 
When я = 123 412274125 
= a number with 7 in the units place. 


When rn =2 *lu2'iI1zIG$1 


” 


7 17 which has 7 in the units place. 
P(2) is true but Р(1) is not true. 


Let Р(т) be true, i.e., 22" +1 =А\, 


where А, is a number with 7 in the units place. 


= (a number with 6 іп the units place)? + 1 
= а number with 6 in the units place + 1 
U^ x6?- (10x + 6)? = 100х? + 60x +6 
=а number with 6 in the units place] 
= а number with 7 in the units place 
Р(т + 1) is true; 


thus, Р(т) is tue => Р(т + 1) is true. 


by alternative PMI, P(n) is true for all е N, n > 2. 


21. If a, = cos nO, for n >1 then show that 
а,-2а, _ COS O — a, - 
for all м 2 3. Use induction. 


Let P(n): a,-2a,.,cos0—a,. ,. 
Putting 1 +2 for n, 
$601) = P(n + 2): ay 2 = 2a, , у - COS Ө — apn- 


When: = 1, @,,, > = аз = cos 30 


-x 
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211.1: COS 0-а,-24:: сов 0— a, 
= 2cos 20 - cos 0 — cos (у 
= cos Ө + cos 30 — cos 0 = 
Cos 30 
a, = 2а, -cos 0 — 91 
(1) is true. 
e, .C., d, +2 = 24 cos 0 — 
Let фп) be true, 16, dy; + 2 7 20 +1 < ч» 
Now, 2а„ „2 COS O — т +1 
2(244,,1: COS O – ay )cos O — Ay, | 


v 
. cos ^0 - 2a,,- cos O — a4, , 


соѕ(т + 1)0 · cos 20 


- 2cos m0 - cos 0 — COS(m + 1)0 
= 2cos(m + 1)0 - (1 + cos 20) 
— (cos(m — 1)0 + cos(m + 1)0} — cos(m + iis 
= 2cos(m + 1)0 - cos 20 - cos(m — 1)0 
= cos(m — 1)0 + cos(m + 3)0 — cos(m — 1)0 
= соѕ(т + 3)0 = а, з 
ат .з= 29 т +2 ` COS Ө – Am. 1; 
so ф(т + 1) is true. 
by PMI, (71) is true for all є М, i.e., 


$(1), Ф(2), $(З), ... are true; 


P(3), Р(4), Р(5), ... are true (^^ ¢() = Ри «2j 
P(t) is true for all n > 3. 


Hence, the problem. 


22. Prove by induction that x" — y" is divisible by хау 
when п is a positive even integer. 


Let P(n): х"-у" = (х+у):ф, 
where ф is a polynomial in x and y, 
Substituting 2л for n, 
(1) = Pn): x?" - y?" = (x + y), 
where ¢, is a polynomial in x and y. 
Whenn-21,x?'-y?'!sx?-y*- (х + уХх- y) 
(1) is true. 
Let ф(т) be true, i.e., x?" — y?" = (x + y); ... (1) 
where ф; is a polynomial in x and y. 
om +1) _ 2т +2 


2(m +1 2m 2 
Now, x ge vn ey 


2m +2 


= (y + (x eydx^-y 


=y" e? ay?) 4 (х + у)х2:ф 


p- 


Principle of Mathematical Induction (PMI) 


eme шеш is 


e + yos 

where ¢, is a polynomial in x and y 
"T +1) is true; 
hus фит) is true => $n 1)is true, 
| 2, 


i for all 
py PMI, $00 15 НЕ OE AN € N: 


p(2" 
р(2), р(4), P(6), ... are true. 


p is true for all positive even integral values of н. 
n) is 
ы. the problem. 


) is true for all e М, i.e., 


ove that (М2 1)?" can be expressed as the 
23. rence of the square roots of two consecutive 
кже for all positive integral values of n, Apply 
in 
induction. 


2H — = - 
Let P(r): w2=D" = УМ - NN - 1, 
where N is a positive integer 


when n=l, 
2-1 = 02)? +1*-2.№.1 


=3- 2\2 = ү9 - W8 = ү9 – VW]. 
P(t} is irae. 
v р(т) be true, i.e., (2 - 1?" = vp - Np-1, 
where p is a positive integer. 
қам, GE 1) = "Сауны 
MC LO EE om 
-@"+ au cR ELT NA 


- artc. k 9n-! 4 Sii Я 2т-? аў 


= Vp — Үр – 1 = үр – ү2 VEL 


Ур 22" 4.?"C. 27-14... = integer wail) 
p = 2c, .9m-! 90D ome. г 
-1 
> = integer. -- (2) 


Next, (v2 - 1" * = (N2 -1)2. (2-1) 
= (3 - 2N2)(Np - Np – 1), using truth of P(m) 
= 3p + 2V2Vp — 1 - 222Np - 3Np - 1 


em Ves? |. opus: ves] 


= " +4. 


By (1) and (2), both 


pes 
pena 20 маза: 2 | 


are integers. 


2 
,-1 
But EVE afe =з 


p-1 p-1 
=9p +165 + 24N 2 
=“ 2-1 
-2 aps 9 E77 + 2 р: Ex 
-1 
-р-2.Б--1. 1 
5 р-1 
So, if we take |3Np +4. Ү-- =q then 
: \ 
ETÀ \ 
2|2Vp+3- =9-1. 
2 
Thus (N2 - 1)?! * 1 = Vq — Vq — 1, where q is an integer. \ 
P(m + 1) is true. | | 
Thus, P(m) is true = Pon + 1)is true. ` | 


Hence, the problem. 


24. Let a, =1 and a, = ra, _1 + (-1)" for all н 2: 1. 


1 1 1 1 
Prove that а, = и (1 ЕЕЕ aa +(-1)" at 


for all n > 0. 


1 1 Д 
Let P(n): a, =1 [1 .وپ‎ +(-1)' ail 


Putting n — 1 for n, 


1 1 1 
$() = Р(п – 1): rmn E rbd res Tí 
de) 72 1 


—o————— — te HQ 
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When r =1, (1 — 1)!(1)-0!-1-а). 
$(1) is true. 
Let фт) be true, i.e., 


= 1 1 1 
tsm mi Шы тісті 


-1 т-1 1 
+(-1) СЕРТІ x tb 


Now, аш=та„_у+(—1)" 
CS Oy = нар ЕЮ” нал (given)} 


= 1 1 1 
=т(т—1)! ef ee s 
: | Sr a 


A 1 
+ (-1)”-1 СЕРТ (-1)”, using (1) 
Е ТӨЛЕ Же, 
-т!|1---ы----- - тей, E а 
| Th ape TEES) 


1 
$I” icai 


Ср. 
(m — 1) 


ф(т + 1) is true; 

thus, ф(т) іѕ тие = ф(т + 1) is true. 
by PMI, ф(п) is true for all n = М 

Ф(1), 6(2), Ф(3), $(4), ... are true 

P(0), P(1), P(2), P(3), ... are true 


U- 601) = P(n — 1) 
P(n) is true for all integers п > 0. 


25. Apply induction to prove that for all и 2 2, п є М, 
5 ЦИ | 1 К 
1 = == — = — 
+= 


where К is ап odd integer and h is an even integer. 


n h 
where k is odd and h is an even integer. 


) *t3*3*- 


When я =1,1 1 _ odd 


1 oda’ P(1) is not true. 
When n=2,1,1_3_0dd | i 
Вий Р(2) 1$ ние. 
Let Рт) be true, 1.е..1+1,1,. JM Е 
2 3 -om Me 


irent) 
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n odd integer and т, is an even inte 


where ni is a Ber. 


1 e 
Now, Legg? 2? y m1 


А - + LES 
т. 1 то (тя 1) e 


--- 


= т. nml m, - (m+ 1) 


тот + 1) +e odd + сусп ода 
—— á—— т M .. 


If + 115 odd, m. (m4 1) ^ even 


even 3 
If m + 1 is even, let m + 1 = Ре ` Ko 


where p, = even and К, = odd. Then 


т.-(т%1)-те то Pe: Ko + ть 
——————= ey 


ть (m + 1) тес pe^ Ko 


After cancelling the factor of the form 2! from 
numerator and denominator one of p, and т, wil 
become odd. So, after cancelling the common factor i 
the numerator and denominator, one of the terms ls < 
numerator will be odd and the other even. So, the 
numerator will be odd. As both т, and p, are factors in 
the denominator, after cancelling the common factor 
one of the factors in the denominator is even. Hence, the 
denominator will be even. 


P(m + 1) is true. 
So, by PMI, Р(п) is true for all n е М. 
Hence, the problem. 


2 1" » 
26. If пе М, prove that — <= <3" ! fori >3. 


n 


2" x: 
Let P(n): XU Rd S 


Putting n + 2 for n, 


21+2 (a +2)" `2 ВМР 
Кол n«2 (п+2)! 
п + 2 3 
2 8 
When п =1, > 3^3 


(n 4-2)" *? 3? 27 9 


(еді 31 6 2 
3" *1=32=9. 
Au ae kani ee. 
3 2 
Let ф(т) be true, i.e., 


2m«2 (n 2379 


3” +1 ctl) 
m2 (m + 2)! 


Now, 
We and)?  me3 


Principle of Mathematical Induction (PMD 


(m PS.) mimi " "de E т+2 
(т + 3)! т+2 m3 
би" Quen т+2 
> (m3)! (т+2)! таз ^ 
using left part of (1) 
(n3) *^- (т 2)"**.2 
= (m +3)! 
т +2)'"'® m3 т+3 
= (m3)! ipo. -2) 
= (8-3) | ad) -2| 
(m + 2)"*? 
Р ee 
(т + 3)! 


at + (m+ 3) - 


+ iti 3 
mas positive terms 2) 


miD 


(m +3)! + positive terms} 20 


m+2 


m+3 


jm d (m + 3) 
т +3 (m +3)! 


Now, 


.. (2) 


т+3 


(m +3) 


т+2 _ 
3 (m + 3)! 


(т+2)"*? (т +3)" +2 


Е (m + 2)! (m +2)! 


‚ by (1) 


(m + 2) ея я 1 т+2 
e em cl | 8 


(m + 2) ! Тита | 


т+2 


1 
also, 3- [1+ | 
m+2 


pe AE (- z \т- 2 | 
e шы =— MC 
2! 3! 
+... tom 3 те 
а 4 —— 
inf get gst өн атақтың 
\ j^ 


(т љут 


from (3), 3 т+2 > 
(m +3)! 


т+3 т+3 
frm Банда, Sot ақ 
т+3 (т+3)! 
ф(т + 1) is true; 
by induction ф(п) is true for all n e М. 


ф(1), ф(2), %(3), $(4), ... are true. 
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P(3), P(4), P(5), Р(6), ... аге true 
(o p(n) = P(r + 2) 


P(n) is true for all 1 2 3; 


27. If a, =2, а; = 5 and Ay = 50, -17 60n-2* n23 


then prove that An = 27-7! +з" for all n 21. 


Let P(n): fe 2 «3*7. 

When n = 1, 29439=14+1=2=4)- 
When n=2, 2'+3'=2+3=5=42. 
P(1) and P(2) are true. 

Let P(m) and P(m + 1) be true, i.e., 
2,540754, ші and дна" 437. 

Now, yı «2 = 5а +1 – 64m 
p а„ = бан -1 = bân -2 " 23 (given) 
E a e 
-5.2" 45.3" -3.2" -2.3" 
22.2" 43.34"427*14,3mt! 
P(m + 2) is true; 
thus, Р(т) and P(n + 1) are true 


= Р(т +2)is true. 
by PMI (alternative form), P(n) is true for all n € N, 
i.e., for n 2 1. 
Hence, the problem. 


28. Let sı = 2, 52 = 0, 53 = ~14 and 
5н „1 = 954 — 2354.1 + 1555-2, 1 23. 
Show, by induction, that 
s,73" 7! —5"7! «2, п21. 
Let POD: s, =3" 1-5" "+2. 
When п-1, 31-1—51-1+2=3°-59+2=2=51 
ң-2, 32-52-10 =3-54+2=0=% 
nas, 92-15?" 4223" —5* 42 
-9-25%2--14-5; 
KA P(1), P(2), P(3) are true. 
Let P(m), P(m + 1), Рт + 2) be true, i.e., 
5 N E 
= 
Sing 5997 =5" #2 
Е gea a, 


NOW, 54.3-95т.2- 235m +1 + 155т 


(5^ $4417 954 — 2354.1 + 1554-2 (given)) 


GEENNNZ OCANMAAO Е n аккан‏ کا 


— 
" 
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79 Ut  -5"*145)  23(9". 54:9) 
+ 5. 51 „уу 
727.3" — 45.5" 4 18 — 23.374 3. gt 
24645.3'".—3.5" +30 
=9.3” —25.5т 15 


- 


т. me^? 
mi: шым Т; 2 


Рт + 3) is true; 


thus, Рт), P(m + 1), P(m + 2) are true 


— 


=>  P(m +3) is true. 


by alternative PML, Р(п) is true forall n € N. 
Hence, the problem. 


29. Let p>3 be i 
ап integer and a, В be the roots of 


d rs 8 Р 
(r + x +10. Using mathematical induction 


h , 7 + - 
wa that a" +В” is an integer which is not divisible 


Here a + B2 p. 1, ap 1. 


Let P(r): а" + B"=q 


where q is an integer not divisible by p. 
When n = 1, a'+B'=p+1 
=an integer not divisible Бур 


Сгр<р-1<2р). 
When n = 2, 
a` + В? = (а + B)?- 208 =(p+1)?-2 
-p^-2p-1-p(p«2)-1 
= an integer not divisible byp 
U^ PP +1) < p(p + 2) -1 « p(p + 2)) 
P(1) and P(2) are true. 
Let Pm), m= 1, 2, 3, ... , m be true, i.e., 


m m 
a + B = Fa 


ға (19 
where r,, is an integer not 
divisible Бур; т-1,2,..., т. 
Now, a" *' + g"*! (a. Ва" +В") авт рат 
Во ат. upra tt geh 
= (P+ ry fn. integer 
= рга + (ттт) КӨРІ 22; 


If possible, let r,,, — Tm - = tp G.e., divisible by p) 


a". p" (a "714. Bl = tp 


or (а + 800" +В" 1) - ав" Ват. 
шады ат 

or ра" +В") – ара "2р" 2) р 
e Bs рту 
бт ре"! 4 pA71)-(e "7*4 B") tp, р... os 1) 


anap”? 


is divisible by p which contradicts (1) 
rj — Р 1 İS not divisible by p. 


So, from (2), a" * 1+” *' is not divisible by p. 
P(m + 1) is true. 
by alternative form of induction, Р(п) is true for aii 
positive integral values of n. 
Hence, the problem. 


30. Prove, by induction, that 
sin a + cos(a + В) — sin(a + 28) — cos(a + 3p) 
+ sin(a + 4B) +... tom terms 
sin i n(2p + x) 1 
وچک‎ le += (n — 1)(0p + x) 
=. № 4 
sing (2B + x) 


h 27751. 
where sin д (2B + x) #0, 


The series on the left side is 
r 


sin a + sin (a + 8 + 2 


|+ sin(a + 2p + л) 


: LAM 
+ sin (е +эв T sin(a + 4B + 2л) 
+... ton terms  ..(]) 
Let P(n): sin a + sin G +В +5) sin(a + 2p + x) 


^ 3n 
+ sin (s +38 + |+ ... to n terms 


sin È nQp + л) 1 
=-— sinflari an- DB +=). 
sin 2 ОВ +т) 


sin F ОВ x) 
When n = 1, sin a = —— — — — -sin a 


din Zp +n) 


sin | Qf x) 1 
کے‎ sin le«za - 128 + x) 
sin д 28B +r) 


P(1) is true. 


Principle of Mathematical Induction (PMI) 


pam be true, i.e., 
: n 5 
gin a + sin a+ P+ + sin(a + 28 + n) 


А Зл 
+5 = 
in (a +38 + 2 Je to m terms 


sin im (2p + x) 
P SUPR «+ (m -1)(2р + п) 


n OB m .. (2) 


Now. 
л 
sin a + sin [а + B+ > |+ sina + 28 x) 
d 3n 
4- sin E + ЗВ + ral ... Хо (т + 1) terms 
. n s 
= {sin a + sin (Ве) sin(a + 28 + r) 
.. to m terms) 


+ sin (a + 38 + + 


+ sin (a + mf +m -5] 


sin 5 m(2p + r) 1 
uan, ООО sin (в %-(т-1)2р- z) 


sin = гов + л) 
+ sin E + mB + т) 
[using (2)] 
1 


— ———— 


sin 28 +7) 
twi А 1 
х | sin 4 m (2p + x) sin E + д (т — 1)(2В + 9 


+ sin т (28 + r) sin (+ "pem 


1 


————— 


2sin i (20 + r) 
1 1 
x [ cos le * 1 (m — 1)(2B + r) - 7 m(2g + п) 


— cos le * H (m —1)(2B + r) + 5 m(2B + =} 


тк _ 
+ COS | а + mp + 


+ (2p + л)| 


- cos {a+ mB += т ту 28 + лу 
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a [ege emm 


2sin = (28 + 7) 
1 1 | 
— cos fa +5 m(2p + 7) — 4 (2p + п) 


1 
ces [asma я) аре») 


1 
— cos іа + 5 тор + rT) +T (2B + | 


1 
ЖЕМЕ WT | cos а-10р+1)] 


2sin = (28 + n) 
1 1 
- cos fa жм тор + r) + (28 + x) 


1 


2sin i (2p + x) 


1 
арайға тарал) 4 P+ 
x 2sin 2 


1 H 
а+1 08 +n) +408 + وی‎ GP * 


x sin = 5 
% 
sin Z 1 (ор +7) 1 
سے‎ sin fa + 4 (т+1- 1)(2В + 2) 
sin — ; ор + TX) | 
Р(т + 1) is true; | | 


thus, P(m) is true = P(m + 1) is true. DL 


P(n) is true for alln EN. 


Hence, the problem. 


31. Prove, by induction, that 

x л 
X tan” = < = {ап 71 (3 + n(n +1 gq 
үзі 2-r tf 


for all n e М. 


п 2 Б 
Let P(n): X tan Б: کک‎ = tan 1 {1 + тп 1) - 
үші 24+r° +r 
When п = 1, 
: 41 
rai эт” pee ug 2431 
=t E T SE E 
E wii" a 2 
2 а del А 1 
= === ) tan 713 — tan 1 
tan 4 tan "ТЕСТІ 
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ta^! {1 +1. OEE Ns 


P(1) is true. 
Let Pem) be true, i.e., 


т 


2r 


£gdan^ —— 6... 
rs 2+r74r4 
-1 к 
= tan + mon + 1) < ss (1) 
mel m 
Now, X tan -1 ауалы. 22 ta -1 2r 
2 = tan 4 
r= Г" сі 2+r“+r 
= 2(m +1 
+tan 7! ( ) 


2+(т+1)*+ (т+1)* 


= tan 7" (1 + mm + 1)} -% 


2(m +1) 
2 + (1 1)? + (m + 1)? 


+ tan ^! 


da 


Also, tan {1 + (т + 1)( + 2)} — tan ™ {1 + т(т + 1)} 


— 1 + Qn + 1)(m + 2) — (1 + т(т + 1)) 
1+ {1 + (mm + 1)( + 2)}{1  m(m + 1)} 
-1 2(m +1) 
1 +1 + m(m- 1) + (m + 1)(т +2) 
+ m(m + 1) (т +2) 
2(m +1) 
2 + (т+1)(2т +2) + (т + 1) (т? + 2m) 


= tan 


—— 2(m 4 1) 
2+(т+1)2 + (m + 1)? + (m + 1)?(m? + 2m) 
-1 2(m -- 1) 
2 + (m +1)? + (m + 1)? +т?+2т) 
2(m + 1) 
2 + (m + 1)? + (m + 1)? 
from (2), 


т+ 1 


= 2r 
E tan ^! : i 
r=1 2+r*4+r 


=tan 


= tan ^! 


= tan  [1-- (m + 1)(m 2) - 5 


P(m + 1) is true; 
thus, P(m)istrue = P(m + 1) is true. 
by PMI, P(n) is true for all n е М. 


Hence, the problem. 


32. If у= tan"! x, prove that 


d" 
Pr al oe !- cos fry +o- Zh cos" y 


for all п e М. 


Let P(n): 41. (n – 1)! cos [ny *(n-1) 3 cos ^y. 


dy _ 4 (tan х) = el. 
When n=1, т = dx 1+х 1 + tan ?y 


b у= tan "uj 


2 
= соѕ “y 


зес?у 
л 
= (1—1)! · cos һ - у + (1 -1) созу 
P(1) is true. 
Let P(m) be true, i.e., 
"у 


Le à -(т-1)! cos {my + (m — 1) 3| ces My 
ах" 


41) 


Now, dx т+1 ~ ах ах" 


que d || 
=a [em - 1)! cos |ту + (т-1) 3 cos 7] 


а 
= (mn - 1 ![- sin ту + (m -D 5] m SE. cos ту 


п т 
+ cos [ту + (т – 1) 5} mcos 


“ly - sin уубу 
y idc] 
=т -sin {my *(m-1) zl cos "у 


— cos [ту + (m — 1) 2) cos ™ 


“ty sin y] ® 
y sin y|% 
п 

=т Е: {my + (m - D созу 


— cos [ту + (m — 1) 3i sin v cos "7 !y. cos?y, 


( 7 E = COS v) 


m+ 


=m ! [sin {my + (т — 15+ 71 cos y 


=m [сов [m + Dy + (m - 024 2 «оз m+iy 


т+1 


= т! cos [он + Dy + би +1-1) 3| соз у 


P(m + 1) is true; 
thus, P(m)istrue = 
P(n) is true for all е М. 


Hence, the problem. 


P(m + 1) is true. 


Principle 


те 
f r all !! € 
A n n 
А cos "x · cos(nx)d x = —— 
pet POF |, jax Quer 
np 
Su cos x - cos xdx = | 1 + cos 2x 
If 4 0 2 x 
2/2 1 n/2 
-21, dx + | cos 2x dx 
1. 2 1[9т 2х n 
E ES 
1.1 Ж ж 
_L.= [sin п -эт 0] === 
Ey 2 4 | 4 2 1+1 
pc) is true. 
be true, i.e., cos "x. 2 
Let pm) J cos(mx)dx = T 
Now, wd cos " * ' x cos(m + 1)x dx 
0 
=1 "сов "x · 2cos x · cos(m + 1)x dx 
270 
qr nt 
- 2 cos X- [cos тх + cos(m + 2)x]dx 
0 
кр 
=| cos "x cos тхах 


1 ы т 
= А cos "х [cos mx – cos(m + 2)х]ах 


= | cos "x cos mxdx 


n n 
== cos "x - 25іп(т + 1)x - sin x dx 


п "is sin(m + 1) m d 
= sind X= ces” Ж: 
gmet 45 dx (cos x) dx 
n 
m : cog Poele 
m—À {[sinom +1)x- 
2H т+1 


Г i. er d ms. 


e SAT - cos(m + 1)x - (т + пах 


12 


ETE тд... 
NUI Г. cos" * 1х · соѕ(т + 1)x dx 


к 


n/2 
A cos" *'x - cos(m + 1)х dx = — 
2т+1 


л/2 

к 
| cos "lx. cos(m 4 .1)x dx = 5; 
0 2" +2 


of Mathematical Induction (PMI) 
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P(m + 1) is true; 
thus, Р(т)15 ние = P(m + 1) is true. 
by PMI, P(n) is true for all 1 є М. 
Hence, the problem. 
34, Prove that [^s geet +++ uoi 
4 РР o sinx з 5 2n – 1 
for all n є №. 
Р sin nx 1 1 ( 
Let P(n): Г poc dx- 14E cem 
When п = 1, 
n/2 n 
[ пш sin ie Г ° dra сова, 2041-1. 
о sinx 
P(1) is true. 
Let Р(т) be true, i.e., 
RA at 2 
sin “тх i å 1 
———— x Aud ee o. He mL а .. (1) 
Jj sinx dx Pug" 2т-1 


2172 
V sin (т + Dx, p" ап MI д 


Now, [ Ys x 
à sin 


sin X 


„рвали рх сч ч 
sin X 


x 


^ p sin(2m  1)x · sin X de 


sin x 


= sin(2m + 1)x dx 
0 


К cos(2m + 1)x 2 Е 1 
-| 2m +1 | 7 2m+1 


= (mı + 1)х d 
0 sin x 


E ud sin?nmx 1 
79, sing 2m +1 
5 3 5 2m -1 2(m+1)-1 


P(m + 1) is true; 
by PMI, P(n) is true for all n e N. 
Hence, the problem. 


1 2 —1 n ! 

35. Prove that Га" (log x)" 4х = а 

for all п e М where т isa fixed number. 
Taking any fixed number rr, let 


1 Ва п ! 
P(n): J х" Оов idea" А). Ы. 


m"*! 


When r = 1, 


UM Г ‚т! 1 ln 
[ y "log хах = Под | -f eS 
o L m jo от x 
Г m1! 
sef wt gee зы Е cnt 
от Lm? |, m? qt! 
because log 1 = 0 and 
lim (log x - x ^j 
X-—0 
1 
. (log x " 
өне ӨЛ گے‎ 
хх") хар Шс 7671 
(using L’ Hospital's rule) 
m 
= lim ---0. 
x40 — т 
P(1) is true. 


Let P(k) be true, i.e., 


k 
кезг k _ (-1) k! 
E (log x) LEER. Am (1) 
N pm 5 Г m]! 
Ow, [ х (log x)** 1 dx =\(1оррху**! өк. 
0 ( т |, 


тут 1 
E m ee k 1 
А ez (К + 1)(log x) : 


EA 
ur Е m * (бєл dx 


k-1 (-)*xk! р 
т | к-1 ” using (1) 


nm 


(К+ 1)! 


Е: к-1. 
=(-1) = 


n 
P(k + 1) is true. 


by PMI, P(n) is true for all n є N. 
Hence, the problem. 


36. Let f be a function such that f(x) is a positive real 
number when x is a Positive real number. Let 
F (xy) = (ху) +f (у) for all real x> 0, у>0. Prove, by 
induction, that f(a")-kn where a,k are positive 
constants and л is an integer > 0. 
Let P(n): f(a") = kn. 


Putting n — 1 forn, ф(п)- P(n — 1): f(a" ^) = k(n - 1). 
When n = 1, f(a!-!) =f(a°) =f(1)=0=k(1-1) 


(- putting x=1,y=1 in f(xy) =f(x)+f(y) we get 
fa)- 0) 


Problems Plus in ИТ Mathematics 


¢(1) is true. 


Let Ф(т) Бе true, i.e., 


fa" 1) = (т — 1), kj is a positive constant. 
But f(a") -f(a" 7? -a) -f(a" 7?) + f(a) 


U^ Лау) = F(x) + (уу 
-f(a" 7? a) «f(a) - f(a" 3) + f(a) * f(a) 
= f (a?) + (m — 1) (а) = (m — 1) F(a), i 
^ fso 
Кут — 1) = Qn — 1% (a); 
f()-k, Co m>1) 
Now, f(a") 2f(a" ^! -a) -f(a" ^ ') + f(a), 
= Кут - 1) +f (a) = Кут — 1) +k, 
= Кут =k,(m+1-1) 
¢( + 1) is true; 
thus ,ó(m)istrue =  ó(m-1)istrue. 
Ф(п) 15 true for all n є М. 
P(n) is true for n е №, nz 0. 


Hence, the problem. 


37. Use the principle of induction to prove that 7 Straight 


2 
lines in a plane divide the plane into TRI piris 


if no two lines are parallel and no three lines are 
concurrent 


Let the number of parts made by n lines of the given 
variety be L,,. So the statement is 


п?+п+2 


P(n): La = ^ 
When п = 1, 

L, = the number of parts made by 1 line 

PNE xL 
2 
P(1) is true. 
2 
2 

Let P(m) be true, i.e., L,, = m mee 


2 


Take the (m + 1)th line. Itis cut by the previous т lines at 
m points making (т + 1) subdivisions of the (т +1)th 
line. Each of these (т +1) sections divide one of L,, 
regions into two parts. So the total number of regions 
will be increased by (т + 1). So 


لیم 


Princi 
rinciple of Mathematical Induction (PMI) 


2+т+2 
4 P 2 Hire 
т” 
т2 +3т +4 
= 2 


(m + 1)? *Q + 1) +2 
а ب‎ €— 


\ 


lm. i 


(m + 1) is true. 


Р 
4 ace, BY induction, Р(п) is true for all n е М. 
e , 


Hence, the problem. 


в. Prove, py induction, that any amount in full rupees 
' greater than or equal to Rs 8 can be paid by stamps of 
denominations Rs З and Rs 5. 


The problem is solved if we can prove that the equation 
ax + Sy =e 28 and п є N has non-negative integral 
solutions. 

Let P(n): 3x+5y=n+7. 

au теле ek egea MS CB 

o reb 


P(1) is true. 


Let Р(т) be true, i.e., x and y have non-negative integral 
solutions when 3x+5y=m+7 1) 


Now, (m + 1) +7 = (т +7) + 1 = 3x + Sy +1. 
If in (D, y = 0 then x 23 and m +7 = 3x 
т+8=3Зх +1 = 3(х - 3)  1023(x -3) 4 5-2. 
If in (D, x = 0 then y 2 and m +7 = 5y. 
m +8 = 5у +1 = 5(у - 1) +6=3-2+5(у-1). 
Ifin (1), х= 0, y s&0thenx22,y210rx21,y22. 
Whenx22,y Z2 1, т +7 = З(х - 2) + (y - 1) 
т+8 = 3(х - 2) + 5(у – 1) +1 
= З(х — 2) + 5(у - 2) +6 = 3x + 5(у - 2) 
Whenx21,y2z2, т+7=3(х - 1) + 5(у - 2) 
т+8 = 3(x - 1) + 5(у – 2) + 1 
= 3(х + 1) + 5(у – 3). 


Thus 3x + Sy = (m + 1) +7 has non-negative integral 
solution. 


P(m + 1) is true. 


So, by PMI, P(n) is true for alln e N ie.,3x+5y=n+7 
has non-negative integral solutions for all n e N. 


нн БЫН aS” @ 


> 
7 
гә 
ә 
“з 


ет. Prove by using induction 


39. k i itive inte 
is any positive integ poo m*"C, for 


that "C5" C, "C, "Ск- + ~ 
all m, пе М where PC,=0 if p<4- 
the statement is 


Taking n to bea fixed integer, 
+ тс, "Со E m "Cy 


Рт): "C,"C,4 "C, "Ск-1 + + 


When m = 1, C, "C, + Cı "C а= Cx "Cc Ls" қ” 
P(1) is true. 
Let P(r) be true, i.e., 
"Co "Cy ^C, "был os Gg с. =” "Ek и. 
сь: "Ce 


Now, **!C,"C, + TE; Cy 1 -- 
x'C," C,4 CCo + C" C. ci (C, + C2) "Ск-2 
ж.ж CR eê, 
(^ IC + "С, =" Cs rc et Со 1) 
SUC, Cyt C, "Cent "Са Ck-2 ee + "Cx "Co) 
+ (CS "Cp-1 + "Су " Cy - 2 * Ср Со) 
Ср Ср y using (1) forkandk- 1 
dd ciat 


P(r + 1) is true. 
Hence, P(m) is true for all n = М, by induction. 


Taking m to be a fixed integer, the statement is à 
Огу: EC; "Cg + "Су "Ci, +... + Ce" Co e NC 
When n = 1, | 
Bc ope Me Ср. cT Co Са-з ( | 
vao P Eus Ce Me "So a 
SUC, ap ба IO, (ee Pega Ot p <4) $ 
Q(1) is true. | | 


Let Q(t) be true, i.e., 
"Eo С, * "С; Су. 1+... 


Мом; "С! *!C, + "c, '* Үс ЖЕЗ тты е. 


$ тс, Сом тес, B o 


= "Co( Cy + Ck) + C ‘Cea? Су.) 
$3 has fe (С; + Co) + че 'Co 


Ca а Ch + "c, ы Cis + ... OL a С, = "Cp СЄ 


есес, ETE бра "Сел С) 
Ср Ср 1, using (2) fork and k- 1 
SRE 


2% Q(t + 1) is true. 
Hence, by induction Q() is true for all Е М. 
Thus the statement is true for all m, n е М. 


Problems Plus in ИТ Mathematics 


Exercises 


Prooe > : 
0ve, by ma thematical induction, that 
TIT UNE IIR 
2 


= 


2.1 TO54. dog terms = р 2. 


$.1*42*4324, 4,2, лб ж1)0п 1j 
6 
2 п 
4. a+ar+ar? +... + apt- 1 ЗО ) 
l-r 
1 1 
5, — + a" 4 1 n 


* = - 
152 2.3 3:4 п(п+1) n+l 


6. 2 + 222 + 22255 *... to n terms = эт 0? ~ 1) -2" 


for all» e N. 
= 1 1 қ 
i} > =) ... 1- = 
| 22 ЗЛ ry | Y n1 
for all n e №. 


2n 3n-3 -1: 2222... 
Ио" ЗЕ divisible by 25 for ne N. 


9; 107^ ые divisible by 11, where не №. 


5п+5 ЕЕ в 
10. 27"*5 31n -32 is divisible by 961 for all positive 
integral values of n. 


11. Use induction to show that 11"*2, IST — 
divisible by 133 for n e N. 

12. Prove that 32" *1+0и-? jg 4 multiple of 7 where 
ne N. 

13. Prove that 3*"*' + 165 — 5 is divisible by 256 for all 
ne N. 


14. Prove that n? — n is divisible by 42 for i e М. 


15. Prove that n? + 117 is divisible by 6 foralln e М. 
16. For every natural number n, prove by induction that 
4" + 15n – 1 is divisible by 9. 
17. If п |К denotes К is divisible by n then prove by 
induction, that 
512] (3?" *5 4. 360542 — Бен — 243) for all п e N. 
18. Prove, by induction, that 8 7" + 4" *2 is divisible by 
24 but not by 48 for all; e N. 
9. Show that $7*14 4.5" when divided by 20 leaves 
the remainder 9 for all п є М. Use induction. 
0. Prove that f(n) = n5 = 5n? + 605? — 56п is a multiple 
of 120 for all i € N. 


- Show, by induction, that 3” + 1 is even but not 
divisible by 4 for all n e N. 


. Prove, by induction, that x"- y" is divisible by 
x-y forallne N. 


23. Prove that (1 x)" = x — 1 is divisible by x2 bici 
не М. Use induction. 

24. If p is a fixed positive integer, prove by inductio, 
that p^! + (p +1) 2" 7" is divisible by p* + p4] ^. 


all t e М. 


Prove, by induction, that 


25. n" —n is divisible by p for all ne N if p isa prime 
number. 
h^" mn* 7H 


-—+—t+ Е 
26 5*5 415 


natural numbers. 


N for all ne N, N being the Set of 


7 n* jn? n 


— + — + — - — isan integer for eve 
Е а Е 5 гулє М, 


5 3 2 
n* n n n 37n , 452. ; 
— + — + — + — - = 15 а positive int 

28. Тат +> 210 P eger for all 


29. (r+ 1)(r + 2)(r + 3)(r + 4)(r + 5) is divisible by 120 for 
allre N. 


n 
30. Prove that XE "C, = 2". Use induction. 


r=0 
31. Prove, by induction, that 


п 
2 


Ek?*."C,2n(n-1)-2"-*. 
k=1 
32. Prove, by induction, that 


n n "С 
өл EL еб 
£ x+1 x+2 x+n 
1 
dl / ХЕ К,х>0 


7 x(x + 1x +2)... (x + n) 
forall n e N. 


1 
33. Ни, =1 апаи, = "TT иң, n > 1 then show that 
n 


TT NE 
(1-1)! 


1n +1 = 


-n 
34. If a» 0 and а,-1-е "~',n>1 then show by 


induction that 0 « a, « 1. 


а + А 


а? + А 
апа п, = 
2a 20, 


for 1 2 1 where a, A are positive, prove by induction 
an — УА E -VA 


2" 
that ———— -|———— f П А 
at as A ve огай не М 


ЗЭ; If a, = 


p" 


Principle of Mathematical Induction (PMD 


ven numbers. Let 


Б ані ТИК 
LAS at a+b 
JU ELBE e. ju 1 
ШТ” 2 > 3 
214-1+Ёп-1 , fg a + Dy у 
and an = 3 п 3 for n>3. 
1 -b 
nduction, that a NE 5 
prov’ by! n 2 1 3") 
a-b 1 
and EN E огай пе М. 


һу induction, that 3"»nforallne N. 


37. prove 
. 1 2 ! n 
e prover by induction, that ! € 1" Юга лє N. 
:aductiony that nel pn ! 
" prove by im исп n4 E | 2 ӨСІП: ы 
до. Prove that (1 + D^! (и+2)" 23". (и. 
i M ТЕСІК КЕС 
да. Prove by induction, that 2*4 tg +... + FUE 1 
for all и e N. 
prove by induction or otherwise that 
i je um 
ants Fr qe 
for all ne N 
n m вк. Зи 
2 m 4 ay Ay a 
where 11, 02, ёс. are positive integers. 
44. Na + Уа + Nac... to n times пырак: салымы 
where а > 0. 
45. Ргоуе, by induction, that 
л 24 35 ¦ 21-1 1 f 
21527476 EC MCN or all n e N. 
1 1 1 1 1 2 
.Prove that 3 < + Qus = 
46 2 3n+1 3п+2 bu amei 3 
for all М. 
n 
47. Prove, by induction, that 4" > "e s 
n+1 
for alli e М. 
48. Prove, by mathematical induction, that x" + y" 
is divisible by x + y for any positive odd integer п. 
49. If n is any odd positive integer then prove that 
n(n? — 1) is divisible by 24. 
50. Prove, by induction, that 
xx" 7! на") + (n - 10" 
is divisible by (x – a)? forall n e N, n? 1. 
51. Prove that (N2 - 1)" can be expressed as 4t - NE- 1, 


where t is a positive integer for all odd positive 
integral values of n. 


A-229 
52. Prove that 10 п-2>81н for all integral values of 
nz5. 
53. Prove that 3" <"! for n > 7: 
54. Prove that (и )* >" п for n 23. 
55. Prove that 2"х(п- 1) ten" forn7 2. 
56. Prove, by induction, that (1 +x)" > 1 + nx 
fornz2,n€ N and x> = 1,x*0. 
57. Prove by induction that for 11 > А КЕ 
1.1 көле ا‎ tn 24" 
3 : acte di for all n > 1. 


1 
s МЫН А е 
58. Prove that A * 43 43 Nn 


$554 where each Xj > 0 and at least 


59. TE x, «Xo: * Xa tees 
one x, # 1 then prove, by induction, that 


Xj + Xa + Ху + 2X, <1 for all n 2 2- 


60. Prove that 
(a,b, + a2ba +... + abn)? 


E НИ eld Cota 
forn>1. 
1+у 1-Чг a" —b" 
1ی‎ lf а=, b= and an= g — 


and ab is an integer 


where r is not a perfect square 
Use induction. 


then prove that a, is an integer. 


and a2+b?=c?+d" for the real 


62. If a+b=c+d 
induction, that 


numbers а, b,c, d then prove by, 
a" & b" 2c" + й" wheren € N. 
2_5x+1=0, prove by 


63. If a, В be the roots of x 
ger not divisible by 


induction that a." + В" is an inte 
4 where n e N. 


64. Prove that 10" - (5 + 4337)" - (5 - 417)" is divisible 
by 2"*' foralln e М. 


1 А : 
65. If xr is an integer, prove by induction, that 


m А 
х" + — is an integer for all n e N. 
x 


66. If ц = 1, и: = 1 апа u,,27 Чи +1 + Ин for nz 1 then 


prove by induction, 
1 Se (1-25y" 
ив [2 | 3 | for all 1 2 1. 
67. Let u = и. = 5and и +1 = Ин + 6u,.,n22. 


Show, by induction, that 4,273" = (-2)" if nz 1. 


68. If 3u, = 7t, E 91-27 Чи-3 = 0, n23 and ц = 1, 
2-n 


иу = 8, Ш = 17 then prove that 2и,-20п-7%3 
for n 2 0. 


41-550 


—— ащ 


Problems Plus in HT Mathematics 


69. If аа-2,а 
prove by 
70. Use 


1=3 and a, =3a,_,- 20,.5 for n 2 2 then 


1 
induction that à, = 2" + 1 for all 1 > 0. 


induction to prove that 


(NS +15" 
а» = E x foralln e N 


- 


Way ayy +а, _ „= 2 апад = 1, а, =1. 


71. Prove, by the method 


n 


dx? Isin(ax + b)} = a "sin [ax +Ь+л. >|. 


of induction, that for i e 


. Prove, by induction, that for n > 1, 
d s qt d 


г 
ее Йа ыы __ с 
dpa Bea ^ dene do axe 


73. Let n. Г. l - cos тх 
о l-cos x 

Use mathematical induction to prove that 

т = тп, m = 0, 1, 2 


p He sso 


x. 


74. Prove, by mathe 
n 


A күз pe: = 1-1)! 
dan 098 x) = ( 1)" xe s 


matical induction, that 


75 


Let un = f sin "x dx. Prove, by induction, that 


п-1 
п ^ "n-2 
for all positive integral values of n > 2. 


и 


1 
ı = 5 СО5 х. sin" - 1 + 


Prove, by induction, that 


76. ү sin(2n — 1)x де п, 
М сп 4Х- 2 forne М 


п 
— {e 


dx" 


n+l 


— 


77. "(sin x + cos x)}=2 2 


-e*sin prona 


т./2 
78. [ COS "x . sin nx dx 
0 


т . 
Sin nx 
79. [ dx = 0 for all even Positive integral values 


o Sin x 
of n. 
d" ři 
GMT 1 
xin dx” (x "log x) = п des хх 3 for all n e М. 
х Ê 


81. | sin nx | Sn|sin x|, n e N. 


82. If x is not an integral multiple of 2z, use 
mathematical induction to prove that 


COS X + COS 2х + cos Зх +... + cos пх 


а PEERS 2 тх х 
ш X- sin —-: cosec =. 
2 2 2 


83. Using mathematical induction, prove that 


1 4,1 к 1 
ам = + ап z4 + tan 7? ——— 
3 7 n tne] 
= tan 7 . 
n+2 


84. If 1 М, show by induction that 


2cos 2"0 + 1 
a) —— — ——— — = (2cos 0 - 1)(2соѕ 20 - 1 
(а) 2cos 0+1 ) 


x (2cos 220 – 1)... (2cos 2. _ 1) 


2 е а 2 > „> 2 
(b) sin 2х + sin ?2x + sin 3x +... + sin nx 


1 | sin nx - cos(n + 1)x 
-тіп- - 
2 sin x |. 
85. Let 0< Aj « 1 for {= 1,2, 3, ..., n. Use induction " 
n 
" ХА, 


prove that E sin A, € н sin 
rz] 
[Given the fact 
p sin x + (1 - p) sin y < sin {рх + (1 — pyl 
where 0 < р< Тапа 0 Sx, у<л.] 
86. Prove, by induction, that 


where i e N 


(cos Ө + isin Ө)" = cos 10 + isin Ө 
for all positive as well as negative integral values of n 
87. Use induction to prove that 


sin 0 — sin 30 + sin 50 - ... 


+ (-1)"7! sin(2n - 1)0 = (-1)" -1 , Sin 210 


2cos 0 ` 
88. Use induction to prove that 
\2 +2 + \2 + ... ton times reos] = | 
2 n+l 
89. Using induction, prove that 
i эп 
cos Ө-соз 20 - соз2?6.... cos 2" -109 = 51 20 
2"sin Ө 


90. Prove, by induction, that 
nt^ „= 
(1 +1)" = 2"^ [с та + isin 7) 
where n is any integer. 
91. Prove, by induction, that 


п 
E cot {1 + n(n + 1)} = tan ^! (n + 1) „тем. 


92. Prove, by induction, that 


n 
0 1 Ө \ 
> EM == =— cot = - cot 0 
pad 2 gt е). 
т 
for all п € N,0«0«7- 


93. Prove, by induction, that the product of three 
consecutive positive integers is divisible by 6. 


"when divided by 8 leaves the remainder 1 
۷ . 


Principle of Mathematical Induction (PMD 


oven қ m | 
prove it the 4 power of every odd integer 


с, by induction, that the inte 


v zer just z 
95. ар (3+ 15) піс divisible by 2". Ber just greater 
6, Prove by induction, that (\2-1)" can be 
9 P 


98. 


99. 


2 presented as the difference of the squ 


ive i are roots of 
two consecutive integers for all n e М, 


prove, by induction, that the sum of cubes of three 


successive natural numbers is divisible by 9, 


ghow that the sum of the squares of three 
consecutive odd numbers increased by 1 is divisible 
by 12 but not by 24. 

prove, БУ induction, that n diameters of a circle 
divide it into 2п sectors. 


100. 


101. 


нн БЕН оо 


Prove, by induction, that n distinct concurrent lines 
in a plane divide the plane into 27 parts. 

Prove, by induction, that the equation 5x + ЗУ е п, 
пе Nand n > 8 has non- negative integral solution. 


102. f:iR—Risa function such that 


103. 


f(x + у) = feo + fon». 

Use induction to prove that f (") = kn for all n N 
where К = f(1). Hence, prove that f(x) = Ах for all 
rational values of x. 
Let КӘК be а 
ро + у) = о) f(y). Prove, by 
f(n)=k" where k is а fixed real number and 
пе М, n22. 


that 
that 


function such 


induction, 


= ———- 


p Hind 


Principle of Mathematical Induction (PMD 
Chapter Test 


1 
1. Let a, 7344 


Тине: 120 minutes 
3 + 
| 


X ч 
34— 
3+... to n limes. 


2 * . pan 
Prove that an ‘An. =За„.,+1, п>2. Also prove, by induction, that dx < 331 for all 


пе N,nz2. 
2:14 E 1 1 
i n n reo — 
2. Теп eX . £9" d i 2" 
е n y an тх” -у” forn =1, prove, by induction, that 
À : 1 
пр 00у... ap = (х - у) — . 


b, 
3. If и =(3 + 45)" + (3 - N5)", prove, by induction, that 
(i) un. = би, ~ 4и, ,forallnz2 
(ii) и, is an integer for all n € М. 
4. Prove, by induction, that 


| (x + 1)(x +2): +3)... (x + м) =x" + Pax" ^! + Pax”? + +P пе № 
where Р, = sum of the products of 1,2, 3, ... , n taking rata time and xe К 
5. Prove, by induction, that n° + 3n + 7n? - И is divisible by 128 tor all odd positive integral 


values of n. 


*sinnx , А x 
6. Prove that Í "da, 4x77 for all odd positive integral values of n 


7. Prove that 1 !-3!-5!-... (2n - 1)! > (n !)" foralln e N,n 22 


8. Prove that п and i * have the same digit in the units place of their values for all 1 € М. 


(X " $ 
9. If 2f (x) = f(x) ا‎ for all x 30, у> 0 and f(1) = 0 then prove that fax") = nf (2) for all 
\: i 
| nonnegative integral values of n. Also show that it holds for all n € Z, the set of integers. 


10. lí n € N then prove that 
1 1 1 1 1 | 


— и ^ + =1--+-—- 


1 1 
"m nei n«2. 7” 2-1 $53 4 О 


- 


аа; 


| 11. Let «a,b,c be positive real. numbers such that b?-4ac>0 and let с=с and 


— n 2 1. Prove, by induction, that 


o = + 
b*-2a(a, +0; +... + ш) 


й, 
(i) b? - 2a(a, + à; +... + @,) # 0 for alte N (ti)a, F for all t e М. 


x y х? y? ab 
IMPIDE — = then prove that 
12. И mE ] and Piden wey yen pre 
n " 4-2 
х Um e" | for all n € N. 
а b {a+b}, 
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8. I nfinite Series 


(Binomial Series 


, Exponential Series, Logarithmic Series) 


Recap of Facts and Formulae 


1. Binomial theorem for any index 


(1+ х)" = VEN + را‎ a 1 (A -2) 
I f 
to <, provided 1х1 <1. 
General term ((r + 1)th term) in the зло uf 
(1 + x)" is 


n(n —1)(n – 2)... (н – 


2. Some useful binomial expansions for summation of 
series 


ает Oe ota tte, 
pt Teo a ros I0 
where п is a positive integer. 
(1+0) 7" = 1 "Сух Сх? "2С? +... tox 
where л є М. 
s UR =1+х+х АНХ +... tox 
(1 + х) = 1-х+х2- хх... tox 
(1-х) 2= 1+ 2х + 3х2 + Ax? +... too 


(1+ х) 7 = 1 - 2 + 3x - Ax? +... tox 


р 

а 2 
‚а-э Sera f(t) AE) 

1114 2! 4 
3 
* ip Dp a Fs 0:9 

E 2 

4 ) rx ҳр + ) x 
КЕТГІ 


NIE +? ІНЕ „ЛО & 


31 


, 2-2 (5) +... {0 к 


14 p (xy, rop - (хр 
(1-х) жетісін ^ Пп 


— 


Ар | 


_ = NP =2 ("10 


3! q 


3. Exponential series 


2 3 "n 
e n Mon x = oL 
. C ЕЦ ilm 4 to s "y | 
| 
x ў? xg? : : 
: п 
е SITET AI . + )-1( ағ, to x 4 
т ‘ 
нЕ eS ! 
ted n! | 
| 
Мы 1 ‚2 x^ х2" | 
.- “j= — + سے‎ + -——— +... 0 
QU EHE а" (2n) ! 
T. y! 
ch pta үу س‎ + +1... С 
(eee 193431 ^ 81 Qn -1)! 
Ф. loga” xlog t 
ed ZE 8 =@ t 
xloga (хор)! (xlog 4)” 
spé or S 31 + to < 
> " 
2E — орд)" 
п-0 
Ex a> d t oc 
eemle6T0*54*317 о: 
=! A. A d tox 
empta д 


A-235 


Problems Plus in UT Mathematics 


А-236 
М ГЕСИ to x 
SE ДҮ" м 
zee r А, to x 
3. Logarithmic series 
. log (1 ula n PE Че. 
5 5 п 


log (1 -X)-2-x- l2 


- 


* leg +x) + log —х) 


r es 
5 a 
L 4” 


=2 


1. Find the Coefficients of x‘ and x^? 


of e esca AE. 
S4 a <2 


1 
== Ее T 21 @-э+а+х) 
2+х-х 2 -хх1+х) 3 (2 —х)(1 + x) 
او‎ TE АЫ 
3|1 +× 2—x] 
1 
e NEN Жек NN 
3 x FA 3 = 
J 3p 
1 iy: 1 ra 
mot E ат 
3х [ z] 6 E 2) Е FREE REI 
ih x Я 
| M hem i же] 
1 


=a шай — = 


coefücientaEr бы 


-~ tO <, provided -1 < x < 1 
lI , 1 


= ұп. 


ses 5 .. 10 oc 
> n : 


log(1 + x) - log(1 ~ x) 


С Е АЕ ON 
safa Жа S" ... to “| 


5. Recognising the type of the infinite series 


. Each of the binomial, exponential 
series has infinite terms. 

Series involving п ! s in the denominators of 8 
generally binomial or exponential series. Bu Sare 
binomial series the number of factors in 
numerators (other than the power of a fixed "ын, 
of terms goes on increasing. 
Logarithmic series do not contain 


and logarithmic 


n!s in 


denominators of terms. The terms contain + s 
no 


Selected Solved Examples 


2 


Ж 2:3 3-3-5 


2. Sum the series: 1------. 
3 3-6 


1(1 +2) 
27 


+ 


м 1(142)1 +2. 2) Б)» г 


3-6-9 


5) 


3! 3 


in the expansion 


We know, 
Е (p + 3) (xy? 
q ^ (X р(р+ хү? 
2-х) mere al ari 


PG + Mp + 29) (x? 
+ В +... tox, 


3! q 


Comparing the given series with it, 


3. If x=1+3a+6a*+10a*+... tox, lal <1, 
y=1+4b+10b7+20b7+... tox, Ibl <1 
and $=1 + 3(ab) + 5(ab)? +... to = 
then find S in terms of x and y. 


Here x-1-?C,a« “Ca? + "Ca? +... toc 
-(1-2)? 
1 
(1-а)? 1-а 
Жі. 1 
1-а-х 3; Ao еа 3, 
Again, y =1 + ‘Cb + C,b? + 5C.53 +... tox 
-(1- p) 
CE Фү Aem 
dE ез. ins A 


Infinite Series 


E 
1 ax 
1-Р=у 4. sc. b=1-y 3. 
Now, $21* 3(ab) + 5(ab)? + 7(ab)? +... tox 
ab-S= ab + 3(al)? + 5(ab)* +... to « 
Adding, 
(1 - ab)S = 1  2ab + 2(ab)? + 2(ab)? +... to « 
= 1 + 2ab (1 + ab + (ab)? +... юж] 
= 1 + 24р · 
1 - ab 
[5 Тарі = lal lbl <1.1-1) 
e 2ab — l*ab 
1-ab “а-ам? (1 ар)? 
But ab = (1 7x77) - y ^) 
pax yg ey A 
Lo 4 26 ш 
ха  — Max Say * 
е. сы асаа аа 
5 А AX m LEN: 
(x +y × 3.y 4)? 
1-3-5... (21 - 1) 
4. If uL EN CSV HEIN a ‚ prove that 
1 
kinsi + Kan ° Ky + Kap 1c Ko + + Kner К 257 


Е 5.... (2п – 1) 
^ 2-4-6-...2n 


.1Id + 2)(1+2-2).. 


n! 2 


1: (1+2) (xy 
2! 2) 


(1%-п-1.2) 6) 


E MR E M i 
Now, (1-х) 1 2) 


NS gri 2 hi суа 
(1-x) = 14 kx kx + kx? 
Ж us ba E ae. RO. 
Again, (1 х) 12 = 1 + kx + Кх? + Кух? +... to cc. 


Multiplying these and equating coefficients of x7 * on 

both sides, 

coefficient of х 2" * ' in ((1— х) 7)? 
= Kona 1 + Kec Ki + Kon —1 ° Ka + ++ + Кнут" Kn 

+ К Knei +e + Kp Kant Kan +1 


= 2 x (Kon s1 + Kan -Ki + Копа К+ +K nel kn) 


LHS = 5 x coefficient of x 2" * ' in (1— x) E 


Vi E 2 3 
xcocificientol x " mil Faas ЖЖ 42) 


N|= Sa 


x1 == RHS. 


5. Find the sum: 124 ОРТ 


Consider the series 


quei du ачиж 
(2п — 1)! 


Qn-1)! 7 
_ (2n —1)(2n – 2) + 10n - 1 
(20-1)! 

x 1 " 10n - 1 

“ Оп-3)! Qn- 1)! 

A 1 ,9Qn- 0*4 
~ (2n-3)! (2n - 1)! 


oer m "——— Meer qum a 
~ (2n - 3)! (2n -2)! (2n - 1)! 


Here „= 


3% g* 7^ 
If Sext st to = 
then 5 S dao z 1 ӨЕ сюе 
E Eve ó .1Qn - 3)! n 1n - 2)! 
+ 4 
нал. (АЙ ~ 
1 1 1 1 
= ат” ы Баит | 
eee 2 
+4 TIST | 
1 1 Š 
-2-е%»5-2(6%679-4-2(6-е ') 
5 » -1 > mi. n = 
= < cg tete > 2e = Se. 
the required sum = 1 + 5 = 1 + 5e. 
6. Sum: 
1 1 1 1 1 1 
1*11 1*ii*21 1*11*21*51 
1+ 2 + 22 кама“ Зак to oc 
CIE RO - 
s Vi ТЫС TI 
Di j p oom 
14 1 * : + : + + 1 
di 11 21 3! ^" (n-1! 
ап " 2"-! 


MEE Lo сылы um — E Е 


А->36 
Problems Plus in HT Mathematics 
1 1 1 i yu. d Ix! «1 then prove | 
таныт Жы жақа иел Брина 
Nay E ышын j 1 1 ' y? y^ Y? Y? 
= 2"-1 Wnt of ; yt +°5 +... to не o Lu uL 
1 4 : 2х 
= — { dM: Ў 2 д . =—_ " 
x эн : Hem, + Uys2 < meer 
: т % : 1 1 1+у 
m eae Eg ur d pne : wd m c du M E i ж 
Neo = Ne} на 475! . 
ва 4 2x 
x + 3 
ШЕ) za т, ler” ky (X) 
2 2 ML “9 is 2x 2 (1-x)? 
1+х? 
[ 17 i a? a : 
+ ae. 57 ге - (ГА; 1 1 E x 
| 1! 2 БУГ В 3T f2) | ; = log = = logit + x) - log(1 — x) 
? à 
5== 5.610 
2 з ee ш وک چا ا‎ УД | 
where S is the re x | 2 2 | 2 3 il 
quired sum of the given series. x? gy? 
1 -21% аа” lo = 
-с-./ : 5 
2 Ses ч $ = 2% 
9. If a - b + c- 0 then using the expansion of the type 
7: ЛЄ de 1 ! ® И to 
A а E : -ах)--ах- - ті, Ж, 
в isrrxi,23 be expanded in ascending г А 2 


^ 2 > 
a -b*«c? а?+р?+с? + ن‎ уз 
—— UTE 


Powers of x, show that the coefficient of x" js prove that 5 = 2 3 
== if п is odd or of the form 4 4. 2 and i ах? 2%,3 
3. Ч ` log(1-ax)--ax- ОО EON tos 
И if is of the form 41, 
: b*x^ bey? 
log : lo 1 : egi — Hoe re сы ы: 
e ә ЖЕ. с = ide т : 
1+ 2 چغ‎ хз (TEXNI + 3) : ote? iyd 
: 105(1-сх) = -cx = и ты to > 
=e (13 х)(1+х?)}} 
log(1 Adding these, we get 
~~ 108 (1 + х) - log(1 + x2 
log ((1 - ax)(1 - bx)(1 — сх) 
N tel... „жї аа ЛІ _ | ; a? e b? 4. c? 2 
3 | 2 З =. =- (a + b+ c)x - ——— — x? 
Let 1 be odd. Then there is no term containing х" in the  : E c? 
second series. T a tbi te” а 
3 д ғақ б 
ae 1 
coef, e a 
efficient of x " = и” ог log{1 - (a +b + c)x + (ab + bc + ca)x* — abc x 3) 
-et n = 4m +2. Then : a^. p? 4¢? д 
: BEE VO Coe ip 


oefficient of y" = coefficient of х 4" +2 
a? p? te? 3 


c ES VE MER 1 М X^ — 3: {0 a, 
4m+2 2m+1 с ана п : 3 
t n = 4m. Then E Buta + b +c = 0. So we get 
efficient of x" = coefficient of х: 1" : log (1 + (ab + bc + са)х? — abc x з] 
калы 8 ZU мыны, 222 
Am Sm > `4т n : 2 А 3 3 sg 


ісе, the problem. * or log[1 — (abc x? — (ab + bc + са)х ?)] 


Infinite Series А-239 
2 › 3 3 
a? wb +e" 34 3ن‎ ec? а?+Ь` +e 7 
0 ы ОБЕ tea, ime парра 2-12) 
2 3 3 
5 5 5 
— (abe x? = (ab be + сах? п? ыр MEL 
ог {abe (( к + са)х т] 5-2 abelab + be + ea) = = 5 
| 5 
1 9.9 
| = 5 labe x? — (ab + bc cay" ] — .-- tom af pt wc (3) 
ie, abc(ab + be + ca) = — 5 xx 
a^ b? ac? e a+ ن‎ + 
==... Ю e А 2 
2 3 using (1), (2) in (3), 
a , > z > > 5 - 5 
Equating coefficients of x?, x? and x? on both sides we 24h +e" a? +b? +c" а5+ +c” 
——. е - 
get 3 2 2 
э ^ > ^ 2 2 5 _5 
a *b^ctc^ a^ + ФЕ” а +b3+e? _а°+Ь LR CUM 
qa бе Y sec (0) mr ao ae = 5 
Exercises 


1. Find the fourth term in the expansion of (1 — DY if 


1 
Іх| <>. 


2. Find the third term in the expansion of (3 + 2333" if 


A 3 
[х1>5. 


| 
| 
з. Find the (r * 1)th term in the expansion of V1-x 
when |x| « 1. 
4. Find the coefficient of x? in the expansion of 
(1 + 2х) ? when |x| < Н - 
5. Find the coefficient of x" in the expansion of 

i 

Í 

! 


(1 +3x+6x? + 10x?°+... to)", пе М. 


6. Prove that the coefficient of x” in the expansion of 
(1 -4x)7 "*'® is equal to the middle term of 


1 іп 
(е) ‚ ПЕ М. 


(1+ х)? 
(1-х)? 


ES 


. Find the coefficient of x" in the expansion of 
when |x| <1. 


8. Find the coefficient of x" in the expansion of 
(1 + х+ 3х2 + 6х2 + 10х* +... toc)”. 


9. Prove that the coefficient of x" іп the expansion of 
(1 +x +x?) is 1,0 or—1 according as п is of the form 
3m, 3m — 1 or 3m +1 when |x| <1. 


40. Prove that the coefficient of x" in the expansion of 


is 1 or -1 according as п is of the form 


фаха? 


Am or 4m +1 and in all other cases it is zero when 
|x| <1. 


11. Prove that 
(ax 4224... tos)x (L4 2x04 3x7 +... 0) 


= .2+2.3х+3-4х* + ... to e). 
12. Evaluate У2 {о four decimal places by using 


binomial expansion. 
13. Sum the series: 


TR eL g^ i295 Bt wes 
"ui ded d* $240 2 
14. Sum the series: 
7 1 1.3 1 Vessco T 
A Le ee ҮІ Е ‚.. (O © . 
5 10? 1-2 10° 1-2-3 19 
15. Sum the infinite series: 
1.343. 13-5 


A.B 4-812 
16. Sum the series to infinite terms: 
2.5.8 
4 =4——— + > 
6 6-12 6» 


у2+2у = 1. 
19. Prove that 
2n 2n(2n +2) " 2n(2n + 2)(2n +4) А 


pag tO OF 
Ра“ 3B 3.6.9 
a n n(n +1) nt +1)( +2) ғ 
=? eger ВУ 7 +... to 
: 4 5 1 6 eos 
20. Find the sum: “С, + C2: 5 + SIE +... toe. 


n A 
ғымы” M чыл 


Problems Plus in IIT Mathematics 


Р 
an Pins Бұ, е 


m "n-1,.2 
= 5 Ри + C1)" 1р 


23. Find the coeffic; i 
the coefficient of x" in the expression 


A + bx (a + bx) 2 (а + bx)? 
Se x 
f| چ‎ x +... toe. 


24. Е; ча : 
Find the Coefficient of x" in the expression 


Te Lx, (14 x)? 03? 


223 3! to e 
x? Y? 
1+2 11:44 21*8 ait . toe 


"-—- 1 =a 
11° St tert oy 40» 
26. Prove that 
x x? хб 2 
(т, не 
! Y? x? x? 2 
-( Ба to =] =1 


! 27. Prove that 


2|1 E А (log, n)* (log, п) ° 
2! 45 77751 tes 


=n + 1/п. 


30. Sum the series: 


1 
(x? -y+ د‎ —у%) + 3160-9... to <<. 
5. 


31. S infini 8. 7 
um to infinite terms: TFT ETT to ec 
1 2, 3 1 
32. Prove that — +- n -—. 
© Si Si y оер 


33. Show that, for х = 0, 


J tos = T fe" - 1) + x1]. 


FER м 


34. Sum: E — 
nel 
lI" x e 
35. Sum ST AIT to oc 
3 3 д3 
36. Prove that Dts tart git: 009 = бе, 
21 4 4 
37. Find the sum: legere gite low, 
2.22 22.32 32.42 
38. Find the sum: T =, T 
Р 2 1+2 14-243 
39. Sum to infinite terms: 1 + —— TAI es 
1 1-43 1+3+5 
40. Sum: it 21 TUM — . toc, 
1+2 142242? 
41. Find the sum of 14 ——- 21 E x Жыш 08 
1 14%27 12492.92 
42. Sum: 21* dme 41 +... toc, 
43. Sum: 
1+3 +32 " " 
17 log 3+ 21 (log 3)" + (log 3) 
to =. 
16 27 42 ر‎ 
44. Sum: 9+ — 21*31* ait . to cc, 
11 22 37 
45. Sum: nne to œ 
46. Sum: 
e 1 5 х?" -x? 
> — ӘНЕ n—1)x- чех zl. 
наб А ( 2. (14x?)"*? P pe 
2k 41 
47. = (log 3)". x —————. 
Find Ia where a, (log 3) ^ = Fia -A 


48. Prove that the coefficient of x" in the expansion of 
log (1- x + x?) is = or d according as л is a 
е. n n 
multiple of 3 or not. 
49. Show that the coefficient of x" in the expansion of 
$3. 5 jo 29 1 
log (1 *Xtx'-tX^)in powers of x is — Or E 


according as п is a multiple of 4 or is not. 


Prove that 


" 1 1 ~ 
50. l A ҮТТЕ ЛГ ШЫ бе. 
(i) 1ор,2 1.22. +5. to 


Infinite Series 


1 1 14x 1-х 
== = алыр, mmus = 61. ! 14x (en 
(ii) 7 ИЫ .to« = 1 – 108,2 og, ) 
2 4 6 
1.1 1 2d 1 1 К СЫ с «АШЫ! 
= — -— а 2 А 
5 322 5 2% 7 2° to = log 3. 

- : — x Put, ons 
2. = + + ac 62. log(1 + 3x + 2x) = х— + == = 
r E CE ш ая 

D i uk 1 IE UN 63.]1f a and В be the roots of the equation 
BOX Ses" des ax? + bx + с = 0 then prove that 
53 L apaa yia t = 2 | ai +В? 2 
“2 3 4 edo E (1-х) + log,(a — bx + cx?) = log, + (a + В)х 
where |x| <1. 
a^ x? 4 
1 2 x? pmo 3-06. 
54. in QU. Ut to =. 
"E. 64. [f a, B be the roots of ax? + bx + c =0 then prove that 
14x A x 
55. jog, ا‎ = 2) + Reto]. "ES 
log, (ах? + bx + c) = logn 32106, А 7 өз 
1 1 
“п-іо(п-1)--%--;%--зуҙ : 3 
56. log. og An 1) ats a to e gie ph atm e 
2%” 3x? 
57. log, (n + 1) - log! 
2.2 3 
1 1 1 65. Ius 1- e EL ADS tom and 
-2|-------- * . Ну= * +... іо e an 
Fr amah Брик | Ur 99 Ri 
2 3 
58. log (n + 1) - log (1 — 1) :--у- 5--%- еее 
1 1 1 x 
Stig aero . then prove that x + log,(1 7 ¢ ) = 0. 
59. 2log,x - log (x + 1) - log (x - 1) 66. hows E to œ 
1 1 2 3 4 i 
22 4 6 = оз. 2 
ME ee then prove that x = y + LY * ET +... l0 =. 
14" 1 1 
60: log. (1 +7) -l-2m41) 2.3 +1) 67. Find the sum of the series: 
е 1 Ките TE „Ва 552-7 17-122 | me 
3-4. (1+1)? 7 : 242 12 2442 80 ES , 
Answers 
„үз 22 -4 ج‎ 12. 1.2599 13.2 14. V2 
E 16” 750 2 x 
15. V2 16. V4 20. 30 
3 E 35-27-2 
r! 2) 27 b"e un 
21. са 23. ——1 24. (-D)' 73 
3n)! 
а. - 80 5.(-1)" — Ж. 
cu п! (2n) ! 19, Зе 30.65 -eY 31.е-1 
7. 2r? «2r 4 1 
í 34. 2e 35.e-1 37.15e 
(n + 3)(1 + 2) = 1) 
8: (е1) ея zm 38. 27e 39.5¢ 40. 2e 
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41. С(с = 1) 
44. 11e. 6 
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Ба 47. 6 + 18108,3 
y? : 
nt : 2-—— log 2 
Vea |^ Fe 8 


Infinite Series 


Chapter Test 


Time: 60 minutes 


1. In the following, fill in the blanks so that the resulting statement becomes correct. 


(i) 1.4 "C n "Cay? ais of dies 


.toc- ,үуһегепе М. 
ii) IE 1+х З 
(ii) 1 2.2 0+ 1х Fax? +... to ee, |х| «1 then 
а| а» 
E Act di «+» Ю о = 
(iii) The coefficient of х? in (1 +2x + 3x? + 4x3 4 ... to <<)? is where |x| « 1. 
5 Сы eo a | 
(iv) The sum of 1 -=+=-= = = 
2%372 “ы 
(У) In the expansion of (e), the coefficient of x?” is _ and the coefficient of x ?" *! 


15 


2. In the following, a number of options are given of which one or more than one are correct. 
Choose the correct option(s). 


(i) 1 + Cx + Сх + Сух? +... to œ can be summed up if 


А.х<1 B.x >-1 C1 <x<1 D. none of these 
Ж. 7 2 3 4 3 
(ii) The sum of the series 1 den 21*31*-- toxis 


A.2e B.2e-1 С.2е+1 О. none of these 


(111) The sum of the series 1 ae І — ... tO œ is 


2:2 5.9? 4.99 


3 
A. log. B. log. 2 Суг“? D. none of these 
yy ЖЕК, Д a- by? l(a-by р 
4 2 á | +3| E | +... Ю e is equal to 
а. b a-b 
A. log, b B. log. 2 С. loge = D. none of these 
3. If a, = coefficient of x" in the expansion of ESSE where |x| «1 then find the value 
-х - 
n 
of Za, 
rel 
1.3.5.7.... (2n – 1) 
4. На. = „Бөйөн: 
An 42628 re prove that 
2 (Gan — 91 d2n-1 + d242n -2 — -.. *(-1)"-! 4n-1 qn +1 = dn + (71)" ^! “48. 
1 1 


‘ mete 2 > 
5. Find the coefficient of — іп the expression ‚пе М. 
n 


— M ҒҒ“ 
п+1 2(п+1) 3(n +1) 
n?(n?- 1?) n*(n*-17n*-2*) | 


2)? (3)? 


6. Find the sum: 1-51?4 ..., Where ne М. 


[ш] 
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Answers 


01-х)" 46 (ій) 56 (v)log2 (v0 respectively 
- ФС ФА (В (iv) А 


оп Иа Sosa qx >| 
' 3 whey 


6.0 


tal 


p» 


9. Matrices 


Recap of Facts and Formulae 


1. Matrix 
‚ An array of тп numbers written in т rows and n 
columns is called a matrix of the order т x п. A matrix 
has по numerical value. The numbers are the 
elements of the matrix. 
3 -2 1], 
yorextaiple | 4 10 Jis a2x3 matrix. It has two rows 


and three columns. Its elements are 3, 2, 1, 


4, 1, 0. 
2 15 
-1 2 |is a 3 x2 matrix. It has three rows and two 
7 — 
columns. 


A matrix is denoted by a capital letter like A, B, X, Y, 
etc. 


2. Rectangular matrix and square matrix 


. If in an m x n matrix теп then it is a rectangular 
matrix. But if т = n, it is a square matrix. 


1 -3 
For sample | 0 1 is a rectangular matrix, while 
-6 9 


1-3 4 
0 58 | is a square matrix. 
-6 97 


3. Row matrix and column matrix 


e 1x matrices are called row matrices, while m x 1 
matrices are called column matrices. 


Forexample [1 2 3], [0 0] are row matrices, while 


1 
| 2 | | ж | are column matrices. 
3 


4. Zero matrix, unit (identity) matrix and diagonal matrix 


* Amatrix whose every element is zero is a zero matrix. 


A-245 


For example [0 0 0], [6 a E 4 р 


| are all zero 


matrices. 
A square matrix whose elements in the leading 
diagonal are each equal to 1 and the rest are zeros, is a 
unit matrix. 
100 


For example [o } О 1 О| are all unit matrices. А 
v 00 1 


unit matrix of order n x n is denoted by /,. 


A square matrix is called a diagonal matrix if all its 
elements other than the elements in the leading 
diagonal are zeros. 


5. Determinant of a square matrix 


* The determinant of the square matrix 


7 -9 7 -9 
A= i — = A 
p э is tal B “| 50 


* The determinant of the square matrix 


100 100 
£ 1 o |is in - 0; 1- 0 |(ш2; 
001 00 1 


6. Equality of matrices 


Two matrices A and B of the same order are equal 
when their corresponding elements are equal. 


=5) 7 ab). E ы 
For example | 4 ек 4|Ша--5,5-7,с-4,4-3. 


-5 7 z d № 
| 4 ‘lel 43 5 [because they are not of the same 


order. 


7. Singular matrix and nonsingular matrix 


* Asquare matrix A is a singular matrix if ІА І = 0. But 
if IAI #0, the matrix is nonsingular. 
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20 — ‚и ы “йы 


$. Scalar multiplication of a matrix by anumber 


e lf A isa matrix and k is a scalar, КА is а matrix whose 


every element is К times the corresponding element of 
А. 


[ a b ka kb 
For example If 4 = | с d | Тел КА = | kc kd 


(OE ke kf 


9. Negative of a matrix 


* The negative of the matrix A is the matrix (-1)A, 


written as —А. 


e 


For example If A — | г аб: | then -A = | им тес | 


-d -e -f 


10. Addition of two matrices 


The addition (or sum) of two matrices A and B of the 
same order is a matrix, written as А + B, which is of 
the same order as that of A as well as B, and the 
elements of A + B are obtained by adding the 
corresponding elements of A and B. 


For example Let 


3 -5 8 11 
asf +в зо «(с-з 3] 
0 2 1-3 P 
А and B are matrices of order 3 x 2. So A + B can be 
found. 
-5 +11 
ZI 


2-3 


^ 


3 -5 8 11 348 
А+В=|1 TUE. s |- 1+10 
0 2 -1 -3 0-1 


п 6 
4 11 10 | 
= -1 


А and C are not matrices of the same order. А is of the 
order 3 x 2, while C is of the order 2 x 2. So, А + С 
cannot be found. Similarly, B + C cannot be found. 


11. Subtraction of two matrices 


If A and B are two matrices of the same order then the 


sum А + (-B), written as А — B, is the matrix obtained 
by subtracting B from A. 


12. Multiplication of two matrices 


* For two matrices A and B, the product matrix AB can 
be obtained if the number of columns in А = the 


number of rows in B. 


If A isa 2x3 matrix and B is a 3 x 4 matrix then the 
product matrix AB can be obtained (number of 
columns in А = number of rows in B =3). But the 
product matrix BA cannot be obtained (number of 
columns in B = 4 ¥ 2 = number of rows in А). 
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Rule of multiplication 
a b xd Ж | 
LetA =| с d =|, kon 
es 
A is of the order 3 x 2 and B is of the order 2 x з. 


So, AB as well as BA can be found. The rul 


ef 
finding the product is as shown below. Or 


ax bl ay bm 


a b ; > AZ + by 
m.p. s 
АВ=| сӣ М: їн н Hs * dl су +dm с ап |. 
e f ex tfl cy fm ez + 


a b 

E z ха+ус+е ра в 

BA -[1 н 3E Jupe ا‎ 
e / + nf 

Observe that AB is a 3 x 3 matrix, while BA is 


а2х; 
matrix. So, АВ « BA. 


13. Transpose matrix 


. The transpose matrix, written as АТ (or A’), of the 
matrix А is the matrix obtained by interchanging the 
rows with the corresponding columns of А. 


а ues „р, i ё 
For example #л=[ 4 ef en =|b е 
€ f 
1 тп Гри 
IfB-|p q T then BT =| m д v |- 
ио ш я r w 


14. Adjoint matrix 


„ Let A be a square matrix. The transpose matrix of the 
matrix of the corresponding cofactors of the elements 
of 1 АГ, is called the adjoint matrix of A, written as 
adj A. 


ay b, с 
For example Let А = | аз bz c|- If Ay, Ву, etc., 
аз 5; сз b 


represent the cofactors of а, b,, etc., respectively in 
LAI then 

А, А, А, 

ЕБ В; В; 

C; С, С; 


15. Inverse matrix (or reciprocal matrix) 
„ Let А be a square matrix which is nonsingular, i.e., 
IAI #0. 


The matrix —— . adj А is called the inverse matrix of 


A, written as A 7. 


” 


( огпһоВО | 
” $4 is 5 
i re matrix A is called an orthogonal matrix if 


АА" ті. 


Matrices 


nal matrix 


-gua 
E a 
A TA = 


5 mmetric and skew-symmetric matrix 
ma ЖТТ «i 
\ square matrix a symmetric if A" = A, It is 
ыы etric A =-А. 


“vmm 
skews) n 


p operties of addition of matrices 
g. ЇТ ү 
1 p, C are three matrices of the same order then 


= B + А (commutative law of addition) 
= (A +B)+C 
(associative law of addition) 


, ИЛ, 
| ()^ * В 
gast o 


gA coe rA ma 


| д+В=А+С = B-C 


| (4) 
(5) А + (-A) = (-А) + A = 0. 
19 Properties of multiplication of matrices 


ГА, B, C are three matrices for which all the products 


are possible then 


2 0 4 
1. Let A - 2 4d 3 [one s+ 6l, Find f(A). 
ap =<] 0 


Here, f(A) = A? - 5A + 61, 
201 1 0:0 
2 1 з feslo 1 ] 
-1 -1 0 00 1 
2 01 2 01 40 65 5 600 
4 8 2 14 a "9 Jab: 5 8141 6 ] 
= -1 


—1 0 -5 -5 0 006 


2 


2х2+1х2+3(-1) 2х0+1х1+3(-1) 2х1+1х3+3х0 


2х2+0х2 + 1(-1) 2х0+0х1+1(-1) 2х1+0х3+1х0 
(-1)2 + (-1)2 + 0(-1) (-1)0%(-171 + 0(-1) (-1)1 + (-1)3 + 0x0 


6-10 0-0 0-5 
«| 0-10 6-5 0-15 


0- (-5) 0-(-5 6-0 


| | 3-4 -1+0 2-51 [-1 -1 -3 
=] 3-10 -241 AE -1 -10 |. 


“445 <145 —4 +6 


— Ne 
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(1) (AB)C = A(BC) (associative law of multiplication) 


(2) A(B + C) = AB + AC 
(В + С)А = BA + CA (distributive laws) 
(3) AB # BA in general. 


20. Other properties of matrices 
MAA е A74 sl 
(2) (AB)! 2 BA"! 
(3)(AT)T=A 
(4) (A +B)" = AT + ВТ (if additions are possible) 
(5) (AB)" = BTA" (if multiplications аге possible) 


(6) 1А 1 = ТАТ? 


21. Rank of a matrix 
. The rank of a matrix A is the order of the highest- 
order nonzero minors of A. 
rank of a matrix is r if 
(1) every minor of order (r + 1) is zero 
(2) there is at least one nonzero minor of order r. 


Selected Solved Examples 


2 0 3 3 1 
2. ЕЕ -1 ШЕ o fana 
Tod д =4 
cel 3 p MI prove that (AB)C = A(BC). 
2 


o. а 3 1 
ЕЕ -1 1 2 o 
1 ] -1 4 -1 


2х3+0х2+3х4 2x1+0x0+3(-1) 
—3(3) + (-1)2+ 2x 4 -3(1) + (-1)0* 2(-1) 
1 x 3 +1 x 2 + (-1)4 1 x1 +1 xO + (-1)(-1) . 


8 A 
|- 5| 

1 4 
АВ)С = i i mcs 2) 
e a» 5 (o 2 1 -2 


[ 36 16 -73 561 
= -6 -13 ZU Y 
L 2 5 -2 -l 


о 
ul 
1 
-— 
“4 
` 


т da 
N м 
| 
-- 
M 
= 


—— 


ч 
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2 0 3176 5 -П 7 6 -10 
A(BC) =| =3 -1 |3 S 28 4 -[ A 
“ % ЛЕ 2 sag да Np 2” 
36 16 -73 56 25. ша-|1 F Е 0 [uen prove ta 
"1m эз 7 ] : 24 
e 5 E :  (АВ)Т=ВТАТ. 
(AB)C = A(BC). : — j 
cosx -sinx 0 : Here, AB =| x E | 
3. иә = in COS x O | prove that -4 2 5 2 4 
0 0 1 


ДӨ + $) = ДӨ). f). 


-| 1(1)-2(-1)+3(2) 1(3)-2(0). 3(4) 
Also, establish 1f(0 + 6)! =1 for all values of 0 and $. 


-40)*2€3)«50) -4(8) +20) + ы) 


9 15 А т 9 
Е: | Б À ^ (AB)T = 4 
ren? cos Ө -sinO Oj[cosó -сіпф 0 | = (АВ) Fe 3 |: 
sin Ө соѕӨ 0 || sing сов Фф 0 % -4 
0 Ó 4 0 0 1 втАт=[1 -1 4 в و‎ 
= “COS ф + Ө. si к 
рне эне GEO : b mre 164) - 10) + 2(5) 
i : 3(1) + 0(-2) + 4(3) 3(-4) + 0)2( + ais) | 
Teos Ө- sin ф- sin @- cos ф+0 0-0-01 : 9 4 
~sin Ө- зїп ф + cos Ө.соѕф+0 0+0+0] : =| 5 3 | сав)". 
0+0+0 0-0-1 


| -x 2 2 

6. If the matrix А=| 2 4-х 1 15 a sin 

=" —@ -1- | Pe 
matrix then find x. Verify whether АА =I for that 
value of x. 


соз(Ө+Ф) -5іп(Ө-Ф) 0 
=} sin(6 + 9) cos(0-0) 0 | = КӨ + ф). 
0 0 1 
cos(8 + ф)  -sin(04 9) 0 
sin(0--$) соз(6-%) 0 
0 0 1 


Now, 1 КӨ + == 
ا‎ Here, А is a singular matrix if | A! = 0, i.e., 


3-x 2 2 
2 4-x 1 


cos(6+$)  —sin(0 + ¢) 
sin(@ + 0) соѕ(Ө + ф) 


= cos МӨ + $) + sin (6 + $) = 1 for all 0 and $. 


3-x 2 2 
or 2 4-x 1 = 0, using Кз > К; + R, 
0 -x -х 
4. LetA -|*** y Ін: :] =[3 3 
а _1 [ara с=| > |-1faB=c nr ы 
then find the matrix А2. : or 2 3-х 1|-0,using C; > C;- C, 
iud pod EH : и 
2x х-у!-а 2 > or -х(3-х)?=0. to x08. 


= | 2(х+ y)- y ЕН з 2 2 
2x -2— (x - y) 2 When x =0, 4| 2 4 1 


=> 2(х+у)-у=3 and 4х-(х-у)-?2 M bc Бы. 


= 2x+y=3 апа 3x+y=2. : à 2 5713 2 -2 
Ў А 2 ي‎ A= > d THD * 4 
Subtracting the two equations, we get, x = –1. So, y = 5. 29) A ت‎ | № 9 
EPS 5 9 4 = 17 16 -18 
ЖЫ “2-84 Жәй B : - 16 21 ae 
A*«| 4 A 4 2] -16 -21 21 
—2 -6][-2 —6 бо» 3 
-| 4х4 + 5(-2) НЕ : When x =3, 4 =| = 1 1 
—2 x 4 + (-6)(-2) —2 x 5 + (-6)(-6) : em cp 4 


tt mm 


— Mà ——Y ee 


0 2 я 
м 2 1 fa 1 4 
-2 -4 -4][2 1 -4 
8 4 —16 
4 4 6 ET 
-16 -12 36 


Е 2 1-1 1 
7. rtalo 1 o [ana =| 2 


1 3 -1 1 
(AB) x -B^A gs 


21-1 
Неге, АВ -|‹ 1 o| 
1 3 -1 


25 
31 | Prove that 
11 


125 
2 3 ] 
-1 1 1 

Сї 4+3-1 10+1-1 


5 6 10 
0+2+0 0+3+0 0+1+0 |-| 2 е 5! 
1+6+1 2+9-1 


5«3-1] (810 7 
5 6 10 

Now,lABI 2|2 3 1 
8 10 7 


= 5)21 — 10) - 6)14 – 8) + 10(20 — 24) 
= 55 — 36 – 40 =-21. 


The matrix of cofactors of | AB | is 


3(7) - 1(10) -(2(7) - 8(1)} 2(10) - 3(8) 
Е -100) 5(7)-8(10) -(5(10- 6(8)) 
6(1)-10(3) -45(1)- 2(10)] 5(3) - 6(2) 
H. 8 ж 
4 58 -45 i| 
-22 15 3 
11 58 -24 
ЕЕ -45 Чі 
4 -2 3 
) 11 58 -24 
-1_ adj АВ -1 
GER TAN ЗЕ PES | 
-4 -2 3 
125 
Next, ІВІ-| 2 3 1 
-111 
=1(3-1)-2(2+1)+5(2+3)=21. 
| 2 3 -B 
-1_2djB_1 
З Sree | 2 o5 ] 
5 -3 = 
2 . 
!А1=]0 1 0|=1(-2+1=-1. 
1-9 = 


БЕСТЕН А! 
“ЛАС” B 


1 -5 2 
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Thus (AB)! = B^! A", 


sinc -cosa 0 
8. A=] cose sina о [ies find IATI and 1А 71. 


0 0 1 
sina cosa 0 
АТ= anspose of A =| оз sin С. | 
0 0 1 
sing cosa 0 Е 
IATI = | -со5 а sina 0 | = эше кайы) = 
@- <> 6 1 —cos а sina 


Also, ІА 71 = 141.50, IAI =1. 


ВЯ Lex “с ya Sy, 


sina 0 + 
= sin а 


In | Al, cofactor of sin о(іп Ri) = 0 1 


cosa 0 


= -Cos а 


cofactor of -cos «(in R,, С.) =- 0 1 


cofactor of O(in R}, С.) = | £95 € Sin © | 


0 о |^? 


cofactor of cos a(in R;, C,) = — | dg Ж : | = cos а 


sina 0 


cofactor of sin «(їп К», С) = g is sin а. 


cofactor of O(in К», C3) = — 


sin a T" iro 


0 0 


—с05 @ O|. 
sina 0 


cofactor of O(in R4, С,) = 0 


sina 0 


cofactor of O(in R}, C2) = — cos а 0 


-0 


sin С. 


cofactor of 1(in R3, Сз) = | белен 


бера 
sina | 
А” =а4 A=|-cosa sina 0 

0 0 1 


sin ® cosa ] 


sina cosa 0 

-cos Œœ sina 0 

0 0 1 
abc 


9. If the matrix ^+} с a | where a, b, c are positive 
c a b 


real numbers such that abc =1 and АТА = I then find 
the value of a? - b? 4 c?. 


lA? = = 1. 


A- 
250 Problems Plus т ИТ 
га b c b 
" E а с 3 
ere, A 6 c a So, "= с а) interchanging 
c (4; b са bf 
rows and columns. 
rab с]? 
АТА «| b c at =A? 
le а b | 
T ^ 
I^ Al = ТА I; but АТА = I (given). 


Г x1A1? 25 151417, 


? m Dc 1141 
Now, |Al=ib c a =(а+Ь+с)|Ь c al, 
€ а 6 са b 
Е, э К+ Е, + К; 
1 0: 0 
=(a+b+c)lb c-b a-b ats 
с a-c b-c „лш дй, 


= (a + b + c)l(c — ЬУ(Ь— c) - (a — bya — c)) 

= (a +b + c)-b? — с? + 2% - a? + ac + ab — bc) 
= (a +b + c)y(a? + b? + с? — bc – ca – ab) 

= —(a? + b? + c? — 3abc) 


=—(a° +b? +¢7-3) С. abc- 1) 


“ IAN? =1 = (a?+b?+c?-3)?=1. «ec (1) 
3 3 3 
As a, b, c are positive E E УаЗЬ?с? = abc =1. 


3 
-. 13%53%с3>3. 
(1) = ажар? ыс3-3-1. 
2 a+b? 34 


10. For what values of x the matrix 


3+х 5 2 
1 7+х 6 | has te rank 2 
2 5 34x 


There is only one 3rd-order minor. In order that fhe rank 
may be 2, we must have 


34x 5 2 
1 74x 6 zo. scs CL) 
2 5 34x 
34x 5 2 14x 0 -1-х 
Мом,| 1 74x 6 || 1 THe 6 |, 
2 5 3+х 2 5 3+х 
using R 4 К, - Е; 
1+х 0 0 
= 1 7+х 7. ; using C4 > Сз + C; 
2 5 54x 
74x 7 
= = - 35 
a+x)| 5 ж (1 +x) [(7 + х)(5 + x) - 35] 


= (1 + x)(x? + 12x) = х(1+ x)(x + 12). 
ag! (1) holds for x = 0, -1, -12. 


Mathematics 


ro 5 4 

= 0, the matrix = ти 6 

When x Ee A 

: Ін 5| 20 б ihe 
Clearly а minor |} 7 |“: 20, e rank =2, 


When x = =1, the matrix =| 6 i 
2 52 


: 25 
Clearly, а minor | 1 6 | * 0. So, the rank =2. 


-9 5 2 
When ace oa, незнание Y «5 €]. 
2 § 5) 
5 
5 | + 0. So, the rank “2. 


-9 
Clearly, а minor | 1 
the matrix has the rank 2 if x =0, -1, -12. 


11. Solve the following equations by matrix inversi 
2х+у+2т=0 lon, 
2х-у+== 10 
х+3у-==5. 


In the matrix form, the equations can be written А 


s HS) 


ro 4 2 т 
Ах =D where A= 2 -1 pell: D= 
T 3 c z 


> А-ЦАХ)=АПР = (A"A)X-A"!p 


= ЫА D = А-В. 
й adi A ӨЧ) 
NWA AN 
2 1 2 
|Аі-|2 -1 1 
1 84-1 


2-20 -3)-1(C2- 1) + 2(6 + 1) - 13. 


The matrix of cofactors of | Al is 


7 -5 — 


1 -2. 7 3 0 
fom бух =з 3 -4 AE] 
7 -5 15 
0 + 70 + 15 85/3 
1 e 3054 b; 
|000 |-| Из 
0-50-20 -7043 


x 8543 85 | -30 227: 
y |=| -3 =» iz 7d um EM 13 


Ж -70A 3 


15. COA e 


ы ъё EU Бала ыза айын 


LIMITEM 


LÀ 


Matrices 4-251 
Exercises 
pe e oe) [102 70 245 WE? 
1. ipse асаа : 0 1 land 12. НА= A их - ,provethat A А = 1. 
Я x Ж.Ж 3j ул yo ow 
- 5 0 x+y} L SZ -i5 %2 2 
2А+3В= 6 2 E йке у 70 2y 21 T т 
110 2%%3у 3 | Pr HEY Andy, 13. Let A= x v -2 | such that A'A- I. Find tne 
= LA = Zd 
2. If A, B be two matrices such that ајна ай r? ы 7306 
рК © Slack eee value of x ag +=". ; 
A+B=12 2 g [#й@4=В=] 2 o | then find the [15-2x 11 10] 
matrix 3A — 4B. E Е 14. Prove that the rank of the matrix! 11-3х 17 16 is 
22 (7-х 1: 13 
ci 21 2 E E a => 
| | 2 for all real xe К- {4}. If x = 5, what is the ran? 
3. IfA=|2 1 2 prove that A? 44 = sr, Nessun г as FARA dm pet 
12 2 1j á 15. Solve the following system of equations Dy matrix 
(2 5 4] г13 21 inversion. M 
4. IfA=|1 2 3 land B=! -1 0 1 verify whether "MU ы ый 
11-12! L9 9 ag : "des. MAE 
AB = BA бх —3y+2z=8 ) 
16. Use matrix method to solve the following system of 
ү do. equations 
5. 1fA='-1 3 4 үргоуе{Һағд?- д, qp 240 
1-2-3) cO LUN Gee АЕ 
LX SY LZ е УА 
„f cosa sina] : жыла S ИЕР. ЛЕГ 
6. EROF] lid cos q | Prove that E 
4 T] cos па. sin па! Objective Questions 
Ve) 7| sinna cos na | га P3 , Те B] 
17. ҒА- and А? =| then 
[$-x 2 2 3 іё a LB а: 
7; Let =| 2 4-8 1 |. For what value of x, (а)аса:-5:,р-ав (b)B-a^-b?, e -2ab 
а e Mer (c)a=a2-+b*,B=2ab (d)noneof these 
A ^! cannot be found? га 0 r1 07 
18. If A=| © and В= _ , | such that A^ = B then 
AI, P Бы. із ài 1 | 
Я = | tan о | en prove that wis 
[ cos а. -сіп а. 
АжТ-(Г-А)) . | where Lis a unit ma i (а)1 (1 
sinc cosa "EX (с) 4 (d) none of these 
of order 2 x 2. Fi cx 
.IfA 75 |=6lw i i ix of order 
9. For what values of x and y 19. Tf ut 4) 61 where I is a unit matrix of order 
2 -31 [3 x 52 2x2then A is 
7 442 БЕ op rs جي‎ [4p 43 
9 01 ty 3 11 3 (a) | 1 yi €) 42] 
з = <3 Гг 234 
19 3 e 
10 кА = 3 3 jn -3 2 ana (c) po] (d) none of these 
4 5 7 га 2 эг 
0 2-1 20. The rank of the matrix! 7. 2 4 is3if 
C=| 5 -3 1} verify the distributive law L2 -3 1j 
-4 2 -2 > 
A(B + C) = АВ + AC. (а) 2. = — ©) 2. ==т 
Iii 2531 , 218 
11. For the matrices А=|1 2 ] and 8-13 =] (Q4. --i- (d) none of these 
xi ds 11211 Pa г дї 
у | 
show that 21. ЕП x J| 2 5 1||2|-0thenxis 
(i (AB)! = B'AT (ii) (AB)! = ВА 15 3 2]i x] 


is Problems Plus in ИТ Mathematics 
Е =} 
(a) 2 (b) -2 (с) 14 (аул (p)A B a@4 
2 3 . - 
22. H ^, B, C are nonsingular square matrices of order : (© =1 
3X3 then which of Ще following is not necessarily : (d) (A = BiCzAEC- BC 


true? 


(а) АТА=! => AAT«I 


1. х= 13, у=-9 2.| 3 14 нб 
13 6 -j 
4. No 7.0, 3 9.x-5, 922 


1. In the following, a number of solutions are given of w 


Correct option. 


(i) A =|") |. в=| х з 


4 2 


Answers 
13. 1 14.2 15.Х-1,у-2,:-4 
16 х-і%,у-3,2- +05 17.c 18.d 
19. c 20.a nds 22. a 
о 
Chapter Test 


Time: 45 minutes 


hich one is correct. Choose the 


| and АВ = ж E then the value of x is 


1 0 10 
A.0 B.2 ES D. indeterminate 
(ii) Let A and B be matrices of order 3 x m and n x 3 respectively. If A + B as well as AB exist 
then 
А. т=3 B.m=n=3 С.ш=н D.n=3 
(iii) If A? - A +1 =0 where A is a square matrix and I is the unit matrix of the same order 
then A^! is 
А.А +1 В.А -1 С.1-А D.A 
"m D. Р 2. 
(iv) #А=|с a | and a, b, c are roots of the equation х? + x° - 4 = 0 then АА is equal to 
b c a 


А.Т B.I + 
2 -1 1 


A С.А? D.A-I 


2. If A = E 3 =| then prove that A = А. 


—4 4 -3 
cosa -віпо 0 
3. If = 


0 0 1 


sin« сова | then prove that АТ! = АТ. 


4. If B= A + A" and C = A - АТ where A is a 3 x 3 matrix and A" is the transpose of A then 
prove that B is a symmetric matrix and C is the skew-symmetric matrix. Also, prove that 


every square matrix can be written as t 


skew-symmetric matrix. 


he sum of a symmetric matrix and a 


V 1% 1 1 i trix. Also, if 
5. If P= ks bs and A- Б 4 then prove that P is an orthogonal matrix , 
5 |1 2005 
Q = PAP" and X = РТО?%°Р then prove that X = А??? = 1 |: 
1 0 0 1 : 
6. ВА = о 1 | and A^! = z (A? + cA + dI) where 115 the unit matrix of the third order then 
0 -2 4 
find the values of c and d. 
Answers 
1. (i) C (В (Ш) С (іу) А 6.с= –6,а = 11 
о 


Irigonometry 


functions. Their reciprocals cosec x, sec x and cot x are Sux ed келед 
also circular functions. These functions are related Бу : 
the following identities. : cos x20 if -Esxst 
e sin?’x+c0s*x=1 2 ы 

cosx <O if << 


> 2 
e sin X=1- cos x 


cos ^x =1 - sin? Зя 
4 ad 5 tanx20 if O<xe= ог к<х< = 

2, 2, 2 2 
+ se'x-tan^x-] 


e 1+ бап іх = sec x : tan x <0 И Deren ог >+ >2 


. sec xr -1= tan "x 

* cosec х - cot х =1 A 

4. Trend of values of circular functions in {0, 2x] or 
1-5, х] 


| * 1+сої?х = cosec ^x 


+ cosec x - 1 = cot îr 1 Function Domain of Domain of gradual 
1 : gradual increase decrezse 

edic is isms [ind НЕЗ 

+ cosec x + cot X= 


* setrttanr= 
созес х – cot x : 7 


cos х І-х,01 ie, 2: 
2. Domain and range of circular function | ا‎ 0, х] 


| 1. Circular Functions, Identities 
Recap of Facts and Formulae 
| 1. Identities ; 3. Sign of value 
sinx, cosx and tanx are (trigonometrical) circular sinx20 if 0<х5я 
3x 
| 


Function Demain Range ЕЕ lo, 28-4. рел ыл udd 
zm R * : естеазе; en 
x [ue 8 fall of value at 
cos x R 1-1,1} à [- 2x) E.2] жа, Зи 
у 72/21 = + 
Бае окса ыш 5 AR 
2 ictorically the results can be remembered : 
созес x R-10,2,2x,3x, ...} (m, -1)o[Us2x) MEME 
[к 3x Sx i shx 
sr кок. SS, woe | 12 
cot x R- (0, x, 2x, 3x, ...] (e, <) 


Note For values of circular functions, the angle x =- 3 


and the angle x = 2% are the same angle. 


BS 


я 


. 


Problems Plus in ИТ Mathematics 


increase 


increase 


х-0 
increase 


Conversion of circular functions of complementary 
angles, supplementary angles, etc. 


If f(x) is a circular function then f(2nz +x) -f(x) 
where п is an integer. That is why all circular 
functions are periodic functions. 


sin(-0) = - sin Ө 


cos(-0) = cos Ө 


tanl + 0]=~cot 0 


sin(z — Ө) = біл Ө 

соѕ(л – 6) = - cos Ө 
tan(x - 0) = - tan 0 
ѕіп(л + 0) = - sin Ө 
соѕ(л + 0) = – cos Ө 


tanín + 0) = tan 8 


6. Conversion of circular functions of compound, 
{ multiple and submultiple angles 


functions of the algebraic sum of two angles 


Circular А 
ircular functions of separate 


can be expressed as С 
angles. 

e sin(A В) = sin А cos В + соѕ A sin В 
„ cos(A ± B) = cos A cos B + sin A sin B 


tan А £ tan В 


_ tA ttan В 
ЛВ Тыл A tan B 


cot A cot В+1 


онла» cot B£cotA 


Circular functions of the multiple of an angle can be 
expressed as circular functions of the angle. 
2tan A 
+ sin2A = 2sin А cos A = --- 
1+ tan “А 


1- tan A4 
e cos 2А = cos? A - sin A = кюп 
1+tan°A 


=2соз?А - 12 1- 2sin?A 


+ sin3A =3sin A - 4sin?A 
+ cos ЗА = 4cos ЗА - 3cos A 


Lama 
s tan 3A -200A tan А 
1-3tan^A 


Circular functions of half of an angle can be expressed 
as circular functions of the angle. 


ч sinter [1-cosA 
PS 2 


4 
8 


.. біп А 
1+cosA 


2 
Ж tan 5 afl cos A 1-4 
2 in A 


1+ cos А sin 


7. Conversions of sums of sines and cosines into 


Products of sines and cosines, and conversely 


* sin C+sin D=2sin СЮ. C7 D 


2 ‘cos 


sin C- sin D =2cos CED., gı, C-D 
502 


* cos C+ cos D -2со- C +9 C-D 


TACOS TT 


cos C- cos р = 2sin EP. gi р-с 


2 2 


Circular Functions, Identities 


Note sin C + cos D = sin C + sin G-p) 


„дїр “ЗЕР. o EED 
2 2 
sinC sinD sin(C + D) 


- sin A ‘cos В -i [sin(A + B) + sin(A - В)} 
sin A ‘sin B -i {cos(A - B) – cos(A + B)! 


cos A: cos B = i {cos(A - B) + cos(A + B)) 
e sin(A + B)-sin(A - В) = sin A — sin?B 
` cos(A + В): cos(A - В) = cos 24 - sin?B 
8. Conversion of powers of a circular function in terms of 


* circular functions of multiple angles 


1 
e sin 2А 73 (1 - cos 2A) 


. cos 74 => (1 + cos 2A) 


1-сов 2A 
23/ Fo es, 
ап А T 14524 
Қ int СЗ A — sin 3A 
4 
А cos ЗА = 202.43.802 34 


> 


Periodic form of a cos x + b sin x 


а cos x + b sin x = Va? +b? cos(x — o) 


where cos а = 
a +b 


Or acos x + bsin xc a+ b! sin(x + В) 


a 
PA уреа get 
where sin B = ata pa 


. - a+b” < a cos x + b sin x< a+b” 


10. Values of circular functions when the angles are 
18°, 36° 


+ sin 18° = ж 
• cos 36° = жі 


11. Some useful identities 


Itan А - tan А ‘tan B- tan C 
1- Ztan A- tan B 


“ tan(A+B+C)= 
* tan(A + B) - tan А — tan В = tan А - tan B · tan(A + В) 
* tan 0 = cot Ө – 2cot 20 


* sina + sin(a + В) + sin(a. 2p) +... + sin(a + n— 1 В) 


in 718 
2 2-8و‎ 
т 2 

sin È 


+ cos a + cos(a + В) + cos(a + 2B) +... + cos(a + — 1 8) 


sin 2B 
s 2 2а-(п-1)р 
72---- gos ——— ا‎ 
В 2 
sin 2 


Selected Solved Examples 


= 


- Eliminate Ө and ф if 
аѕіп 20 + bcos?0 =m 
bsin?$ + acos?$ =n 
and atan 0 = btan 9. 
Dividing asin 20 + bcos 20 =m by cos?0, we get 
atan 20 + b = msec 20 
or (a-m)an?e-m-b (1) 
Dividing bsin 2% + acos Чеп by cos’, we get 
btan 2ф + а = nsec % 


or (b-n)tan*b=n-a (2) 


(1) + (2) 


аст (tan)! шь 
b-n > 


tan ф 
a-m b? m-b 


п-а 


bong? nag U tan 0 = btan ф) 


ог b*(a-myn-a)sa*(b-nym — b) 

ог b'(men)a-a*- mm) -a*(n + n)b - b? — ти} 
or (m + nY(ab? — ab) + mn(a? — Ь?у = 0 

or ab(m + n\(b— a) + mn(a – bya + b)=0 

or ab(m+n)=mn(a +b) 


[2 


a-b*0 from the question); 


Bé 


or + 


3j- 


l olg. 
g tz (dividing by abmn) 


ЕЛ 


2. Show that for all real 0, the expression 
а sin?0 + b sin 0 cos Ө + c cos?0 lies between 


1 
зано 5а 03 
апа бажо (ао, 
Here, the expression 


b 
тіп 20 «$0 + cos 20) 


а 
= ج‎ (1 = cos 20) +5 


а+с (b m 
=ч + sin 20 - оло) 


ND) 623] 
ote, latas 


x [cos a - sin 20 — sin а · cos 20) 


where cos a = 


E 3 91. sin(20 - а) 


But -1<sin(26-a)<1 
maximum value of the expression 


ета" 
and minimum value of the expression 


= 14870707 


2 
Hence, the problem. 


3. Prove that 29" + 2%** 2 217 ^. for all real x. 
Clearly, 29"* and 2°°** are positive; so their 
AM2GM 


Problems Plus in ПТ Mathematics 


251,297. rane өз prr 2) 
2 


1 — 
Now, sin x + cos х = errem) 
|+) 


minimum value of sin ×+ 0s xX == 2 


from (1), 


256142722. уо ких х 


202 1 
و‎ a 
2222 =2-2 =2 


4. i cosec0 = 2-4 where х,у are two unequal 
ey 


nonzero real numbers then. prove that 0 has no real 


value. 
Here x» y and they are real. o, x^ & y? » x°- y 
cosec 0 <1 if x» y and 


cosec 0» -1 if x «y 


2 


—1 < соѕес 0<1 
which is not possible because we know that 


совес 021 ог <-1. 
Hence, there is no real value of Ө. , 


5. Show that the equation sec 0 + созес 8 -с has two 
roots between 0 and 2n if 2 <с2<8. +: 
1 YT 5 
%----с > t 
сов0 sin6 


Here 


ог sin Ө + cos Ө = csin Ө cos 0 
(sin Ө + cos 0)? = c?sin 20 cos 20 
c? 
or pub c LAE 


or сіп 20 - 4sin20-4-0 Ae 
4+ ¥16 + 16:7 EAR 
ЗЕ % Em г 


As 1+¢?>0, sin 20 has two real sólutions provided 
-15sin 20 <1 і 


sin 20- 


іе, c1 ETC S1 ARA ES) 


Also, corresponding to each value ofsi sin 129, we get two 
roots for Ө between 0 апа2л. ^^. 


2+21+2 12915 
Clearly, -1< Ttt. and ан 


dt. i£ des 


1) is satisfied if 


2-2 «c? 


5------ and 


2+21 «c? 
gt Е 


242146 «c? 
% 
20 «c «c?-2 


ic? -2 is positive) 
SPAM 
52-8>0 => с?>8 


ut с? <8 (given). Hence only admissible value of 


-2N1«c? 


COTES when 2«c?«8. 


e, 0 has two roots between 0 and 2л. 


costa 1 
m 
cos "a SET 

(a + b)? қ 


1n 5, 
апа, ПЕ show that 


sin a 
— + 


a+b 
“a + cos u =1 


+0... 
—— sin 


Circular Functions, Identities 


N^ sin û = МБ cos 2а 
а b 


o cd 2 
ог sin a= y cos а 


; " 2 
sin u cos а sin 2a +cos a 


dx 2 rs a+b 
sin ĉa £ cos 2а ER 
= , = 

a+b a+b 


1 44 A 1 b* 
a3 (a+b) b? (a+by* 

а b 
ИЯ 
(a+b)* (a+b) 


sin a 7. cos a 
РЫ b? 


a+b 1 
^ (ab "азы 


AGED g +В any > show that 
tan(a-B+y) tan tanf 
sin(B—y)=0 ог sin 20 + sin 20 + sin 2y =0. 


By componendo and dividendo, 


tan(a+P-y)+tan(a-B+y) tan y + tan В 


tan(a + B-y)-tan(a — B +¥) tan y- tan В 


— M NP 


sin(y + p) 


sina + f -y «a- 8+7) 
cos y: cos В 


cos(a + B — y) costa — B +) ғы 


95 sin(a*B-y-oa-p*y) sin(y = В) ! 
cos(a +) -y):cos(a - В +¥) соз y- cos В [ 


е sin 2a. С sin(y + В) 
sin 24-7) sin(y- D) ; 


or sin 2(8 - y) sin( +y) + sin 2a - sin(B - ¥) = 
or ѕіп(В - y) {2cos(B – y) sin(B + y) + sin 2a] = 0 
or sin(f – y) {sin 2) + sin 2y + sin 2a} = 

either sin(f – ү) = 0 


ог sin 2а + sin 2) + sin 2y =0, 


x єс AM z 


8. If tan(0+a) tan(0 +6) tan(O+ »' 


show that Е sin (a - В) =0. 


Неге x. tan(0 + a) 
y (ап(Ө + В) 


x+y _ 1ап(9 +a) + tan(0 + В 


x-y іап(0 + о) – (ап( + В) 


“ Ву componendo and dividendo, 


J'y 


В-8 


Problems Plus in HT Mathematics 


Sin@ +a) әт + p) 


= £08(0 + а) cos(0 + B) _ sin(@+a+0+8) 
SO + a) _ sin@ +B) sioX Gp) 


cos(0 +a) cos(0 + В) 
_ Sİn(20 +a + B) 
sin(a — В) 
XEM ain | 
yag (a В) = sin(26 + a + В). sin(a - В) 
1 
= [0$ 2(0 + B) – cos 2(0 + а)] 4.1) 
Similarly, “* sin %р-у) 
у=: ! 
1 
= [cos 2(0 + y) — cos 2(0 + 8)] e 
+х 


P 1 
x Sin (¬ e) = 5 [cos 2(8 + a) - cos 2(0 ғу)! 
-« (3) 


z- 


Adding (1), (2) and (3) we get: LHS- 0 = RHS 


9. If sin x + sin у = a and cos x + cos y = b, show that 


4 


sin(x + у) = 22. and tan 2E. 


a+ 


sin x + sin у=а 


E sin У. соз Иа 2o 0) 
cos x+cos y=b 
=> 2соз ХУ. cos و ےگ‎ we (2) 
ч х+ а 
(1) = (2) = tan 2 ^b 
ын ЖЕУ, 2.6. 
alae = үс ш 
2 
1+ tan 2 1 v 
Squaring (1), Q) and adding, 
dcos? 22У [ER + 2و‎ 252 |+ 
ог 4cos* =a? + 


2х-у + 
су. 


cos 
4 


2 2 ? 3 * 
т22-У Q а +6 sai bi 
Simo x 4 4 


10. If a and В be two different roots of the equation 
acos 0 + b sin 0 = c then prove that 

41-ы 

"ETE i 


cos(a + B) = 


9 8 eR Ө 
A 22 ыды: 2 
ог dd tan E tan 2= efi tan 2) 


ог Gsen? Saban $+ (сп) =0 


à i 


Roots of the equation are tan = and tan 2 
P 2 
tan > + tan = — 
2 2 ate ч р 
B c-n 


2 2 c+a t 


cos(a + §)=— 4 


at 


11. If соза + cos В + cos 


1702 sin o + sin Û + si 
show that e «з Pen 


ud. ia erra 
sin o + sin B+ sin 17 cos^a.& cos?B + cosy - 7. 


Неге cos a + cos В =-созу à а) 
sin а + sin В = sin y \ 5 (2) 
Squaring these and adding, 7 д 


2*2c(a-f) =1 


sin 2@ + cos 28 — sin?p + 2соѕ(о + B) 
^y - sin^y 

о + cos 2f + 2с05( + В) = cos 2y 

s(a + B) - cos(a — В) + 2cos(a + B) = cos 2y 


os(a + B) + 2соз(® + В) = cos 2y 
‘ih 


cos(a- f)» i 

(0 + В) = cos 2y, etc. 

@ + cos В + cos y)? - (sin a + sin В + sin y)? = 0 

la. cos 28 + cos 2y 

+2[соз( + В) + соз(В + y) + cos(y + a)] 20 

о + cos 2B + cos 2y 

+ 2[cos 2y + cos 20 + cos 28] =0 
(7 cos(a + В) = cos 2y, etc.] 

Q + cos 28 + cos 2ү=0 

20-1 + 2cos 28 - 1 2cos^y- 1-0 


2a + cos 8 + cos ү) - 320 


S @+ соз В+ соѕү=0, sina+sin B+siny=0. 
(соз (В — ү) + cos(y = a) + cos(a = В)! +3 =0 


+ sin y sin о + cos @ cos В + sin a + sin B] 

| `+ (sin 20 + соз 20) + (sin? + cos 28) 

+ (sin 2ү + cos 2) =0 

о + cos 2B + cos ^r + 2cos В cos ү + 2cos ү cos & 
COS 0: cos B + sino + sin" + sin "y 

+ 2sin В sin y + 2sin ү: sin «+ 2sin a: sin B =0 

(sin o+sinB+siny)?=0 


Circular Functions, Identities 


= соѕ о + соѕ В + соѕү=0 
and sin a + sin В+ sin y =0 


13. Show that. tan те = N4 +2{? - (V2 +1). 


- 20 
We know, tan Ө = Jos. 


sin 20 16 
1 cos = 
s 1-cos40 _ ү 4 
Also, sin 28 - VILE = == ‘ 
d 

MIS 3-1 

z DEESSET 
[ n 
1 + соѕ — 
al 4 

and cos 20 = ae = 59) 


T 
where 07-77- 


lel. 
É v2 3241 
г 2 2/2 
NITE 
т 1- 20  d4nw2-N2«1 о 
Тал сы ее ыш кс сша 
16 2-1 
y2-1 
2/2 
_ W241 (2X2 - ҮҮ? 1) 
(0 W2+1.W2-1 


хү (2 +1) - Чр +1)? 
Че? +1) (82-1) 


_ 4 +22 - 2+0 2-02 услу чыл, 
2-1 ` 


14. Prove that $s sin"8-Fcos*0 «1 for all real Ө. 


sin 70 + соз “0 = cos “0 — cos ^0 +1 


" C ME TUNES 
[coso 2 «в. 1,3 


ШОУ, 
because (29-4) >0 
Also, sin 20 + cos 0 = cos 40 — cos 0 4.1 . i 
= cos?0 (cos 76-1) +1 
71-sin?0 cos 0 <1, 
because sin? cos 8 > 0 


B-10 


Problems Plus in IIT Mathematics 


3 ta 2, 

д © sin 0 + cos 49 <1. 
Second Method 
Let sin 29 + cos 40 =y; 
then cos *0 - cos? +1-у-0 


= е г % 
КЕСЕК! А1 у) 


But cos 20 is real and non-negative. 


1-41-у)>0 ала 12N1-4ü-y) 
=> 4у-3>0 and 1>1-4(1-у) 


3 
> уза апа 4(1-y)20, ie, ys1 


3 H 
1551, ie, 3 ssin'o + cos 0 c1, 


15. Let A, B, С be three angles such that A-1 and 


tan B - tan C - p. Find all possible values of р such 
that A, B, C are three angles of a triangle. 


3r 


x 
А+В+С=т, ax ай 
+В+ л, B*C-z-Az-m 4^4 


Now tan B-tan C- p 


ог tan В. ——~_______ 
ig ап 3x р 
1+ tan “бап В 


tan В. (-1 tan B) ` 
1- tan В E 


or 
ог p(l- tan В) + tan B(1 + tan B) = 0 
or tan B + (1- p)tan B+ p =0 
tan B isreal, D>0 
or (1-p)?-4p20 
or p?-6p«120 
The corresponding equation is p? — ép +1 z0 


6+ 36-4 6x40 


or = 


2 2 
by sign-scheme, p є (-«,3-2V2] U [3 + 2x2, 4 x) 


=3+2\2 


ЗА sin 34 2k. 
16. 1f Sa =k, show that sin A k-1 219 K cann, 
1 
lie between 3 and3. 
tan ЗА _ 
Here TRA = ' 
1 Зап А tan 4 _ 
ЕЕ a И 
tanA 1-3tan A 
3 - tan 2А L 
9 Tan A 
or 3-tan?A=k-3ktan?A 
or (3X-1)tan'A-k-3 2 + (1) 
sin 34 1 а а 
Now, nA "ndr (3sin A — 4sin А) = 3 — 4sin A 
4 4 
-3-------«3-------, using (1 
ТҰТТЫ 15 (#3) sing (1) 
k-3 
4(k-3) 4-3) 


7%-3%0%-) " 4-1) 


.k-3 3k-3-k«3 2k 
k-1 ЕТ уу kt] 


Also from (1), 0*-4Gk- 18-8) >0 


=3 


{7 roots of tan A are real] 
Gk-13-9«0 ` : 


by sign-scheme we get 


1 
#53 or k23. 


1 
But kz 3 for then by (1), tan A = с (undefined) 
and k#3 for then by (1), tan A =0 which makes 


tan ЗА . А 
BRA indeterminate, 
Thus k < ; or k>3, 


Hence, k cannot lie between Land 3. 


; 2 
17. If x be teal, prove that zp 9 +1 ies between 


x. -2х с0$ «1 
` sin? 28 ; 
sin 7 cosec 2 and cos! 2. sect D, 


Let x'-2xcosa +1 
Aat 
x 2x cos вар Y 


ИКА 


2(cos a ~ y cos B)x+(1=y)=0. 


As x is real, D >0 


ЕП 
Circular Functions, Identities 


cos a — y cos B)* - 40 - y1-y)20 


cos ĉa + y"cos?p — 2cos a - cos p. y 


а 


i? 
sin 
2 


2% вес. 
cosec *> and cos 2 sec 2 
-(1-2у+у?)>0 


3, 
с220)(1 + sec 2 Ө)... 
28 – y? + 20 - cos a - cos yy + cos u - 120 кыегы унс 


n "0 -cot 9 
x (1 + sec 2"0) = tan 2"0 - cot 
B- y? + 2(cos a: cos f - 1) y + sina < 0 sel) : 


esponding equation is 


shiam eie] Yr 
is -( * соз 20 cos 220 cos 270 
1 
decens 


3, 
14cos20 1+с05220 1+cos 220 


sin P: y? + 2(cos a+ cos В - 1) y + sin u =0 


О {2(1 — cos a. - cos В) 


+ V4(cos а ‘cos E n 


1+ cos 2"0 
ы 60836503 


2sin В cos 2"0 


2cos 29 - 2cos ?20 - 2cos 2220 - ... 2со522"-10 
"^ eos 20 - cos 270. ... с052"-10 - cos 2"0 


= cos Ө: (2 соз @)(2 cos 28)(2 сов 220)... 


+ Ч(соз a - cos B — 1)? (sin a -sin p)? 


sin 2р 


п-16). 
х (2 соз 2 ) cos 278 


1 


-cos 0. (2sin Ө cos 0)(2cos 20)(2cos 220)... 


1-cos a: cos В 


sin 0 
2"-10). 
х (2cos ) отр 
+ V{cos(a — В) - Цсоѕ(а + B) - 1 
sin Їр : 498 5 - (2sin 20 - сов 20) 2со 220)... 
В sin 
‚ а= . а+В E T 
1- cos a · cos В + 2sin sin : x (2cos 2" ل ر‎ 
віп ?В 
- cos В + (cos В - cos а) : x ^ 
in | : 50 ы an-tg; 2-19. 
sp : “нгө Qsin 2" 7 Ө - cos ) Е 
cos В+ cos В - cos a, 
sin? 29058 ong. = 
1-cos а ‘cos В - cos В + cos a іп Ө cos 2"0 
sin ^B = tan 270. cot Ө. 
_(1+соз ВХ1- cos a) (1- cos ВА + cosa) 
Кос Е се А 
sin "p ud 19. If NEUE 
а 
Boni ыл В. 2c058*F т 
anen 2 = ше prove that "| =a, 
Я ) В. зе 41:43 - d... ое 
1 Asin? В. сов? В dsin? 4 - cos 2 
5 1 
ҙа 2B Let ag=cos 8. Then а,,1- 5 +а,) gives 
=sin?— соѕес? >, COB 72856672 


by sign-scheme, (1) holds for y lying between ы 
“roots of the corresponding equation, le, 
ion lies between 


1 1 
a= Via +a) = Ni cos Ө) = cos $ 


Ж каң 


Problems Plus in 


1 : 
sim 8) вв 8 : 
2 2 : 


41-9) -A3 ... a, = COS > 
n Oso COS 77: cos 3 cos — 
case! 8 9 
2” cos cos = i 
? 2 2 23 соз. 2sin — 
2 2 
2sin -5- 
2" 
8 0 0 
cos = - cos =. ces — - „.. -cos——- in? 
i: 2 22 23 24-1 Sm 
2sin S. 
2" 
(7 25іп а - cos а = sin 2а) 
ө 0 0 8 
E соёт гт * si 
Е 2 2? cos о n-2 ШЕРТЕР 
2?sin — 
n 
ө 8 e 
cos = - cos 
; 2 2: ШЕРТЕР sin, 
23sin — 
n 
0 
op cen ae 
gu-a-n р а 
2"-'sin A 27-ы © 
n ga 
_ sinb 
e 8 
S 
2 SI it 
A, -A3 + 83 to o = lim m 
noe. OM dg 
=lim сіп 9 me 
pian sin 0/2” p 
en" 
ЕЯ o. 31-ew 9 5 
4, 4205 ... to” sin © 
e 
Же. ма |54654; 
la, аз аз 10 


ГЕ 


IIT Mathematics 


20. Prove that 


біп0 5030 sin90 1 
cos 30 ` cos 98 25 Candie tang) 


р 


сов 270 2 


ѕіпӨ 12sin@-cos® 1  sin20 
Нее, 28. BT A 
cos 30 2cos30.cos0 2 cos 30 -cos 6 


_1 sin G0 - 9) 


7 2 cos 36 - cos Ө + (1) 


=} tan 30 - tan 0) 


sin30 1 


Similarly, — ш 2 (tan 90 — tan 30), 


replacing 0 by 30 in (1) 


sim90 1l. 270 
vos Об p n 270- tán Об); | 


replacing 0 by 90 in (1) 


1 
LHS- 7 [tan 30 — tan 0) + (tan 90 — tan 30) 
+ (tan 270 - tan 90] 


1 
=> (tan 270 - tan 0). 


21. Prove that tan a +2 tan 20:+ 2 Чап 220+... 
+ 2^7! tan 2" 1a, + 2"cot 2"0. = cot a. 


We know that tan 0 = cot Ө - 2cot 20 - 0) 
because cot @— tang. 2S8 Sin 8. J cos 0 - sin 70 
біп0 'cos0  sinO.cos0 


Putting Ө=а, 2o, 27a,... in (1), we get 
tan а = cot a — 2cot 2a 
2tan 2a = 2(cot 2a — 2cot 27a) 
2 tan 27a = 2 (cot 22а — 2cot 23a) 


-1 3 
2" Чап 271g =27- (cot 271-15 — 2cot 2"a) 
Атас 
Adding, | 
tan a + 2tan 2a +2%ап 220 +... +2"- ап 2" 7'a 
= cot a - 2"cot 2 "а, 


tan a + 2tan 2a +2%ай 2205... 


п-1 е. 
+2" "tan 27-16 +2 "cot 2 па = cot о. 


Circular Functions, Identities EB 
22. Prove that Sa 
2 = cos 2 cos [15] 
© У tan ra. tan(r+1)a=cot a tan(n +1) a 2-1. 
rai 3a 1 2) За 
—4nt7|c neza- 
2 2 2 2 
tan ra. tan(r + 1)a +1 = 2sin 2 sin 
sin ra - sin(r + 1)a + cos ra - cos(r + 1)a. 
= cos ra - cos(r + 1)а р asin V ÉL sein (n ue 
_ cosl(r * 1) a- ral 
2.508 га · cos(r + 1) a аа (и- Da 
М 2 . (1+2)® 
cos о. Sas eo, И 
E—————— ЕЕ 
` eos ra - cos(r + 1) a sin 
é sina т 
СОЕ: ни m 
É cos ra- cos(r 1) а mé 96; К. 
sin{(r + 1) a = ral -------біһ -0. 
аба Ld m NES 
cos ra - cos(r + 1) а sin > 
-cota- sin(r + 1) a cos ro — cos(r + 1) а sin ra Note As we have a series of sines in which angles arein 
cos ra- cos(r + 1) a AP we can use the formula 
- cot a: (tan(r + 1) а — tan ға) intB 
Um n sin > — 2a 4(n- Dp 
S = mn oO E. 
> tan га tan(r + 1a + >1 ЕТ 
2 


r=1 rel 


n 

= cot a> {tan(r + 1)a — tan ra] 

r=1 
n 

or >. tan ға · tan(r + 1)a + It 

r=1 

= cot af(tan 2a — tan a) + (tan За - tan 2a) 

+ (tan 4a — tan Зо) +... + (капи + Па – tan по) 


LHS = - n + cot a(tan( + 1)a - tan a] 
= n4 cot a‘ tan(n + 1)а — cot a tana 


= cot a. tan(n + 1)a = п - 12 RHS 


n 
23. Evaluate > sin ra, where (n + 2) a -2T. 
r=2 
п 
Let S = У, sin ra = sin 2a + sin За + sin 4а+.. 


r-2 


.+ sin na 


а. 
2sin 2 -S= 2sin > sin 2a+ = zen 3a 


а. "mx 
+2sin 5 sin 4a +... + Psin y “Sin по 


3 5a 5a 70| 
= {cos PE За) „Тоӊ و‎ = cos 2 


| 7а Tz 
Е +. 


where а = first angle, 
В = common difference of angles. 


24. Sum the series: 
Ji cos a + VIF cos 2a + И + cos За +... tom terms. 


3 
Series = N2es*5 + N2 соза + 202 5 


to ıı terms 


a 3a 
= cos cos a cos 757+. + to n terms 


"NET 

BERE 272 2 
=\2 - cos 

ЖІ 2 

Since 


(using formula) 


25. If A-B4 Cr, show that 
cot А + cot В + cot С- соѕес А · cosec В. созес C 
= cot А · сої B - cot C. 


cosA совВ соѕ С 1 
саат E E em 
sin A sinB sinC sin A‘sin B-sin С 


b Е 
i Problems Plus in ИТ. Mathematics 
A-B A+B 
" = asin $ fos “= = соѕ 2 : К И 
{Соз А sin В sin C + cos В sin C sin А a m om pi 
„ып € sin sin 2. RHS = 4cos 3(y - 2) · cos 3(2 - х) - cos 3(x - y) 
= 4cos ЗА - cos ЗВ - cos ЗС 


——— 


sin А sin B sin С 


sin C(cos А sin B + cos B sin A) 


+ cos салар) 


sin A sin B sin C 
_ sin С. sin(A + B) + cos C sin A sin B- 1 
sin A sin B sin C 
_ sin 2С + cos С sin Asin B-1 
sin A sin B sin C 
С2 sin(A + B) = sin(r — C) = sin C] 
_ cos C - sin A sin В- cos ?C 
sin A sin B sin C 
_ соз Clsin A sin B - cos(z - A +В) 
sin A sin B sin C 
_ cos С. [sin A sin B + cos(A + В)) 
sin A sin B sin C 


_ соз C - cos А - cos B 
sin А sin B sin C 
= cot A · cot B - cot C. 


26. If A+B + C=2r, show that 


sin A+ sin?B + sin?C 
А-В С За BR. SC 
=3sin > -sinz - sin, – зіп 2 -sin 2 sin соте 
LHs = 39 А -sin ЗА | 3sin B - sin ЗВ 
4 4 
„ sin C - sin 3C 
4 
S. : Р 
73 Gin A + sin В + sin C) 
Cp Я 
Ел (sin ЗА + sin ЗВ + sin 3C) E) 
Now, sin А + sin B + sin C 
‚ A+B А-В . 
= 2sin 2 cos 2 *sinC 


В + sin 3C 


s in3 
Again, sin ЗА + sin em = 2cos 3A{cos 3(B — C) + cos 3(B + C)} 
in ED. cos T + sin 3C = 2соз ЗА - {cos 3(B — С) + cos 3A} 


= 2cos 3(B + С) · cos 3(B - C) + 2cos?3A 


АЗА ОСЕ ас зс "А 
а. ( 72 2 а, Cosi "2 D(cos "3B — sin?3C)  2cos *3A 
А-В 2; 2 2 2903. 
=2sin (-%) Ans D, 2sin > c ЗС = 2(cos 2ЗА + cos 3B + cos ?2C) - 2 
5 = 1 + cos 6A + cos 6B + cos 6C 
=2sin eos 34-7) + cos 3) 214 4(cos ?2A + cos?2B + cos 2C) 
- 3(соѕ 2A + cos 2B + cos 2C) 
2 3C 3(A-B)-3C 3(A - B) «ac | н 
2 2sin 9," 2008 4 утаа =1 + 4(соѕ 22А + cos?2B + cos 2С), 
„736 3A – 3(В + C) 3(A + C) - 3B | because cos 2A + cos 2B + cos 2C = 0 from (1) 
sio O age £o OS — 5 я 4 
: 4 = 1 4 4(cos 2A + cos "2B + cos 2C 
= 4sin ЗЕ. cos 24-308 A eog S00 - yon — 3cos 2А cos 2B cos 2C] 
+ 12cos 2А cos 2B cos 2C 


_3C | (3A 8 3r 3B 
dem. oe ЕЯ pud =- 3) =1 +4{(cos 2A + cos 2B + cos 2C)(cos "24 + cos *2B 
+ cos ?2C - cos 2А cos 2B - cos 2B cos 2С 


ымын st. eos eua SUME 
cp ed ERICH - 22:52 k — cos 2С. cos 2A)} + 12 cos 2А cos 2B cos 2C 
=4sin {sin SAH gin 38) (7 аЗ b? e c? -3abc 
у = (a ba c)(a? +b? +c? bc- ca - а)) 
-tsin 24 cin 3B sin 3С 
= mn -7 sin 575i то = 1 + 12 cos 2A cos 2B cos 2C 
from (1), = 1+ 12cos 2(y – z) - cos 2)2 — x) - cos 2(х - y) 
3 uA Bee ы 
LHS ==. T sin = وأو‎ = 
HS 2 4sin > sin z sin = 
3C 28. - 
L1 quin 24. gin 2E ui 2С If xy + yz + zx - 1, show that 
4 2 2 2 Бе MON M Z T 
заа АВС CEBAR ЗВ — 3C Есту 3-4 ЧУ) 
2 n 3 Sin | — sin 77.sin ‘sin ^4" = 
2 2 2 2 Let x= tan A, y=tanB and z= tan С. 
=RHS. from the question, 
Ж” tan A tan B + tan B tan C + tan C- tan 4-1 
| TU- acosa) cos(s -у)=1, prove that Or tan B(fan A + tan C) - (1 — tan C tan A) =0 
t 2соз 2(y — т). cos 2(z — х): cos 2(x - y) tan A+tanC 
а Е. Я ee (1 tan Cn 4) [an в.о 
-4-А, i-x2B, усу B+C=0. ; 
the given relation i Ча acetone v= tan В tan(A +C)-1=0 
ion is Р : (7 tanC.tan A1 as zx #1) 


4 cos A cos B cos C=1 where A + B4 C-0 
9 2054-ks(B-C) cos(B + C) =1 
205 A -cos(B- C) + 2cos 2A -1=0 
> 3os(B + Су. сов(В— су+ 2соз2А—1=0 


> к 
7 tan(A + C) = cot B=tan (В) 


> 
~ 2A42C-22nn tn - 2B 


A+Cann+5-B; 


£15 


Circular Functions, Identities 


or tan(2A +2C) = ап(2лл + r - 2B) =~ tan 2p 


tan 2A + tan 2C 2 tan 2B 
1- tan 2A - tan 2C 
tan 2А + tan 2C =~ tan 2B + tan 2A · tan 2B - tan 2C 


or 
or tan 2A + tan 2B + tan 2С = tan 2A · tan 2B · tan 2C 
á 2tan A г 2tan В Тап С 
t 1-tan A q-tan?B d-tan?C 
2tan A 2tanB — 2tanC 
Ci-tan?A 1-tan?B 1-ten?C 
2x 2y 2z 2x 2y 2z 
^ $ T E 2 
1-х? 1-у2 1-2? 1-x? 1-y! 1-2 
эж UG еа > ану т COR 
9—1? 1-1 (1-х®%(1-у%(1-°) 


29. If А+В+С=п, sin А біп Bsin С-р 
апа cosAcosBcosC-4 then obtain the cubic 
equation whose roots are tan А, tan B and tan C. 


The required cubic equation is 
(x – tan A)(x — tan B)(x - tan C) -0 
or х2-(ап A + tan B + tan C) x? 
+ (tan A tan В+ tan B tan C + tan C- tan A) x 
— tan А tan BtanC-0 ... (1) 


Now, tan А · tan B: tan C 
sinA sinB sinC p (00) 


Also, tan(A + В) = tan(x - С)  - tan C 


tanA+tanB _ tic 
1-tan A tan B | 


or tan A + tan B + tan C 


or 


= tan A tan B tan C= „.. (3) 
using (2). 
Now, sin 2А + sin ?B + sin 2С 
1 


и 


[3 - (cos 2A + cos 2B + cos 2C)] 


T3 - (2cos(A + B) - cos(A — B) + 2cos С - 1)] 


[4 – (- 2cos C - cos(A — B) + 2cos *C]] 


әре NIP әре WI 


И 


[4 + 2cos С(соз(А — B) + cos(A + By] 
= 2(1 + cos A cos B cos C) -20 + 4) 
sin ^A sin 28 sin *C(cosec ?B cosec 2c 
2 
4850556 C cosec A + совес 7A cosec 2B) = 2(1 + 4) 


B-16 


2 
Or РА + cot ?B)(1 + cot?C) + (1 + cot С) + cot A) 


+ (1 + cot?A)(1+ соЁ2В)} = 2(1 +9) 


Or р2(3 + 2(со 2А  cot?B + cot 2С) + (cot?B cot?C 


+ cot?C cot 2А + cot?A cot ?B)} = 2(1 +q) 


or p?[3«2l(cot А + cot В + cot C)? 


- 2(cot A cot B + cot B cot C + cot C cot А)! 
+ [(cot B cot C + cot C cot A + cot A cot В)? 
— 2cot А cot B cot C(cot А + cot В + cot C)]] 


=2(1 +4) 
or p*[3+2{(cot A + cot В + cot C)? = 2) 


+ 1-2. (cot A + cot В + cot CJ] -2(1 + 4) ... (4) 


[^ Ecot A- cot B=1ifA+B+C=n} 


Let y=tan A tan B + tan B tan C + tan C tan А 
= tan А tan B tan C (cot C + cot A + cot B) 


= (cot A + cot B + cot С) 


cot A cot B+ cot C= ... (5) 


(4) gives 


2,2 
АЗЕ КЕСЕТ 


2,2 2. 


or 471-4%-(1%ф-0 

PENHA ға) ai +0047 +49+4 
2? 24° 

_9 (9+2) 9+1 1 


И S 
From (1), 2), (3), (4), 5) and (6), 


xB 2,941, Р. омћепу= 1+1 
4 4 4 4 


y 


or gp Bye, Ес) when y=- 
q q q 


4 
-. the required equation is 
qi - px? +(q+1)x-p=0 
or qx? - px! - x - pz 0. 


QE „ 2m c Sm ow 
30. Show that sin  : sin. sin =: 
л Зл 5л EET “Ел 
Let 8-7; ог 77 ог >. (Note sin [= sin77) 
5 702m, Зл, 5л 


40 =7-30, 31-30, 51-30 


Problems Plus in ИТ Mathematics 


sin 40 = sin(t- 30), sin(3 —30), сіп(5л - з) 
or sin 40 =sin 30° 
251126 - cos 20 = 3sin Ө - 4sin 3g 
or сов 0 cos 20 = 3 - 4sin'ó (^ sin #0) 
ог’. 4cos @(2cos 79-1) 23 - 4(1 - cos %8) 
or Bcos?8 — 4cos ?@ — 4cos Ө+1=0 у 


This is a third degree equation in cos Ө and each of 
Зл 5л 


cos 7. cos УР: cos 27 satisfies it. 
f (1 m MOOR, d 5r 
roots U) ае DET 7 ап cos >. 
о 
cos 5 + COS r; 7T 
ў үз Rea b 
= sum of the roots= "5 = 5 “= (2) 
cos = Ауыс т xu x 
SW EET) 7 7; у “08; 
524.1 
fg 2 - (3) 
cos = ей РАНГ 
7:5 7:08 70138 4 
Now, БЕ sin om sig, 97 i= 5л En 
, 7 7 sin y | -[sinz зіп: sin] 
л Эл 
(cete 
[ 7 соз “72 1- cos 7 
=1-(cos? = + 231. 250 
(ss 7 +005 y+ COS 77 
п Зл Зл 5л 
*|cos? =. cos? = 237. cos? = 
( 7 cos 7 + cos 7 cos 7 
Sn m 5n 
test T c7 cos 2E. cos! SE. cos? > 
} [Жез 
EM. Ses 
7 7 cos 7 
cius. ‚Эл. Зл 5л 
71995, + cos 7 * cos 7 
51 E 
+ cos ° COS 7| 
+i. 2 j cog S| ny 
7 “ву cos 77. cos ЭЕ teos cos 7| 
-Xos f cos SE, SR л 3л 5 | 
7 7,898: feos соз + cos z |! 
Я с “(ae а | 
7:657 7 


Circular Functions, Identities 


O YY +4 


[using (2), (3), (4)] 


мт. T 7 
2) 64 64 |8 


2. АМЕ ME зл №7 
“SEN S 7 8 


с. all the factors are positive]. 


Note (1)provides theanswerto the following question: 


п 3r 5л 1 
Prove that cos 7 +905 F+ cos 527 


Similarly, (2) and (3) also provide answers to hvo 


questions. 


Exercises 


1. Eliminate 0 between созес 0 - sin Ө = т 


and sec0-cos0-n. 


1 
2. If x sin 20 + y cos?0 = sin 28 and 
xsin0-ycos0-0, б=ил - л/4 prove that the 
point (x, y) lies on a line in the х-у plane. 
3. If cos а + cos 20 = р, sin © + sin 24 =q 
then eliminate 0. 


4. If cos a = cos В · cos ф = cos Ү- cos Ө 


8 
and sin a= 2sin t sing 


ue eg. Dar 
then prove that tarı == поп 


5. Eliminate Ө between а = cos(0 — a), b = sin(0 – В) 
and prove that а? — 2absin(a – В) + b? = cos (0 – В). 
6. Eliminating с. from 
( = ( 5) 
xcos&=ycos|a + |2zcos|a * — 
3 3 
establish that xy + yz + zx =0. 


2_ 
ESS өг =: 


8 
and tan a= іал? 


13 
then prove that (sin a) + (cos a) (А 3 


8. If cos rx + cos ry = 2,; г=1, 2,3 then prove that 
2аў + ау = 3a,(0; + 1). 
9. IF cos(a - 30) _ sina = 36) _ Ж 
cos 20 sin?0 
2-т? 
т 


10. Eliminate Ө, ф from sin Ө + sin ф = a, cos Ө + с05 ф=Ь 


then show that cos 2 = 


^ 6 b 
and tan 5- tan 7 - c. 


11. Eliminate Ө from А cos 20 = сов(6 + o) and 


X sin 20 = 2sin(0 + 0). 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Eliminate Ө from a tan Ө + b cot 20 =с 
a cot 0 — b tan 20 = c. 


1£/(0) =1 +в E+ 9 cos (%- ө), 
find the range of values of f (0). 


л 
Prove that the value of 5cos Ө + 3cos (o * 5 +3 


lies between - 4 and 10. 

If КӨ) = 11cos ?0 + 15sin Ө cos Ө — 9sin76, 
express f (8) in the form п cos(20 + о) + b. 

Hence or otherwise find the range of f (0). 

Find the maximum and minimum values of 
sin ёх + cos x. 


In ABC, B =F and sin A -sin C = x then find the 


setof all possible values of x. 


(еу. 
4xy is not 


possible for any real Ө where x € К, уе К such that 
НЕЕ 


Prove that the relation ѕіл20 = 


Prove that sin ê = x + is possible for real x if 


22; 
P$% 
Show that there is no real x for which 
ее Хх. 
If f(x) = 3(sinx - cos x)* + 6(sin x + cos x)? 
+ 4(sin x + cos ёх) 


and f(n/7) = 13 then find f 21/7). 
Prove that 


1 + cos 2x + cos 4x + cos 6x = 4 cos x соз 2х. cos 3x 


. If œ, B are acute angles and соз2а = 2505 28 - 1 


prove that tan a : tan В=\2 : 1. 3 - cos 2p 


әзіз 


24. If tan Ө. tang NZL | 
х+у 
Prove that (x — y cos 20) — y cos 26) = x! - y*. 


25.1 ЗӨ 0) x, cos(@-a) и 


sing-p) y а" cos(0-B) v such that 
ЧУ + ox #0 then prove that cos(a - p) = 10У. 
My + vx 


26. If x € (n, 2n), 


prove that 


УМ + cos x + 1-cosx (E 3) 
T - —+=|. 
V1 + cos x - V1-cos x pi 4*2 


27. Show that cot 0. cot 20 + cot 20 - cot 30 +2 


= cot O(cot Ө – cot 30). 
28. If tan? [S ЗЕ (5 х 
an ЕЕ: ف‎ A then 


prove that sin В = G+ sino) sin o 
1 + За "a 
29. Prove that 
sin x - sin y - sin(x — y) + sin y sin z-sin(y =z) 
+ sin z- sin xsin(z - x) 
*sin(r-y)- sin(y - 2) - sin(z - x) = 0. 
30. Prove that (3 + cos 40) cos 20 = 4(cos 58 — sin 30). 
31. Prove that 
cos 20 + cos "(n + 0) - 2cos @. cos 6. cos(a + 9) 
is independent of 0. 


32. If sin B= па + f), 
show that tan (а + В) = tan о. 


33. If T, = sin "Ө + cos "Ө 
then prove that (T; - Тз): (T, - Т5) = Тү: T3. 
4 2.4 
34. If f(a, p) = 95-04 , sin "o. 
fo. B) соз " sin В 
then prove that f(a, В) = 1 = fas. 


35. Write tan ЗА as the product of tangents of three 
angles in AP. 
36. If cotA, cotB, cotC are in AP, prove that 
Cot(B – A), cot В, cot(B — C)arein АР. 
37. If cos А = tan B, cos В = tan C and cos С = tan A 
then show that 
sin А = sin B = sin C = 2sin 18°. 
38. Prove that cos Ө = SE 2-005 В_ 
1-cos а. cos В 
В 


tn est {ап reat 
= ап 2 na ta: 


B TTC 
39. If a +b tan = 4 — b tan 7 then prove that 


п + b cos ф = (a cos ф + b) sec Ө. 


Problems Plus in ИТ Mathematics 


40. If sin 8 -sin ¢ =4 and cos Ө + cos ¢ = j 


then prove that 
* 2 2 


55-2 


-ө8%0)-5----" and tano- ¢) =—2ub 


~q? 


д 1 
41. If sin Ө + cos ¢ = 77 and cos 0 + in o= 4/2 
3 


then find the values of sin (ê + $) and tan 029 
>. 


42. If sin x + sin y+ sin z=0 and 
соз x + cos у + cos 2= 0 then prove that 


cot ФУ = cot 2 and cos 5-4 41 
2 2 2 


43. If sin o + sin B =p, cos o: + cos B = q then fing th 


value of cos 20; + cos 2p in terms of p and 9. 
44. If. cos(x- у) = -1, show that 
cos x + cos у= 0 and sin x+sin у=0, 
45.1f o, B be the solutions of Ө for the e 
a tan @ + b sec Ө = c then prove that 
tan(a + В) = м. 
woe 
46. Ifa + Banda- B are solutions of 0 for the equ 


Quation 


ation 


tan 29 - 4tan 82-1 Where 0 "а <Ã and 0<)<1 


2 
then find a and В. 


47. Prove that tan 7 $= 46-342 2, 


48. Prove that cot 142.5°= V2 4 Үз ~ M4 - V6. 


49. Prove that sin Br 2У2- 
24 4۷2 


50. Prove that sin mel INS +5 — Уз 35]. 
51. Prove that sin get Nes V5 -N5 - v5]. 


52. Prove that tan 20° - tan 80° 
53. Prove that 


E. 3: 9 
[+ Bf + cos 1+ cos E 14 cos 22] — 
Е 9 9 9 
54. Prove that x i 
sin 55° _ Sin 19° 
55. Ргоуе that 


= УЗ tan 50°. 


+ sin 53° — sin 17° = cos 1°. 
471 Зл í 
cos Воо + cos E, ол 
56. Pro LS INK 
ve that tan 9° tan 2752 


at cos 2t Fg 1. 


п 
уп'Уһепб= T 


2-19 


Circular Functions, Identities 


(b) Prove that 
NES n 2л 3л 1 
cos 15 59515 <95 bBo исса 
59. Prove that 
NUT м. 5m 1 
sin 1 ‘sin 1, sin тг. өзі 152 factors ca 


60. IFA > 0, B»50and A +В -5 then бла the maximum 
value of tan A : tan B. 

61. Find the minimum value of 9tan?0 + 4cot 20. 

62. Show that the maximum and minimum values of 


Na cos 20 + b sin 20 + Үп sin?0 + b cos 70 


are V2(a°+b*) and a +b respectively. 


шн 
апх+е 


63. .Find the set of possible values of Ur 


‘where x is any real angle. 


tan(x + 0) т 
муо) where û = 


Зл 
64. Prove that for real x, RG =) 2'4 


cannot lie between 


А -sin za) 
1+sin 24 


wees 
1-sin 2a)" 


2 € 
65. Show that Sec зана lies between д and 3 for all 
sec ^0 + tan 0 3 


real 0. 
66. Prove that 
tan 0 + 2tan 2a + 4tan 40 + 8cot 8a = cot OL. 
67. Find the sum: 
x 


tan "lent 
Hip 2 2 


68. Prove that cosec 20, = cot и - cot 2a. 
Hence or otherwise prove that 


1 x 
+r tant tan 
2 


Cosec Ө + cosec 20 + cosec 40 + cosec 80 


=cot H - cot 80. 
9 
69. Prove that J, sin? 77-5. 
rel 
70. Sum the series: 
sin a — sin 2a + sin За - sin 4a +... to n terms. 
10 


71. Find X cos? 7. 
r=1 


72, Sum: Vi+sin 2a + Y1 + sin 4a +V1+sin ба +... 


to 20 terms. 


73. Prove that sin 212° + sin 221° + sin 239° + sin 748° 
= 1+ sin 79° + sin 218°, 


22 ват 2-1 : 


74. ША +B + C = n, prove that 


cos А cosec B cosec C + cos B cosec C cosec А 
+ cos С cosec A cosec B=2 


75. Prove that ina AABC, 

sin A — sin?B + sin C = 2sin A - cos В. sin C. 
cot B+cotC _ 
tanB*tanC ^ 


77. If A +B +C = 180°, prove that 


76. Prove that ina ДАВС, У, 


A B c 
COS — + cos = + cos = 


2 2 2 
n-A n-B л-С 
= 4cos “сов 4 соз т 
78. Prove that sin(B – С) + sin(C - A) + sin(A – B) ' 
- - A-B 
Tene £ sin 4 sin 2 =0. 


79. Іо + 3-ү=л,ргоуе that 
sin 20, + sin ?B — sin?y = 2sin о sin В cos y. 
80. If a + B + y = 20, prove that 
cos 29 + cos 2(0- ax) + cos (0 - В) + cos «(0 - y) 
| = 2(1 + cos а. cos В cos y). 
81. In a quadrilateral ABCD, show that 


cos A - cos В + cos C - cos D 


= dain is AT cos 
2 2 2 
82. In a quadrilateral ABCD, prove that 
cos А + cos В + cos C + cos D 
+їсо В т саны АТР 
2 2 2 


sin A cotA 1 
5їһ?В cotB `1 
sin^C cotC 1 


83. If A +В + C = n, prove that =0. 


84. IfA +B +C= n, show that 


sin А sin B 

А inosine В+ ei 
sin С 

= cot 

55 E ASIE 


85. IFA+B+C=0, 
prove that Z sin 2A = 2Z sin A. (1 + X cos A). 
86. Prove that tan(x 7 y) + tan(y - z) + tan(z - x) 
= ап(х- у). tan(y ~ =). tan(z - x). 
87. Ifa + B. ¥ +8 = 2n then prove that ! 
Etana = tan a: tan B - tan y- tan 8. x cot a. 
88. If cos(B - y) - costy = a) - cos(a = В)+1=0 
then prove that at least опе of the angles 
B-v, у-аапа a= В 15 ап odd multiple of x, 
89. Ifx + y +z = xyz, prove that 


B-20 


xa -y50 725) «ya -z50 - x?) 
*20 -x?)0 - y?) = 4xyz. 
90. fx + y+ z= xyz, prove that 


àx-x? 3y-y? „32-1? 

12359 Ете -3y? 1-32 
_3х-х% 3у- y? 3z- xp. 
71-3. 1-3у? 1-32? 


91. If A + В +C = л then show that 
cot Ө = cot A + cot В + cot C 
€»  sin(A - 6) - sin(B - Ө). sin(C - Ө) = sin?O 


el 


92. If @ = 7+ prove that cos 0 - cos 20 · cos 30 = 


2r 
93. If a. = 777” Prove that 


tan Qc: tan 2a + tan 20:۰ tan 40, + tan 40 - tan а= – 7. 
2r 
94. If a = 7°, prove that sec а + sec 20 + sec 4a, = - 4. 


л Зл 5л 1 
95. Р, -- =. si 
rove that sin m Eum sin 74g ` 


2r 4x 8r v7 
96. == j E айе. LE 
Show that sin “ә + sin 7 tsm 


Objective Questions 


Fill in the blanks. 


97. If u=sec@+tan@ then tan@ in terms of u .іѕ 


98. If sin x + cos x = m(# + 1) and sec x + cosec x = n then 
n in terms of m is 

99. If a > 0 such that tan(x + a) = 
the least value of a is 


tan x for all хє R then 


5 Қ 3 
100. 1f 0=, the sign of the expression cos Ө sin Ө 
à ‘ 
101. If 5cos 21 + 12sin 2t = А. sin(2t ~ tan y) where À, p 
are constants ІћепА = _ and p= 


102. If cosA -3 then the value of sin $sin 24 is 


103. If sin(0 + За) = 3sin(a — Ө) then tan 0 in terms of 
tan а is 


104. If 0«B «a «T and 


5, sin(a- В) = =— 3 


cos(a + В) = 13 
then tan 2a = 
105. If 4ла=л then the numerical value of 


tan а · tan 2a - tan 30. ... tan 2n ~1) = 2 


Problems Plus in IIT Mathematics 


n 
106. Let sin^x -sin 3x = > Cm COS mx be an identity ің 
т=0 


where су, с» etc, are constants, c, #0, Thien 
"n 


ns. ande = 
cos(o4 = а) cos(Qs + 04) | 
197. азаға)” cos(03 — 04) | 
then tan qj ` tan oz tan ag tan 0. = | 
108. If sin x + sin y = a, cos x — cos y = b then the value 


of ang is in terms of a and b. 
109. The numerical Value of 
sin 25° + віл 210° + sin 215° +... + sin 290° = ___ 
110. The numerical value of 
fog ee tara сиы : 
7 7 uU. С” 
5n 7n 


111- The numerical value ‘of sin" sin. sin 77 
18 18' 18 


112. The numerical value of 
tan 20°. tan 40°. tan 80° = 


113. The numerical value of 


2n КЕС. Zn. 


cos Z 
15 9515 


114. The numerical value of 
sin 6%. sin 429. sin 66° - sin 78° = 
115. The numerical value of 


3r Sr 7n 
cos m — paad 
11 cos — 11 + cos 11 + cos 11 
+ co: Эл. 
elias 


116. The numerical value of (where i = ҮСТ) ) 


RUE 2n 2r 
СЕ ip in ale 10 т tisin Ға 


3x 3m 4 4 
м M = NETE TU 
s 10 жісіп 0) esis aoo 


117. The numerical value of cot 236° . ‘cot 272° = 


==“ 


118. The numerical value of 
Sin 129. sin 48° . sin 54°= 
119. ІН = 
зіп 54 -l*sne, 0<0<= 2 then 0= 
120. The numerical value of 
tan 2259. cot 405° + tan 765° - cot 675° = — 


121 The numerica] value оғ. 


T 
55% 7 * cos Ea, cos Ld 
122. If sin 3, 7 7 
Sin 3A is Written ag th 
three 
+" angles then sin ЗА е product of sines of 


^ 1+sin2x 
2 123 га 1-sin2x 


numerically smallest value of a = 


= tan (+x) for all x then the 


р costs - У), cos x and cos(x + y) are in HP then 
‚ COS x · sec В = 


if A, B, Care in AP and B = 2 then 


n tan A: tan B ‘tan C= 
| E Үр € (0, т) then the set of values of p бог which 
: ‚зш p+ cos 3p > sin ?р + cos p holds, is 


A A the correct option(s). 


ФУ _ is true ifand only if 


m cry? 
| (а) х+у#0 (b) x2 y, x#0 
(«х= y (d) x #0, y#0 
28. If cos Ө + sec 6-2 then cos “Ө + sec "Ө is equal to 
о 2" (2 
79 (-2)" (d) none of these 


12. If E. 0+ зн -8 <a for all Ө then the least 
ain 


value of a is 

аууз: 5 (97  (à292 
30. If - 0, +9, and x - 0, - 0, and tanê, 
_ then sin x : sin 0. is equal to 


(e)3 
= А tan 6; 


+1 А-1 
3-1 өза 
i 1 
3 9x | @ 


then 


131. If ABCD is a cyclic quadrilateral 
“cos А + соз В + cos С + cos D is equal to 
1 (b)-1 

(©0 (d) none of these 

‚ tan 40° + 2tan 10? is equal to 

(b) tan 50° 

(d) none of these 


у yp S5 + ү) = cos 2) then tan a, tan f and tan y are 
cos(a — y) 
a) АР (b) GP 
(нр (d) none of these 


he value of УЗ cosec 20° — sec 20° is equal to 
)2 ()4 
қ sin 20° 
(d)4- 


sin sin 40* 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


` © [-1, 0] 


£21 


Circular Functions, Identities 


The number of real values of x for which 


sin(e*) =57+5~* is 
(a) 0 (b) 1 ()2 


sinx—sinz then which of the following 
cos 2 -cos x 


(d) infinite 


If cot y= 
is possible? 
(b) =x, у, z are in AP 


(а) x, y, z are in AP 
(d) none of these 


(c) x, y, z are in HP 


=, (cot A — 1)(cot B - 1) is equal to 


НА+В= 

(а) 0 (b) -2 

(c) 2 (d) none of these 
Which of the following is equal to 


6 
5 (sin 7E- eos. where i = N-1? 


7 
kel 
(a) i (b) -i 
(с) 0 (d) none of these 


If а, B are two values of Ө obtained from the 
equation acos@+bsin@=c then the value of 
27 В is 


tan 


өт ® of old. 


21 T 
The value of cos x + cos & * х) -c0os Х - Б * E 
is 
(a) cos 2x (b) sin х 


(c) H (d) none of these 


The equation (cosp—1)x?+cosp-x+sinp=0 
where x is a variable, has real roots. Then the 
interval of possible values of p is 


(а) (0, 2л) (b) (77, 0) 


o[-£. z] 


If tan 0 + ап [+0] + ЕА 30 then К 


(d) (0, л) 


3 
is equal to 
1 
@)1 ШЕ 
(с)3 (d) none of these 


[ 2 
3 ا‎ 
The value of sin Nx TE lies in the interval 


ШЕН 


(9) (0,11 


(а) [-1, 1] 


144. ]f 
0, аге two values lying between 0 and 2л for 


Which tan 0 = К then the value of tan i Шыр, £ А 


A 2 
(a) -1 (b)1 (с)- Т (d) none of these 
145. For allxe R, 


12. Р 
24 sin “x - cos x - 6sin 2x + sin 4x(1 + 4cos 2x) 
2cos 2x - 2sin 2x + 4sin2x - 1 


Problems Plus in ИТ Mathematics 


148. If a, + a;cos 2x + азѕіп2х = 0 be true for all 
; allie 
a, аз and аҙ can be uniquely determined, Ы 


149. The maximum value of 5cos 0 + 12sin 0 is 17 


150. № cosx + cosy - cos(x + y) = then , 
=y 
possible. 


151. If x=rsin9: cos >, у = rsin0 - sin à and 
then x^ +y? +22 =77, 


£ = POs 


is equal t ini 
qual to 152. The minimum value of 3cos x + 4sin x + 5 jg () 
(a) cos 4x (b) 2 - cos 2x 1° 14x? 
(c) Asin 2x ee 153, tan 22 2 is a root of the equation үст =\2 
~x? 
State whether the statements are truc or false. ня в а 
ТРЕЕ р ка ras шту | 
146. sin 0=х ui possible for some real values of x. 27242 
жыла л 
147. (sec x + tan x + (sec x - tan x - 1)-2tanx=0 is E 
an identity. 
y. 156. eno ا‎ then cos $= Û 
5 1232. 2 410. 
Answers 
1. (m?n)?? + (тп?) 23 21 =m 5n?(m? + +3) 2-1 2 
97. — EE. 
Ке 1 БЕ», ; ЕТЕ lp 9% 100. positive 
Q*4-2) (L+p)? 5 
% _-5 11 
10. (а?+5?)(1 - c) = 2b(1 c) POUR 12 ne 32 Vena 
11. (A? - 1)? = 27A*cos?a - sin a 104. = 105.1 106. n = 6, 
. n= 6, с; =0 
12. (a? +b? - c N24 — b = 2cVb(a—b) 107. b 
-1 1085 7 109,17 =. 
ИИГЕ: P T REI 
1 
111. = 1 1 
1 : 8 112. УЗ 113.— — 
16. 1, respectively 17. fo A 21.13 1 : 15 ^ w 
115. = 1 
2 116,-1 Wn i 
35. - nA - 3) tan A zu + 4] Р ү 
3 119, a 120.0 121.1 
2 У “2. 
41. -5 and (44V3-7) аз. Фр санан) 2 
pq? 122. 4sin А. sin (= "s 
Meu m гер) mi 
"6 respectively 60. 3 61.12 124. < 
+4 11 126 (o Е 2r) 
63. all real values except those between 2 and 3 127. (b) 128: (b ; (x e 
3 m" a ) 129.(c) < 130. (b) 
67. nei cot "EDS 2cot 2x 135. (a) 136. D 155,0) 
120) - ae 79 138. (0) 
70. sec : -sin mum 90 an Ме n Dg 143. (a) м4, a а а 
2 147. false ud i 145. (d) 146. false 
т. -3 72 Xu ILL 151. tru + false. 149. false | 150, true 
=5 . соѕес ^ віп 100 - V1 + sin 219, е 152, true : й 
{ 155. true 153. rue... 154. false 


156. false 
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Chapter Test 


Time: 120 mínutes 


1. In the following incomplete sentences fill in the blanks such that the resulting sentences 


become true. 
(a) If N2 cos x = cos y + cosy and V2 sin x =зїпу- sin*y then sin(x - y) = —— - 


ina L RR where x and y are 


(b) If Sy =5 and cy 2 then tan x = 
acute angles. 
(c) If sin 17°. sin 43° - sin 77% = А sin 51° then À is equal to 


and tan y=___ 


(d) The minimum value of 27 °°°” + 81 sin 


(e) Let cos Зх = 4cos x  cos(x + B) - cos(x = B, 0 < B < s . Then the value of В = 
(f) If tan a is an integral solution of the inequation Ax? - 16x +15 <0 and cos В is the 
slope of the bisector of the angle in the first quadrant between the x and y axes then 


the value of sin(a + В) - sin(a – В) = 
2. In the following each question has multiple answers. Choose the correct answer(s). 


(a) If i, = 2cos 110 then it, = Мн -1 is equal to 
A. Mg ua Войны С лама yi D. none of these 
(b) If Е 52 7 zj = je =) then x + у+ z is equal to 
cos} 3 со: 3 
A. 3cos Ө B. cos 30 C.0 D.1 


(c) If cos a + cos В + cos y = 0 then cos 30 + cos ЗВ + cos 3y = Acos a + cos В + cos y 


where À is equal to 


A42 B.4 C D. none of these 
(d) The numerical value of 4sin 50? — V3tan 50° is equal to 
А.-1 В.1 C.0 D. none of these 


(e) A factor of cos 40 - cos 4$ is 


А.сов0%со5ф В. соѕ Ө + віпф О. cos 0 – sino 


С. cos 0 – cos > 


2 
3. The chord AB of a circle subtends an angle of = ata point C on the circumference. Prove 
that the value of cos 24 + cos ?B — cos А · cos B is invariant for all such triangles ABC. 
4. [Е [cos A : sin B – sin(A + B): cos 2B]? = 4cos Asin B-sin(A + В) then prove that the 


tan B 
2 + cos 2B) x + cos 2B = 0 has a root 


: 2 рт 
equation x^ - 2( tan А + tan B 


5. If sin œ + cos а = À then find | sino = cos % | in terms of A. 


n 
cos 0 *cotÓ aad the set D =R- ojoz rne z}. 
sin 6 + tan Ө 2 


Show that /(8) > 0 for all 0 € D. 


6. Let f(0) = 


7. Prove that sin qi isarootof the equation 8x? – 4x? - 4x +1 =0. 
( 


8. Find the sum of the products of sines of the angles о, 20, 30, ... , na taking two at a time. 


Problems Plus in IIT Mathematics 


ПА og 


т 
ИП >: then prove that 


(cos А + cos В)(соѕ 2A + сов 2B)(cos 22А + cos 228) ... (cos 2"A + cos 2"B) 


1 


2"*1 п x п 
(ез 608 TEE 


10. Ina Я E ; 
а 2 em the interior angles are in АР, the smallest angle being 120? and the 
ifference 2°. Find the sum of the sines of the interior angles of the polygon if 


sin 1° = X. 


11. ABand 
2. in are E parallel chords of a circle of radius 6 cm lying on the same side of th 
i he chords subtend angles of 72° and 144? at the centre, find the "kis 


between the chords. 


Answers 


1 1 ۸/5/5 1 i ; 
Lo 05 Тү OF 0% (df 0 


93 
2.(а)В (bC ФА (dB (е)А,В,С,р 


1 
53:025 -22 52-37. [А | 


8. 


1 
4” cos(n +1) «1-7 
4 


УЗА + Y1- A7 
4 Ў 1L3em 


4 


5 = 


ot AU 


SE ORA AS 


7 


ues of unknown angles P. 


sin а, (14151) 


Y 
= 


2sin? x - cos x. 
С^ зіп x # 0 because sinx=0 


does not satisfy the given equation} 


j Я : 
E (1 + cot^x) : Here 


ot °x + cot x- 2=0 


or 


or 


or 


or 


: x 4 cotx +2 =0, 
8 по real value because D = 1-8«0. 
= B-25 


The equation cos 0 = k can have real sol 
-1<ks1. 

» The equation tan 0 
real k. 

The equation cot Ө = К can have real solutions for all 
real k. 


. The equation sec Ө = К сап hav 
К<-1огК>1. 


» The equa! 
if ks-lorkzl. 


2. Solution of Equations 


(Involving Circular Functions) 


Recap of Facts and Formulae 


lutions for 0 if 


=k can have real solutions for all 


e real solutions for 0 if 


tion cosec 0 = К can have real solutions for 0 


Selected Solved Examples 


А ‘ л 
solutions are х=пт+у, пе z. 


2. Solve: tan (eye tan (-а)-2 


4 
т x 
tan — + tan x tan, ¬ tan x 
һж---------2 
л x 
1- tan 7: tan x 1+ tan „` tan x 


1+tanx l-tanx ^ 


+ 
1-tanx 1+tanx 


(1 tan x)? + (1 ~ tan x)? 
зы Xx cd 
l-tan'x 
2(1 + tan 2x) = 2(1 — tan 2х) 
1 + tan x = 1 — tan x 


tanx=0; ^ х=пт,пєй. 


ozo 


Problems Plus in ИТ Mathematics 


3. Find the condition for a cos x+bsinx=c to have a 
Solution. Is the condition satisfied for 


Sin x + V3cos x = V2? If so, solve the equation. 
We know, acos x + bsin x 


= +0 (а E A 
Vata pi cos x + opt dan) 


= Na? +B7 cos (x - a), 


where cos a = = 
la“ +b 
As —1 $ cos(x - a) < 1 for all x, 

~a” € 8? <a cos x +b sin x < VFT? 

a cos x + b sin x = c will have solution if 

- Na +b” «ce Natr bt, ie, lcl « Va? +62, 
For the equation sin x + V3cos x = ¥2, 

Na? +b? = ATTE QS)! -2 ала tel = 141 <2. 
So, the equation has solutions. 


Now, sin x + V3cos x = V2 


or Үт +(Узу? ein x4 Boos | = ү? 


or соз [x т z 
( Bra beum 
т 
ssa += 
x 21" +4 
х=2пкт+®+®=2лл+®, дип n Е 
2 6747 12 wes 


4. Solve: sin x + cos x —2V2sin x cos x - 0. 
Неге sin x + cos x = 2N2sin х- cos x = V2sin2x — ... (1) 


or v2 (> х+ 5 cos :)- X2sin 2x 


5 x ^ 
or sin (x + [= sin 2x 
4 
т r 
= 2х=пп+(-1у (ӨЗ 
Taking meven, em аа бақа qi 


x = 2mir + where mez. 


Taking n odd, n = 2m + 1, m ez. 


Then, 2x = Qm «s - [142 


_2m+1 т 


Т м — 
3х-(2т%1л--; 2 x 3. ЕТИ 


X 


1 
Thus, x= [n * бы 3 


1 (ез where m e g. 


This is impossible because the maximum value of 
cos 0 — сіл Ө is 2. 


values of о for which the equation 
о) > 


(sin Ө - cos 0)-1-0 4% + sin 2x +a =0 is valid. Also find the 


xam YT 


? 1 
Or sin8-cos0-— 
cos 2 


Cl pill 1 
or, gin e ena] 
or sfo- Fez с 

5 E STS c MNT 


0- Fenn + C1)" sin 1 


1 


Ө=пт+ + ул ginal. 
4 )" зіп 2027 "ей. 


6. Solve: (010760520. созз =, 0<0<л. 


Неге, 


(соз 8 - cos 30) cos 2-1 ES >-1 is true foralla 2-7’ 
: E 2.0) 
or (Cos 40 + cos 20усо 29 = 1 { е, үу ере! -1s1- X20 «3 
3 ; 


BD 
Solution of Equations 
Squaring of both sides of an equation Should ù ox 
avoided in solving an equation because jn i » с05720 — 1 + cos 20)cos 20 =; Gh = ужа 
ШЕШ case the solutions found will correspond to he > 2а+3<4 
given equation as well as another equation. In the abo, 105220 + 2cos 220 - 2cos 20 -1- 0 1 
equation, squaring (1), we get 1 + sin 2x = 2sin 22, G(2cos 220 — 1) + (2соз 229 - 1) - 0 о. 
i it will include the soluti 1 г 
The solutions of it will clude the toluans are. h., 220 — 1)(2соз 20 + 1) =0 8 = -Ба+3<0 
equations sin x + cos x 52/2 sin x - cos x = 0. : Жете 
: = + 
Hence, the solution corresponding to the equation => 2а+3-0, because У20 
sin x + cos x + 2V2sin х. cos x = 0 must be excluded, “0 ЕЕЕ бз 
Itis not always easy to detect such solutions, .. (2) 2 А 
б= 11 Thus,- 3 a «2; so а|-5: 3] 
X TRU A 2*8 M 
5. Solve: sec – созес0 ==. " ssa adero ТЕШ ГЛ [- > al 
у 34 9) у 
Here, sin 0 - cos Pr e 2x =nn+(-1)"0, e Z and sin8-1— Хо +3 
7 or 2 (cin Ө - cos 6) = sin 20 х T $C" sin? - Фа +3} 
-1-(1-si =1- (sin 0 - 2 3 1 
1- (1~ sin 20) = 1- (sin 8- cos 0) where zm nd ““| 32931 
ог Asin Ө –соѕ 8)? + 3(sin8 — cos 0) -2 - 0. 
f izati 5 
On factorization, Д 8. Determine the smallest positive value of x (in degrees) 
(sin 8 - cos 0+2) {2(sin Ө — cos Ө) - 1) - 0 A nio: etc. for which 
either sin Ө – cos 0+2=0 ЕЗГІ) т тол x tan(x + 100°) = tan(x + 50?) - tan x - tan(x — 50°) 
$ лт m Lm. 
ог 2(sin6—cos0)-1-0 a j(50/87g' 255» tg 3 TT в 
> , А Неге, Занон ЮЭ tan(x + 50°) · tan(x — 50°) 
О) =  sin6-c5042-0 Зп 2n 5n Tr s 
ОГ cos 6-sin6=2, 8737878 


(2 tan x #0 for = 0 does not satisfy the equation] 
sin(x + 1009). cos x _ sin(x + 50°) sin(x - 50°) : 
cos(x + 100°) sin x соѕ(х + 50°) cos(x — 50°) 

By componendo and dividendo, 


sin(x + 100?) cos x + cos(x + 100?) sin x 
sin(x + 100°) cos x - cos(x + 100?) sin x 


sin(x + 50°) - sin(x — 50°) + cos(x + 50°) cos(x — 50°) 
= 'sin(x + 50°) sin(x — 50°) — cos(x + 50°) cos(x — 50°) 


біп(2х + 100°) соѕ(х + 50° — x + 50°) 
sin(x-- 100° – х) – соѕ(х + 50° + x — 50°) 


sin(2x + 100°) _ _ £08 100° 
sin 100°  соѕ2х 


ог sin(2x + 1004). cos 2x + sin 100° cos 100° = 0 
ог 25іп(2х + 100%). cos 2x + sin 200° = 0 

or sin(4x + 100°) + sin 100° + sin 200° = 0 

ог ѕіп(4х + 100°) + 2. sin 150° - cos 50° = 0 

or sin(4x + 100°) + cos 50° = 0 

or sin(4x + 100°) = – cos 50° 


= sin(50* — 999) = sin(—40°) 


8-25 , 
Problems Plus іп ИТ Mathematics 
4х + 100° = nn + (-1)"(-409) As Il sin 01 s1, (D will have solution if 
= nr + (-1)"*1. 40° ^ Mnil 


72mn - 40°, Qm + 1) n + 40° 


тт 2т +1 
x= 359, f ^ X. 15°, wherem e Z, 


Putting integral values of m, the positive values of x are 
55°, 1455, ... and 30°, 120°, ... 
required smallest positive value of 0 is 30°. 


9. If 32tan'0 —2cos'a —3cosa and 3соѕ 20-1 
then find the general value of a. 


3cos20-1 =  3(cos?0-1)-1 


= боов 70-4; cos?9- 7. 


32tan °0 = 2cos 7a. — 3cos а 
1 4 
> з) = 2cos 7a, – 3соѕ а 


2cos 20 — 3cos a - 2-0 
or (2соѕ а + 1)(соѕ а – 2) = 0 
2сов а%1-0 ог cosa-2-0 


or сово.-2 (impossible) 


л 2r 
3)2 3” n eZ. 


10. Find the smallest positive number p for which the 
equation cos(psinx)-sin(pcosx) has a solution 
x € [0, 2л]. 


Here cos (psin x) = «2 - pcos x) 


psinx =2пт +6- рсоѕ J 


т (Anti 
p(sin x + cos x) = 2пл+ = 2 


(4n £1) 
2p 

тү (4и +1)л 

asin + Ag Um aa 


x) (dntl) 
or вн) р 


ог sinxtcosx= 


22р 0) 


Е 225 


ог Iplol4ntil- cl where e Z. 


^. the smallest positive value of p is T pie) z " 


and the smallest positive integral value of p is 2. 


р 
11. Solve: | cosx | =cos x - 2sin x. 


If cos x > 0 then the equation becomes 
cos x = соз x - 2sin x 
or sinx=0; X= nr = 2mir, (2m + 1)л; тей. 
But cos x z0; so x=2mn, m eZ. 
If cos x « 0 then the equation becomes 
-cos x = cos x — 2sin x 
Or sinx-cosx 


ог tanx=1; 


x= + 2m + , ©т+1)л +2; mez. 


But cos x <0; so x= Om +1) r Erm ЕР. 


Thus x = 2r, Qm 41) x + where m e Z. 


12. Find К if the equation 2cos x + cos 2kx =3 has only 
one solution. 


12505 x + cos 2kz < 12сов х1 + Icos 2kx| 241-3 


2cos x + cos 2kx = 3 is possible only when both 
2cos x and cos 2kx have greatest values, 
іе, cosx-1 and cos 2kx= 1, 


Now, cos x =1 > Ха2пт,леЖ 


X=0, +27, ®4л,... etl) 
In order to have onl lo^ i 
с y one solution cos 2kx = 1 is to be 
Satisfied by only one value of а). 
Clearly, 


if k is irrational = X50 is the only solution 


because if k is rational, 52 E "en x -2mqn will be a 


Solution for every me 2. 
Hence, the equation will 


kis irrational, So, 
numnbers, 


have only one solution x = 0 if 
the set of values of k= set of irrational 


(2 cos?x – 1) cos /(4соз%у-3) 


+(-1)" F where m, me М. 


& 3n +4т)ту 


— тет, ие М. 
". whe 


tan Ө+!апф=4 


уе for O and >: 
x tan 30 + tan 3ф =2. 


30 + tan 3p =2 

~tan%9 Stan ġ- бапа) 
= Зап 9 1-3tan ^ 
i — tan 0 - Stan Ө. tan 2ф + 3tan °0 tan} 


tan ¢ — tan 2ф – 9tan 
2(1 - 3tan 1$ – Зап 
tan ф) - (tan 39 + tan °$) 

Stan Ө tan ф(їап Ө + tan $) 


ES. 
Teltan 0 + tan 5) + 18tan 0 tan t 


—2cosx sin y cos y(4cos*. x-3)- = 


– 25іп х sin y cos x(3 - 4sin °y) = 1. 


.. (1) 


.. 0) 
weil) 


.. 4) 


a 


29 - tan ¢ + Зіап 20 tan % 
29 + 9tan 20. tan 29) 


+ 3tan 29 tan 24 (ал 0 + tan $) 


or 


or 


or 


or 


or 


or 


or 


Now,x?=11 => 


po 


Solution of Equations 


on 
3-4- (tan 0 + tan $)? 3tan Ө tan Фал Û 7 Ып 
—94tan Ө tan ¢ + 3.4tan tan $ 


= 2 — 6{(ап Ө + tan $)? - 2tan Ө · tan $} 2 
+ 18tan 20 - tan 9 


12 — 64 + 12 tan Ө tan ¢ — 36 tan 0 - tan % 
+ 12tan 20 - tan ¢ 

= 2-96 + 12tan Ө : tan ф + 18tan "0 - tan 2% 
6tan 20. tan 2ф + 36tan Ө tang – 42 = 0 
(tan Ө + tan $)? + 6tan Ө - tan $-720 
(tan Ө - tan ¢ + 7)(tan 0 · tan ф- 1) =0. 
tan Ө · tan ф=- 7,1 
(«%2)-х%2)--7,1 {using (D) 

x*-118, 
х= 


4-х?=-7,1; 


tan 0 =2 + VII 

0= пп + tan (2 + ҮП) where n e Z 
x!-3 > х-%33 
tan 0 =2 + 3 


Ө = nx + tan (2 + УЗ) where n e Z. 


Also, tan ¢ = 4 - tan Ө = 2+ УТ, 2+ N3 


15. Solve for x and y: 


¢ = mr + tan (2+ УП), 


тк + tan 7102 + УЗ) where т е Z. 


1 
40х43 6069 = 11 
1 ` 
5.165 3.2.3 09 y = 2, 


1 


Let 45852), 3555 =p. 
Then the equations become 


Now2x()*Q) = 


or 
or 


or 


If 


Atpell а) 
5-2 =2 ses (2) 
2%. + 5A? 524 

517+ 2۸-24 20 

513 + 12А. - 10 - 24 =0 

2)52 + 12) - 2(5А + 12) = 0 

(5%. + 12). - 2) = 0. 


12 
Ae v 
4-2, 4585... 2. 2х5 


А Problems Plus т ИТ Mathematics 


which is impossible for 45" * >0 
When A = 2, wegetu = 11 -2=9 
1 
305y-923? 


1 
сов у 


2; л озу 


Nis 


: -12 
WhenA- 7g ' х has no solution. So y has no solution. 


* 1 1 
Thus we have sin x = у, cos y 


ui 
roni C1)" cand y= 2mm + Ê where m, ne Z. 


16. Solve for0: cos (er J Ө. cos Е — ? 0-1 
2 5 


[^ cos(A + В) - соѕ(А – В) = соз A — sin 3) 


0 8 
or 2 514sint-— 20 
коз 1+sin 221. But cos pst 


"sper Dr 9 
only possibility is cos ? a> land then sin 18. 0. 


СЕ 
Now, соз * =1 > ВЫ 


А 


8 
дв 7Hmi0 2nnim 


Ө=2\2пт, Ү2(2п +1) x where nez (1) 


. 28 
Also, sin 250 = 0-2mm,mez + (2) 
only value common between (1) and (2) is 6= 0 


Alternative Method As -1 <c 


is 05х<1, th i 
holds only in either of the following nue а) 


Exerci. 
26101505 


1. Solve: (ап x = 3 cosec?x - 1. 


2. Solve: tan x - cot x = cosec x, 
3. Solve: 2sin?x + sin 72x =2, 


ires (5 Jb =1, cos CS 0-1 


(ii) cos | Be “Je Б 1 os 


2-1 
= 


Now solve as given in the sum below. 


17. Solve for x and у: cos х. cos У=1. 

We know Ша! -1 < cos x < 1, -1 Scosy S1. 

As the product of two fractions is a fraction, 
cos x:cosy-1 

э cosx=1, cosy=1 

or cosx--l, cos y=-1 

If (1) is true then " 
cosx=1 => x=2nn, neg 


cosy=1 => у-2тп, me A 


If (2) is true then 


с05х=-1 = х= (21 +1) п= (2-1 ane 7 


cosy=-1 = У= (2т+1) п= (2т-1) л, меғ 


ә We get х= пл, у= тп where n, m аге both even 
integers or both odd integers, 


18. Solve forx and y: 12sin x + 5cos x = 2y? - By +21, 
Here 12sin x + 5cos x = 2? - 8y + 21 


1277 5 
Yit est sin x үу |+ 29 - re tn 


or 13cos(x - a) = 2(y :2)? + 13, where cos a = a 
Clearly, LHS «13 because the greatest value d 
cos(x - o) is 1 when x = о. 
Also RHS 213 because the least value of RHS 5! 
wheny-2 

the equation can hold if the value of each side = Û 
Thus cos(x~a)=1 and y=2 


*-@=2лл and y =2 


tdm a= dna өз 5 НЕЕ 


and у=2, 


Solution of Equations T 


в. Solve: tan 0+ tanfo *$ " tanfo $ E =з. 


7. Prove that the general solution of 


it 1 л п 
cot x + tarf% 2}-tar(+2)=0 
3 3 


" nn т h B - 
isxc +] where n is an integer. 
8. Solve: sin x sin Зх =>. 


о, Solve: 2sinx + cos х= 1. 
10. Solve: 5cos x + 2sin x = 2 where 2 cot 21° 48' = 5. 
11. Solve: cosec x + cot x = ҮЗ. 
12. Solve: sin 30 = 4sin Ө - sin 20. sin 40. 


4 
14. Solve: cos 20 + cos 40 + cos 60+1=0 
15. Solve: 3tan Ө + cot 0 = 5 созес 6. 


16. Find the general solution of 
2(sin x — cos 2x) — sin 2x(1 + 2sin x) + 2cos x =0. 


$ п л 1 
13. Solve: co ) cos x- e * a) ==. 


17. Solve: бесх-1- tan x. 


pad 
4241 
18. Solve: cos 2x + cos 4x = 2cos x. 
19. Solve: cot Ө – tan Ө - cos Ө + sin Ө - 0. 
20. Solve: cot 2x = cos x sin x. 
21. Solve: sec 48 — sec 20-2 =0. 
22. Solve: sin ‘x + cos x = sin x cos x. 
23. Solve: соз 2x + sin 3x = cos 3x. 
24- Solve: cos хі * sin - 2cos x) 

y 


i +sin (e: ВЕ 2sin x)= 0. 
dome ^ 4 


25. Solve: 2cos 2х + cos 2x = btan ^x. 
26. Solve: (ап 0 + tan 20 + tan 36 =0 
27. Solve: sin 2x - sin x + cos x = 1. 
28, Solve: (1 + cos x)(2sin x – cos x) = sin ^x. 
29. Solve: 5(sin 2x - cos 2х) = tan x +5. 
deg 

30. Solve: сіп Ө. cos Ө - cos 20 - cos 40 = gon 80. 
31. Find the solutions of the following equation 

sin 2x - 12(sin х- cos x) + 12 = 0. 
32. Solve: cos 20 - sin 20 = cos 8 = sinê - 1, 


> 


33. Solve: sin Ө + sin 40+ sin 70 =0, Ө € [0*, 90°]. 
) 34. Find хе(-л,л)іҒ 


М 3 LJ 
81+ Icos х| ж сов x + [cos x] + 10 = 64. 


90° < 0 5 540°. 


35. Find the sum of all the solutions of 
7cos 2x - cos 4х = 6 in the interval 10, 9971. 


Зх. x 
36. Solve: cos Зх + cos 2x = sin > + Sin y x € (0, я]. 


37. Solve: (1+ cot 6) -2 cot $, 0<0<2л. 


1+5120 соѕ20 4sin 40 
38. Solye: sin 29 1+ cos 20 4віп 40 | =0, 
' sin20 cos 20 1 + 4sin 40 
where 0 € В 3l . 
39. Find the general value of x if 
1 a a? 
cos(n-1)x сов пх сов(п + 1)х | =0 and ae К. 


sin(n-1)x этих ѕіп(и + 1)х 
Also, prove that the values of х are independent 
ofa. 

40. Solve the equation cot Ө + tan Ө = 2 cosec Ө. 

Does 0 - пл satisfy the equation? Give reasons for 
your answer. 

41. Determine all values of x for which 


T ^ 
A sin x, cos x, tan x are consecutive terms of a GP, 


sin + cos + tanx 
42. If ——— — — — ——— is real, find the set of all 


eae 4 
1+2isin 2 
possible values of x. 


43. Find the general solution for x: 
165s 4 16" 10 


qm A 1 
sin x= +> 

44. Solve: (cos x) Е 
45. Solve: sin “x + cos 5х = 1. 


46. If N2cos x + V6sin x = max [sin Ө + cos Ө}, 
BER 


find the general value of x. 
47. Solve for x: |tanx| = sin 2x. 
48. Find the general value of x satisfying both 
2sin 2х + sin "2x = 2 and sin 2x + cos 2x = tan x. 
49. If tan(x cos ¢) = cot(n sin $), prove that 


T 1 
cos (е: ) ші T 
50. If tan(cot x) = cot(tan x), prove that 
4 


in2x2—— ——. 
Sm 7 Qn Dn 


B-32 фы! 
Problems Plus in ИТ Mathematics 


51. If sin(n cos 9) = соѕ(л sin Ө), prove that 
1 

соѕ Ө + 
| a" 2427 


52. Prove that sin(cos X) = cos(sin x) does not possess 
any real solution for x. 


53. Prove that the roots of x? - 2x + 1 = 0 are 


Үзіп 1,2 ine Br 
4445360 10 апа 2sin 10 


54. If sin( cot Ө) = соѕ(л tan Ө) then prove that cot 20 or 


cosec 20 is equal ton +1, neZ. 


55. Solve for x, y: x cos *y + 3x cos y - sin у= 14 
x sin Фу + Зх cos ?y + sin y = 13. 
56. Solve for x,y: sin х-ову--і 


cos x- sin y= 2 


57. Solve for x, y: sin x- sin y= 


rsin 0=3 
r = 4(1 + sin Ө) where r > 0, 0 € [0, 2л]. 
59. Solve for x, у: sin(x- у) -3sinx cos y-1 
sin(x + y) = -2cos х: sin y. 


60. Solve for x, y: 2sin x-secy =1, sec y+ sin x -2. 


61. Solveforx,y: |sinx| و او‎ = 


cos(x — у) + cos(x + y -i 


if x e (0, 2л), ye (л, 2л). 
62. Solve for rational x, y: 
sin x *siny-sin(x*y) and |x| + ly] =1.° 
63. Solve for x,y: sinx-siny=1. 
64. Solve for x,y: sin x + sin у-2. 


2% 
65. Solve for Ө: sn Уә sn Joe 1: 


where a is a rational MR 
66. Solve for x: sin x + sin2x + sin 3x - 3. 


67. Solve for Ө, ф: cos % + cos 8 + cos ф + cos =0 
68. Show that the equation sin x(sin x + cos x)=a will 


give real values of x if a lies between 1-0 
2 and 


ї+ү? 
ELO 
positive integral values of a. + 
69. Finda € R such that 
cos*x - (a + 2) cos?x — (а + 3) - 0 has rea] solutions 


- Also find the solution of the equation for 


Also find the solutions of the equation. 


70. Find a € R for which cos x + cos В 
2 =a has Teal 


solutions in x. Also find all the solutions 
-when a is а positive integer. | 


71. If the equation 1+sin’px=cosx has exact] 
solution then find p. Y one 

72, Prove that the equation (sin x + ҮЗ cos x) sin 4 
where a is a constant, has no solution for les х= 


п |0, 2л] 


Objective Questions 
Fill in the blanks. +- 
73. If 3 cot'z.- 1-0 then the general value of x j, 


74. If tan 50 = cot20 then. the! general value of 0 is 


75. If tan Зх - tan 7x +1 = 0 then the general value of û 
is ы 


76. If sin 30 = cos 20, 6 € [б 2 then 0 = 


1 
77. If i then the general value of x 
is ; Y 
78. If SPERA апа 1 then the general 
value of x is 
79. If sec x + tan x = ҮЗ, x e [0/25] then x = 


80. Ifsin?6 - cos 6- 1 05052 then 0= Г 


81. If tan(A—B)=1 and sec(A +в) 


and the smallest 


then the 


smallest Positive’ A= 
Positive B= 


82. The solution sét Of the equations x * y = and 


cos x ЗАТЫ 
tcos у= where x, y are real is 


Choose the correct option(s), y 
83. If sina = ; 
form Dus 0 then the possible values of 0 
{a)an АР 15. de He АЕН! 
(c) one GP :« (b) two APs 
84. If соѕ29 = i (d) two GPs 
паца then th Jation 
betw e most general rela 
een @ and a is (where ne 2) 8 
628022 ; CIE EE 
s croce (2) 
n 


85. о Ө + N3sin 0 2 2 and Ge [0, 2n] then 0 is 


“we oF oF 9 


86. ІР tan 0 + e ) = 0 then the most general value 


- of 8 is (wheren € Z) 


(b) 2nn qum 


ni 
(а)пт= т 4 


Oanr+ 7 (9) 2+6)". 
87. The number of solutions of the equation 

“8 tan70+9= б зес Ө in the interval (- 52, 52) is 
(b) four 


(а) jiwo 
(d) none of these 


(c) zero 
88. The number of solutions of the equation 

T tan x + sec х = 2cos x lying in the interval |0, 27] is 
(а)0 (1 (92 (4)3 


89. If sin(n cos Ө) = соѕ(л sin 0) then sin 20 is equal to 


өз Ы 
9-3 (d) none of these 
90. If cos A = cos В and sin А = м B then 
(а) А+В=0, (DA-B 
(Чд+В=2ит | (9) А= В +217 


91. The general solution of 
Sin x — 3sin 2x + sin 3x = cos x — 3с05 2х + cos 3x 


is 


(a) пк us 


8 OTs 


833 


Solution of Equations 


3 


Qcn ME (dart со 75 


92. The general solution of sin x + cos X = 1is given by 


(a) 2лл (b) 217+ т 


(с) пл + (-1)" 1-1 (d) none of these 


93. If cot Ө = sin 20 and O + пл, n € Z then 0 is equal to 
(a) 45°, 60° (Ъ) 45°, 90° 
(c) 45° only (d) 90° only 

94. If 2sin@+1=0 and Y3tan@=1 then the most 
general value of 6 is 


(a) пл + 5 (b) nr + (-1)" T 


7n ил 
(9 2nn + (d)2nn + ^; 


State whether the statements are true or false. 


1 
95. If sin x + 2cos x = 0 then х = nm - cos! yg’ € 2 


is the general solution of the equation. 

96. Опе value of Ө which satisfies the equation 
sin “ê — 25іп20 — 1 = 0 lies between 0 and 27. 

97. The smallest positive angle x in degrees, satisfying 
the equation 


VI + sin 2x - N2cos Зх = 0 is 11.25°. 


98. The equation 4 cos 20 = 7 – 4х + 4x” has no solution 
for @ifxe К. 


Answers 


1. mit пєй 


2 Queis ne: B nez 


10. n x 180° - 68° 12' + (-1)" 21° 48; ne Z 
11. |2, ее 
- (an 3) + 


тп 
ит. enm 
12. пп, іштей 13. nez 


m T x. 
м. (2n +1) у, 01 +1) 2, (2n +1) nez 
15. annt пе Е 


lynx 1 
16. aros an + 3 (m = 2m ez 


т 
vnez 


17. 2пт, 2+4 


18. Qn, „е = 


3—2. >. 


B-34 


1-2 
7 "nez 


(5-1. 2 
22776 


19. T л 
пт + 2” Inn ++ cos“! 


т n 
20. nt- 2nn~ cos 


21. Cr+ Dr Qn « 1n 
10 ' 5 НЕЕ 


4n +1 
22. 4 тпев 


lag, (4n - Dx Е 
23. Tm (4n Е л 


E 


(an +1 
Gn Dt ay sin | 


4 іше 


8 
222 
24. (an +1)2л;пє Z 25. enti С; 
Е: 
пп 1 
26. —- пп + tan 1— 
3 0:16 z 


(4n + 1)n 4n -1 
Noa ane, ex nez 


28. (2n + 1)z, пл + (-1)" п ez 
29. пл + tan 12, nz + tan "(N6 - 1), 
nn-tan^(V6-1;ne Z 


пл 


30. rx ez 

31. Qn ens Dane 22 

32. 225°, 300°, 405°, 1209 33.05, 40°, 45°, 80°, 90° 
3L +, 35. 49507 

36. ES 3,5, 78 

ss ТЕ, Pm 39. пп; nez 


л 
40. 2лт®-,пЄє 2; no, as Ө-пл makes cot ала 


3 
cosec Ө undefined 


л, л 
41. annt zine Z 42. пт +. nunez 


л л 
43. nmnicomig me Z 4. n1 + CD" Ene # 


2; 21 
45. 2nn, тлі пей 46. 27, Dr + ne Z 


л 3x 
7. m A 
4 nm, Inn + 2nn qe Е 


48. nn Tine 2 


Problems Plus in ИТ Mathematics 


55. (х,у) =5 2nn + tan ^! 3 ^ 


(55. (2n + yc tan 1i 
ay" 


САН! x 
s rni Е 

E tiv 1 
sr xni stones) g 

n Sr 
58. fe s) 3 


-1 d 
59. x= |(n + mn Co" sin SD" sin 


ja. DIN 


1 
yo [n тзт ута 1 


1 
60. х= nz + (-1)"sin 41 - — 
(-1) "sin ( +] 
ys2mntcos 3(2 = V2); т,пє Z 


61. (x,y) =(2, 22), (9x, 7m) (7n. 7m (Ил tin 
Pee cee ra dese) т 


ру 
62. e» , 2) (2:5). 0), (-1, 0), (0, 1), (0, -1) 


63. ep [nsn атау те e 


^ л л 
64. (х,у) "(n + (-1)" PELLUS (-1)" 2) nmez 
1 л ? 
65. 5 (= +2)" ЕЕ 66. no solution 


67. 09 [om oF me 3), nez 


z x 
68. пт, 001+ 1) SNES 


69. пе [-3, -2], 2пл + cos?! 42343; ne Z 


70. zm 3n 
lal 52, x 2 0, 27, > Ті.різапу irrational 
73. na 5, 
"кепе 74. Qn +1) оле? 
75. 2041 
Стр жле а аи 
2 10 
77. nny 1,0, 
tgtynez 75, "+, „е 2 
79, 5,31 
"p man 5r 
PET 805,27 
а, 25", 19 5 
24 24 "Өзресіуеіу 82, ф 
83. (b) 
87. (c) ж ©) 85. (а) 86. (а) 
9. (b) = © .— s9(a,() 90.(b) 
95. ние ©) 93. (b) 94. (с) 


96. 
false 97. true 98. true 


Solution of Equations 


Chapter Test 


Time: 90 minutes 


1. In the following incomplete sentences fill in the blanks so that the resulting sentences 


become true. 
(а) The values of a for which cos æ- (1 +x) + (1 -sin a) -x - 0 is an identity in x are 


(b) The number of real solutions for x from 2cos 3 =2*+2 is 


(c) The set of values of 0 for which asin} is purely real is 
1 +ісоѕ Ө 


(d) The coordinates of the point of intersection of the curves у = cos x and у = sin 3x 


h zm 
where x € vie 


2. In the following, each question has multiple answers. Choose the correct answer(s). 


(а) If cos 0 — sin Ө = соз а - sin а then the minimum value of 19 +а| is 


А.0 В. 5 C. = D. none of these 
(b) 2cos x - 3sin х =a has real solutions for x if 

А.а=-1 B. |a| < V13 С. |a| <5 D. |a] =5 
(c) The number of possible solutions of x such that sin 8х + cos*x =1 is 

A. zero B.8 Сә D. infinite 


(9) The general solution-set of the equation cos x + cos 5x = 2 is 


A. (e | meg B. {x | x=2nn,ne Z | 


creen is a multiple of} D.$ 


3. Determine all real x for which 


z л л т т nm. 
п) о) а)ба 3) aj UM 1. 


4. Find the least distance between the positive values of x for which 


2cos x, V i (1 + cos 2x) and 1 - 3cos 2х arein GP. 


5. Solve for A and B: V3sin 2A = sin 2B 
433-1 
\3sin?A + sin?B = уе 
6. There are three angles in AP. If the tangent of the middle angle be 2 and the ratio of the 
tangents of the other angles is 11:1 then find the possible values of the common 


А Қ т 
difference of the angles, given that the common difference lies between 0 and x 


7. Solve for x, y: соз x -3sin x=- y^ + 6y - 14. 


Problems Plus in IIT Mathematics 


8. Fi 
Find the general solution of a such that the following system of equation in x, у 


nonzero solutions. 


sin 3a-x+y-z=0 
cos 20-х +3y +4z=0 
2х+7у+72=0 
9. Solve for Ө: |4cos 9 - 35т6| >5,-л<0<л. 


: 2 а 
1. (а) 2л «7. ne z (b) one € ere 
2. (ав (b)B (c) D (ав 


a mom 
ИЕ 


7. х= 3)" 2, a3 
x=nn + (-1) 2 + cos $'y-3 


9. mn-cos 3, n-0,1 


о 


Answers 


ЕЕ 


л 
а= ) 
2 


$ a S OR: 
8. пл, л ) 
ту neg 


rse circular functions and their domains 
t 


is an angle whose sine is equal to x, ie. 
a if sina =x. sin^!x is an inverse circular 
‚ Similarly, other inverse circular functions are 
Тап ix, sec їх, cosec^!x and cot "x. 
!x and cos "x are defined if 1х1<1, 
<х<1. 
E nd 

and cot ^x are defined for all x є К. 


1х and cosec "x are defined for 1x12 1, 


that sin Ө= sina. => O=nnx+(-1)"a,neZ. 


we 


“біп ^'x. will have infinite number of values 


If there are two different angles of numerically least 
easure, one being positive and the other negative then 
tive angle is taken as the principal value. 


| : d has two values z and -3 which are 


Шу least among the possible values. 


: 1 
s the principal value of cos" [ . 


3. Inverse Circular Functions 


Recap of Facts and Formulae 


3. Intervals for principal values 


The principal values of different inverse circular 
functions may belong to the intervals as shown below: 


range of Y 
pr. value 
of sin "x 


T 
= 5.220 


Ls 
[2:0] «o 


range of 
pr. value 


of cos x 


when x > 0 


when x «0| when x > O 


л 
|ы х20 


Z 0 
Е 1 d Lo did 
range of 
рг. value 
of tan "x 


т 
-|% 220 


к 
(2:9) 


4. Conversions of inverse circular functions 
+ sin "x = cos 1 УГ x* 


= tan т! 


Vi-x? 


B-37 


e- =. 


B38 > 
Problems Plus in ИТ Mathematics 
Vi-x? * | Rn 
* cos "x = sin Ив МХ 1. вест: +cosec x= 
x 
: л. 
= со! | e tan x+cot x=; if х>0апа 
N1—x? : я солы d 3 
- al : % > if x<0 
Vi-x? 5 
rk : E! ly tan ™ x+y. 
cse : . tan x *tan y Телу ERO yo days 1 
Serres : ЕТЕ 
+ ہاو = + مھا‎ еті : et 1-ay 5>0у>0,у,) 
м ae ax- 
-cos^l 1 : tan "lx - tan 'y=tan iua 
М +? t 4 чм \ 
1 "ETT i e six + sin уз sin хү - y! + yx") 
E : 5 Ê x20, ухо, x?+y?<] 
теле NETH T : an atan- sin (xV =- yl кууі-х2) 
= : Еу df x20, y20,x?+y?>1 
оо ЕЗІ Жы 


5. Identities 

Taking principal value only, we have the following 
useful identities. 

+ sin (sin 0) =0 

4 sin(sin 1х) = x 

e сов (cos 8) = 0 

e cos(cos x) = x 

e tan (tan 0) - 0 

e tan(tan "x)= x 


ied E Ж 
e ЯП x+cos х= 


Selected Solved Examples. ae 23, 


1. Prove that. cos[tan "(sin(cot^x))] = € a. 
x42 


1 
We know, cot 1х = cot 7 1Ž osin 
Е 1 ex 


1 1 
ex їн Ni+x? 


sin(cot !x) = E зі 


Now, tan `! 


1 
= cos 
КЛЕТ М + n d х2)? 


e cos "x + cos "y = cos "y - VI - x7 Vi y?) 
а ас x? М -у^) 
+ If lx! <1then * 


2 tan x = sin! 
14x? 


If ixi 21 , change x into >in the above. 


Note In case of identities іп inverse circular functions, 
principal values are to be taken. As such signs of 
x, y, etc, will determine the quadrant in which 
theangles will fall. In order to bring the angles of 
both sides in the same quadrant, adjustment by 
r is to be: made j 


мй» Gf 


„а эй olen 


atb+c_(a+b+0™ 


Харс 


tan û. + tan Û + tan y tan о tan В tan Y 
3 tan a tan В – tan В tan y — tan y- tan © 


(using (1) and (2)} 


ES 711 nsa Xl 1 
2 Бұғы ый Nabe -2 Nue =4 
) [using AM 2 GM] 


.. (1) 


„2 


й: 
1 
cos x costar) хе Е 


n 


2-9 


Inverse Circular Functions 


Expression = cos x + cos 


Pes acr] 


л 
x zm dU ete (e 
оз 3" 05 0+ SING sin |. 


= cos ^x + cos e 
where cos d= X 


EI SEM LS 
= cos x + cos cosa — 


1 —' 
| ^ from the question, 355905 asl, a< j 


п 212322 
= соз tx e - a= cos “ix + g= 005 к=з? 
х c? 
4. If sin? Ersin tf = sin" 7p show that + 
b?x? + 2ху Ya bc +a y c. 
ix vax | 
We have sin ^ Q^ 008 Е 
, 
дао 
b b | 
| 
"m а М2 с. 
en ab ers ab í 
Thus, we get | 
Na RT „У-у a М2 | 
СПЕК Tr ae Oe а Е 
alwt-x У? у? | 
or cos Жо, Ta | 


a Vab- ci 
= COS ner St 


[using cos x + cos "lyscos^! [xy - NT 2 37 Му] 
Ха Mb a xy. Vab- ст 


M a a b ab 

or кзы кы 

ог т хз уз = шу + ҮТЕ en 

ог а?р®-а'у®—-Ь?х®+х?у%=х?у® + و‎ qs 
+2ху Ха 

or Ь2х2 +2ху Na b] c+ ay? = e4, 


Problems Plus in ИТ Mathematics 


5. Prove that F(x) z2tan^!'y 4 sin 


1+х 
for all x» 1, Find that constant. 
If 0x x « 1 then іп 1 —2* = 2tan “ly, 
1+ ×2 4 


2 
х 


1 
If x21ie,0«— in^ al 
495251 then sin —*— _ tan Ns 


“Т 


2 


Here x21. So у(х) = жап + gin ^ 


1 
1+— 
EE 


= 2tan "x +2{ап^! 2 =2(tan x + cot x) 


л 
22: == constant. 


6. If cos "x + cosy + cos 1. = д then prove that 
x! y! cz! e2xyz =1. 

Let cos "x=A, cos"y-B, сов = C. 

Then, fromthe question, A +B + C = л. 

Now, x? +y? +2? + 2xyz 
= cos A + cos ?B + cos?C + 2cos A cos B cos С 
_ 1+24 1+ соѕ2В 1+ cos 2C 
PEDE. DEN 922 


+ 2cos А cos B cos C 


+ 2cos А cos B cos C 
3 1 1 2 
-2%>:2с05(А + Ву. cos(A - B) + = Qcos?C - 1) 
22 2 
+ 2cos А cos В cos C 


= - ex С. cos(A - B) + cos?c -4 


+ 2cos A cos BcosC {. А+В=х- С} 

= 1 — cos C{cos(A - B) - cos С} + 2соз А cos B cos C 

21-cosC- {cos(A - B) + соѕ(А + В)} ^ 
*2cos A сов В cos C 


=1- 2cos А cos B cos C + 2cos А cos B cos C 


z is a constant 


7. Solve sin[2cos "[cot(2tan 3x] = 0; 


express y in th 
form a+ vb. 


2tan ^x = tan! 
- 1-x 


ЖС зината і Za) 


1-x? 
1-х?) 1-х? 
a st Г mit Эй 
ог cot(2tan 9 = ) 


cos “{cot(2tan ^'x)) = cos 1 


AIRE 
the given equation is sinf2 cos C] -0 


-nn 


{=0 ifn is odd; = +1 if nis even) 
1-x? 
2x 


1-x?=0, 2x, 2x 


-0,1,-1 


or 


Now, 1-х2=0 => x?=1, ie, x=+1 


1-х2-2х = х2+2х21=0, 


4+4 +2- 2 
2+ 1-—- = رعا 


1-x'--2x => х?—2ху-1=0, 
2+4+4 
ETE 


ie., x 


Thus,z-1,-1,-1432,-1- ¥2, 1 + 32,1- 2 
-1%0, -14 Vo, -1£2, 14 v2. 


+12 


8. If tan Jy:tan7!y 4:1, express y as an algebraic 


B 1 
function of x. Hence or otherwise prove that tan 227 


is a root of the equation x“ 4.1 = 6х2. 


Here tan “ly = ап "x = 2(2tan 73) = 2tan 1 1 2 7 
—% 
sup. 1-57 SaL 27) 
1-[-2% Y dh x?y? ду? 
) 1-х? ГЕ" 
ог ух). 
1+x‘4_ 6х2 
Let 


л 1% $ 2 : 2 
tan CT then 4ап 1,2 90° => 


Ен 
Inverse Circular Functions 


tan ^y =4tan 7) о > бӨ=пл+т 
0) => (tan@-1Xtan0+2)=0 
^  tan0--2 


Ө = пл + tan ^ (-2) 


we get O= пл, пл +2, пт + tan 710-2) where n ez. 


10. Find the positive integral solutions of the equation 


3 
= іп 1---- 
tan 1х с05 1 i sin no 


1. ү Зоі 29 
gm а) 


We have 
БҰТТЕ! 6tan 0 i БЕК ТЫ y-y! сут 
Cil. l-tan?0 9+tan0 аа y 
544- = S 1+у 
1 + tan 20 : Rd Р 3 E 
o) iF O EE 
T 1 д fromthe given equation 
| ; tan x + tan^! — = tan 773 
al M -t 
1 or tan™—=tan 3-tan x 
zene) y 
» =0 ES ЗЕ а: _1+3х 
1 dH er tun у 1«3x ^ ^7 Ү73-х 
+5 °) But x, y are positive integers; so x = 1,2 
лозы 20) — 2. 2ten (чап @)= 0 WIN паш 
© (ап 0)-7- 3 5 
2х 1+6 
= ЕРЕ _1+6_ 
2tan x-sin Ter х=?, = 7 
positive integral solutions of (x, у) = (1, 2), (2,7). 
ы EI 57 
11. Solve for x: tan x+ tan (1-х) = cot g'*e(Q,. 
9 
1 Here tan "x + tan (1 - x) = tan ^ 7 Q0) 
1+2 tan 8۰2 tan Ө Ч Ў 
ER 3 We know that tan 1х + tan "(1 – x) 
9 ; ES 


1-х1-х 
eux i if O«x «1andx(1-x)«1 
3 + 2tan °0 


tan 36 — 6tan 0 + 4) =0 


х+1-х 
1-x(1- x) 
if O«x «1andx(1- x)» 1. 


x-tan^! 


Te tmp t 


... @) Now, x(1-x)<1 => х?-х+1>0 
0) : 2 

1 © V 5 ( -] + 0 which is true for all x e R. 
T E 256 м 


So, x(1 - x) > lis not true forany x є В. 


В-42 
for all 0 < x < 1, (1) becomes 
-1_X+1-x в a9 
1-x0-:) "^ 7 
Or tan”! 1 = tan 12 
1-x«x? 7 


1. Prove that tan`! i tan! 1, tan HL tan i 


5 


2. Prove that 2cot "5 + cot -17 + 2cot 18 =. 


3. Prove that 


2 
4. Prove that 


-(1 
tan (% tan 24) + tan (cot A) + tan “(cot 34) =0. 


аа ar al 
tan! VŽ + tan" NZ + tan" NZ an 
yz zx xy 


wherer=x+y+z. 


2 
5. Prove that tan #2 + tan 712 + tan 1 
xr yr zr 


where r?2 x? «y? z?. 


6. Prove that sin^! 


5 13 
3 12 
ai -1 42 
7. Prove that cos 5 +9057 тз + cos 
8. Show that 
Я wo ани 
=a Peu C y 1 
15 ап identity. 


x = 
PE ! = а, prove that 


. If cos b 


b?x? — 2xy ab cos о + a °y? = ab sino. 


0. If u = cot™ Veos 20 — tan ^! Vecos 20, 


prove that sin и = tan 20. 


рее аря 
z+sin — + сіл 
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A x رار‎ ie, 7=9-9х+9х? 


1-х+х 


9x?-9x £270, ie, (3х-1)3:-2)-0 


әрә 


21 
ау 


Exercises 


Ж y 
14. Express соғ”! WELT 


2 3 
5 R= -1 — -1 - -1 3 
| =2!ап N 4:2 1 -tan TERM 


as a rational integral equation between x and y. 


сое 
ЗЕ! 


15. If sin "x + sin 'y = 3 “prove that 
2(х®-х?у?+у?у=1+хї+у*, 

16. If tan "x + tan “ty + tan = д, prove that 
Xtytz-iyi. 

17. If cot "x + cot “ly + cot “'z = x, prove that 


л i Xytyztzx-l. 
2 


18. If sin "x + sin "ly + sin 12 = л, prove that 
хУ1-х7 + 1ر‎ -y7 *zY1-z? = 2ху2. 
19. If in ДАВС, A =90° then prove that 


MET E 


с+а a+b 4. 
20. If in a triangle, two angles are tan 72 and tan ^3 


then prove that the third angle is 5 : 


21. Solve: tan ~'2x + tan 3x = 2 y 


22. Solve: sin "lx + sin "12x = л б 
; 3 


ze 
23. Solve: cos 1 X. I 2x 


24. Solve: sin “6x + sin^643 х2 -2. 


1. Prove that : 
т 1 ый m 1 : T | 
wi 2599 ا‎ ЫС 2505 j 25. Solve: tan "(e+ 1) + tan "(r 1) = an + s 
2. Prove that : ie 
0 9) 1  .f cos @ +соѕф * (А utu y 
-1 ME ЖІ 93.9 TCOS $ | : а 5 
tan (еп ; tan 3 255 Е ae ақ 9): Objective Questions 
3. Prove that i : Fillin the blanks, © 
a n В -i Sina ‘cos В } 
2tan “tant т- le Ss ) ( ; ) 
2 4_ 2 ‚ £05 a. sing" 26. The principal уаше of cos Ts A = 
; 4: : 


А 


1 er Ў 
e value of sin{cos à +" 


The numerical value of 2tan 7! 
ner 


). 


is) s 


де numerical value of 


715 + sin ^ 


2x 
1-x 


Е 


38. If x l then 2tan 1x – tan ^! 
e 


i, tan“! 
3 


3 
= SF (> 0) ifr < 
x 


rincipal value of tan —(-У3) = қ 
^ кү? — 


Inverse Circular Functions 


Answers 


B-43 
5 43-43 
af aX y ӨТЕ и + “1 ж. 
Же | | | am +1 а;ау +1 
- 1 
11n fn-1 ام‎ = А 
vere 44-14, +1 55 ап 
Choose the correct option(s). 
inci -I si 10% 15 
43. The principal value of cos (не 7 ) 
Зл Ê 
QT бта 
(с) Dr (d) none of these 
14 
7л EE CES 
44. The value of sin{tan "(tn z| cos (52) is 
(а)0 (5) 1 
(c) -1 (d) none of these 
45. sin[cot “{tan(cos ~'x)}] is equal to 
(а) -x (b) x? 
(с) х (d) none of these 
46. 2tan x = tan! = z is true if 
(a)x >0, x<1 (b)x>1 
(c)x «0 (а) хє К 
Зк × 
47. tan x + tan! 2* «+ tan" = y (x>0) is 
1-x ts 
true if 
1 1 1 
ar< . в === 
1 а) 1 <х<\ 
()x* 35 (9) 45 <: 
48. If cot 1x + cot “'y + cot “'z 55 then x + y +z equals 
(a) xyz (b) xy + yz t zx 
(c) 2ху2 (d) none of these 
35.3 36.2 37.2 з8.л 
1 3 
9.-- 40.- 41.0 
в 5 
42. tan"! — 43. (с) 44. (b) 45. (© 
46. (а) 47. (b) 48. (а) 
vk ма. 


| B-45 
Inverse Circular Functions 


Chapter Test 


Time: 60 minutes 


1. Jn the following incomplete sentences fill in the blanks such that the resulting sentences 
become true. 


( pagi EL TUE if 0° 90° 
а М -sinx - У + іп х | giii i 
E NO E 
(b) sin 5 cos 1; h (et 
1 ا‎ 
(c) Ifx > 1 then 7 cos az = tan ^( Y 
2 х? +1 


(d) If tan `’ 5% tan ‘a= = then a= 


(e) The value of sin [cos [cos "(cos x) + sin 7 (sin х)}] = ... , where 5 <х<л. 


2. In the following questions each has multiple answers. Choose the correct answer(s). 


р VI+x -1 
(a) Шап"! = А tan x then the value of A is 
1 
A.2 B. 2 6.1 D. none of these 
x3 2x-k 
(b) If $ = tan ' 2r. and Б tan " 7 then one value of ¢ ~ y is 
T T 71 4n 
A.— z7 = Been 
6 B 3 E 6 n 3 
(c) Th اا‎ aij 27 od. аЙ, 
e principal value of cos Б 3] + sin [sin a is 
А.т B. C= p. 
1 2 3 3 
(d) IFA isa root of x? + 3x + 1 = 0 then tan "А + tan 7 is equal to 
л л T “ 
А. A B.- 2 С. 3 D. none of these 
(е) The equation sin"! x = 3sin "a = 0 haš real solutions for x if S 
1 11 
А.пє R В.аЕ [-1, 1] Cae јо, 2) HET 
-1 -1 -1 1 -1 _ 08 
3. Solve: tan 13x – tan x = cot * cot . 
х+1 x-1 


4. Find the integral values of n for which nz - tan 7"3 is a solution of the equation 


1 + V10 sec x + 12tan 2х = 0. 


5. Find the number of real solutions for x, y if 
| y | =sin x, y = cos (сов x), | x | $27. Also find the solutions. 


-1 
6. : AT = 
Solve: tan ur n ا‎ 
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107 ® Oi; 0-7 


5. three; (0,0), (%2л,0) 
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2.()в (МА (9A (dB (ер 


42k41wherek e Z 


4. Trigonometrical Inequalities and Inequations 


Recap of Facts and Formulae 


| 1. Basic inequalities 

2-1<6іпх<1 

. =15с05х<1 

e secxz1orsecx<-1 

4 cosec x21 Ог cosec x <-1 

+ For positive quantities AM > GM, 

| equality holding if all the quantities are equal. 


2. Solutions of trigonometrical inequations—Value-scheme 


H If sin x > К, where 1к1<1, and k = sina 
then the solutions of the inequation are given by the 


_ following value-scheme. 
Me $ 


a 


(i) The solutions of sin x > k = sin a are 


| а<х<л-а,іе,х Е (a,x-a). 


_ General solutions will be 
—2nnta«x«(2n*1)n-a, 
lexe (2nn+a,2nn+n-a), neZ. 


Gi) The solutions of sin x < k = sin a are 


ple Solve sin x»-2- 


We l в”), sin (r+ 
£ e know -7 =sinf- j sinite 
"So, the value-scheme will be as follows. 


Solution-set of snz> 5 is Fe z+) and the 
general solution-set is 
т л 
(ит antn +g) e2. E. 
Clearly, the general solution-set of the inequation 
sin x 2-2 willbe 
Ер -2 (2п + 1)л +]! ПЕЙ. 


e Ifcos x > К, where lkIs 1 апа К = cosa 
then the solutions of the inequation are given by the 


following value-scheme. 


(i) The solutions of cos x > k = cos a are 
-а<х<о, ie, x e (-а, а). 
General solutions will be 
2пл-а<х<2пп+а, 
ie, x e(2nn- а, 2пт+а), п e Z. 
(ii) The solutions of cos x < К = cos а are 
а<х<2л-а, ie, x e(a,2n—a) 
General solutions will be 
211 «a «x «2(n + 1)л-а, 


ie, x e nz +a, 2n+1n-a), пей. 
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* If tan x > К, where К is any real number and К = tan a эял-ў<х<2пт+а, 


then the solutions of the inequation are given by the 


following value-scheme. ie, хє + > (2n+1)x+ a) 


: d x 
* vr -; ino) 


^ n 
Equivalently, x «[=-2, me). neg 
Summarizing the above three in tabular form, we a 


Solution in 
[0, 2n] or 
[-х,л] 


General Solution 


(i) The solutions of tan x > k = tan а are 
(nez) 


r 3r 
0<х<-, пға<х<5- 
2 2 


sinx»k(-sina) |х е(о,л-а) lx e 2nx + a 


ie, хе (s ijt +а, 1) 
General solutions will be 2n +1 - aj 
sin x < kz sin а) |х e [0, a) x e [2пт,2пт+а) 


к 
2n «a <x 2m +7’ 
А U (z-a, 2л) UQntin~g 


@n+ Dr +a <x < (2n + D+, Mirin 


cos x» k= cos a) |re (a, 0) |х є (2nr - a, 


ie, xe (m 2+3) 
2nn +a) 


v (ens D+ a, алек). cos x < (= cos а) |х e (a, 2n ~ a) lx e (2n + a, 
2п+1т-в) 


л 


Equivalently, x em +а, пк +) nez 
remm 


(ii) Thesolutions of tan x < k = tan a are 
к n 
ц<х<лға, 2 <х<9, 


2 
n 
хе [нетна 


ie, xe(= Ж 
, ЕЕ 


General solutions will be 
2+3 ex < n+ Treo, 
Selected Solved Examples 
1. Prove that cos А + cos B+ cos C S$ х С А Б с 
: -2sinz. T i Sy =n- 
where A + В + С=х. Also prove that if in a AABC, : 2 E 2 чу за 
cos А + cos B + cos C=, : «ш snc 
: ~sin = |+ 
then ше triangle is equilateral. : 2 2) ; 


22 ; А-В. {| 
( the greatest value of cos “-2 Р!) 


cos А + cos В + cos C 


snd equality holds when cos 4-8. 0 


=2c0s АВ cos А8 + 1-۶ : " 
eA rem Bres C <12 (sin? E- sin 3) 


Trigonometrical Inequalities and Inequations 


2 3 
ai ic lys. 
-2-2(8 2 2] 52 
рі ЕО о 
equality holding when sin >< 5 s 
3 
Thus, соз А + cos В +cos CS s (3) 
equality holding when (1) and (2) hold. 
Now, in ABC, A+B + C = Fi so (3) is true. 
3 а 
If cos А + cos В + cos С=5 then in (3) equality holds. 
(D and (2) are true, 
A-B € 1 
ie, cos =1 and sin 7-7 =0 
АРВ d A-B-0, ie, А=В 
cos =a 71 > -В-0, іе, = 
GWI ОРЕХ 
sin 5 —5-0 > 2730, ie, С=60°. 
Clearly, А+В+С=180°, А=В and С= 60° 
э А-В-С-60% so ће ДАВС is equilateral. 
2. Prove that in an acute-angled AABC, 
A B 
qua. TEE E 
tan + tan zten 221. 
B+C x А 
HereA+B+C=n; 2 272 
B+C т А А 
fan = (i-2)- 2 
B с 
еселе: 10 
B Gu А 
1- tan =: вап = Ж. 
tanj-tany (ап? 
А В е В C 
[7 = 1-м = 
r апап 5 + fan 2 1- tan 5: tan > 
A B 
ог tan—- ап = = жі 
2 jan +tan> tan y 
+tan> tan 51 (1) 
Now, tan? 2B ic. 
+ tan 2 +іап 2 1 
А В А В 
= ап? 5 22 ze. e = 
> + tan? > + tan’ > (= tan 7 
Bea Bo ACE AY aiat 
* any tan > + tan 5 tn). using (1) 


-lq-5«G-9'«e-0929. 


and sum of squares of real numbers is 


positive. Here equality holds when 


A B. C ie, А=В=С. 
tan tan = (205 1.е., 
А В 2С 
2 2 = » 
tan ^ + tan 3 + tan 2 120 
А В 2C 
: 2 2 = 
ie, tan БАЕ ztn 221, 


equality holding when A - B = С, ie. the triangle is 
equilateral. 


3. Prove that in an acute angled ДАВС, 


tan A- tan B- tan C2313. 
Also prove that the triangle is equilateral if the 


equality holds. 
As the triangle is acute, 
positive. 
АМ>СМ 


lan A + tan B + taa С, Van A tan B tan С 20) 


equality holding if the numbers are equal, i.e., 
quality g 


tan A, tan B and tanC are 


5 


tan А = tan B = tan C we (2) 


Now,A+B+C=n; ~ B+C=n-A 
tan(B + C) = tan(n — A) 

tan B + tan C 
1- tan B. tan C 
tan A + tan B + tan C = tan A - tan B - tan С = x(say) 
from (1), 5 > Xx; or Ear 


or --tan А 


or 


л x2 N27 =3 
tan А - tan B- tan C 2 343, 

equality holding when Q) is true, i.e., 
tan A = tan = tan C 


As x»0, x?227 


A=B=C, ie, the triangle is equilateral. 


4. Prove that in a AABC, sin A. sin B-sin C «333. 
8 
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> | Trigonometrical Inequalities and Inequations 
sin "A + sin *B + sin?C sin (9-7) | 
y 2I D 
1 i ==, р 'cot^0 + 1ап?0) – (cot Ө + tan 0) +10>0 
25 - cos 2A) + за - cos 2B) + sin?C maximum value o M 3272" for 0 | 7. Prove that x т 
1 : Е в т x 11 for all real Ө + #7, nx + Where n c 2. 
-1--(соз 2A + cos 2B) + sin?C : x $7(5 74]. m 1 | Н 
2 Syne nn Sate | Ө =х. Н 
i E 40274 AD 51422 | le cot 9+ tan І 
1 ane % С 
71-3 [2cos(A + B) - cos(A - В)] + sin ?C 1 Also, minimum value of Then cot 20 + tan % = (cot 8 + tan 0) ~2 cot @ tan Ө 
к 2 
Ж 1 | =x°-2 : 
=1 + cos С. cos(A - B) + 1 - cos?C : sino 2] TA | i T 1 When (2) is true: 
i е r | = -2)-8х- : 
= 2 - cos 'C + cos С. соѕ(А - B) Р 4 7x2 for 0505 | LHS =3(x*- 2) re 
2.2 2% NC 2 É | А =3x?-8x+4 т 
sin “A + sin “В + sin °C < 2 - cos?C | : -2n 
i соз?С + cos C ; sin(o+%) | н аты ә -rsx<I ог Ш<х5т 
[7 the greatest value оҒсов(4-В)- |) : maximum value of de i E REC | -|©-у)+4 2 
=2 - (cos?C — cos C) d ; ү? v2 2471 | : ; 2228, 
| 32-2 (4-3 LO. ағыз ШЕ, 
2 m =3|х?- 3 . 
=2-(cosC-cos C+ 7} +4 Pee, sinfe + ) та | ( ? я eh ті) : ! 
-.--<---------. ТД Кыс, | я т 
47954-49 :6472: | 4 16 4} 4 | c © 25 қ 
29 cap | -3х-3) +4-5 = ( -3) -3 0: 3 3 
=f (cos -3] Я (кт акт | 5. the required solution-set is (taking union of solution — |^ 
2 2 22.9 “(4a 280402 р ә) Ісі radian NTC а Н о sets in the two cases) RN 
i 1 1 = „Пе | ==> n 
sin А + sin’B + sin Cs 7 : (1) are all angles between 0 and л. Hence both the factors i ШЕ М т (a) 3 : 2n 2r \ 
Now, for positive quantities, AM 2 GM (1) аге positive. ; ‘We know that, if 0 is an angle in the second or the fourth : (* 3 a ЕЈ (^ 3) s \ 
sih AIRES SRE  x— Ч Hence, cos(sin 9) — sin(cos 0) > 0 | quadrant then tan Ө and cot 0 are both negative and so : р ЗА 
3 2 sin А sinB sin С 1 1. eos(sin Ө) > sin(cos Ө) | соб +їап 0, ie, x is negative. Thus, (2) shows that. : Si 
9 . f LHS » 0 when 8 is an angle in the second or the fourth : s ROO; Зл satisfying 2cos^0 + sin <2. 
3. andAd ын Ban 2 quadrant. : 2 2 V 
ES Homil а и башы е : 17 sm Е : ; Bé 2 4 
3 3 i 6 Prove that -4< cos 2x + 3sin x <-> for all real x. 18 is an angle in the first or the third quadrant, both : Here 2(1 - sin 79) + sin @ < 2, i.e, 2sin "6 - sin 8 > 0. \ 
z i cot Ө and tan 0 will be positive; so T Д \ 
> (sin А TE B sin C)? Here cos 2x + 3sin x = 1 — 2sin?x + 3sin x АМ>СМ Е Roots of the corresponding equation аге sin 6 = 0, oy N 
3 5 (sin A sin B sin C)? i : =1-2 (sin - sin + cot 0 + tan Ө 4 by sign-scheme: \ 
4 : 2 э С Un *»Ncot0-tan0, ie, xz2. \ 
gama 5 12311,9 9 2 4) 4 ,4 4 г at шу + — ' 
ог sin Asin B sin C < (3) ie, 55. : yarn tag} Шеті When x22, from (1), LHS 222-5] -3=3-9-3=0. : 0 1 | 
2 2 : | 
d : =1-2(sin x3} кае insi 2) Thus, for all Ө except quadrant angles, LHS > 0. т dmm. or sin 023. ' 
5. For all 0€ (о, >| show that cos(sin 0) > sin(cos B). ` : 
соз 2x + 3sin x & 17. Now,sin8s0 = л<0<2л. | 
^ ^ Р x +3sin x < B. 8. Solve: sin x + sin 2x » 0, x e l-n, xl. 
cos(sin Ө) - sin(cos Ө) = cos(sin 8) — ex = cos e А 
1(7 1 equality takes place when sin x -3 Неге sin x + 2sin x + cos x > 0 But Oe E 55 
а) Ы - етих Р Я Mes sin x(1 + 2cos x) > 0 
Е : and from (1), cos 2x А 17 3 Жэ 4 : sin 025 
sin m sinQ-cosO| in |Z Sin 0 + cos 6 : six zz =" ^ either sin x > 0, 1 +2603 x»0,ie,cos x>- -= (D : 
4 2 x Pe iMi : for when gi E d € 2 
р EF P 7-1 (minimum value) is тер“ Ұл; 1 
А п 2 72-7 3 270 d : кА 
m 6-4 & Ё sin |0 +2 : finz 3) becomes the greatest. Or sin x «0, 1+2cos x <0, i.e cosx <=; + (2) 
= 2sin |— + *Sin|-z- : 
14 v2 4 Үз =.) ss t j 
Now, minimum value of i Ds s con 0<х<л 
„ӨК сап 1 | к Эт], ^m 5т 
sije- |] d a Un MES s : But 0< al MEE 
Xd eu for 05055 pin 3 3 : 6 
Thus, ~4 < cos 2 4 3sin x 17. 1) gives 0 < x < = ; takingcommonvaluesofz. 2 ~^ the solution-set = ls , a o Е z] 
* pu A d 2 . 
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10. Solve: tan x+3> 3tan x + tan?x. 


3, 
Here, tan x - tan x +3 -3tan x5 0 


or tan ^x(tan x — 1) - (tan x - 1) > 0 


Ог (tanx- 1)(tan?x -3)» 0 

or (tan x – 1)(tan x + V3)(tan x — 53) > 0. 

Let tanx-y. Then (y- 1Xy + 3y – 13) 20. ... (D 

Roots of the corresponding equation are y = 1, -33, ¥3. 
the sign-scheme for (1) is as follows: 


=) e (=) (+ 


because at y =0, the expression is positive. 
-М3<у<1 or у>\ 


=> -УЗ<{апх<1 or tanxo 3. 


Now, tan x > 43 


т n 
> 2nr + 3 <x<2nn+> 


n 


ог (2п+1)л+ 3 «x«Qn Dec, 


ie, nx+— z 
.€. CH SEO хеч 
x 3 2 


-epBe 43 


Also, -V3 < tan x « 1 
л т 
2nn-— tu 
E л 3 <Х<2лт+ у 


2r 
or жаа <x < On + r+, 


4 x ad 
ie, п(-2<х<Ппі%- 
А 3 4 


the solution-set is 


54 DE x 
(ry aeo mm n et, Bey. . 


3 


vm 2+4) 
3 4 


: vr малып 
: equivalently, l 
: ше ШАҒЫ БЕСІ пп х, 
5 3 2 3 7) Where Heg 
її, Solve: sin "x > cos "x. 

Г o 


Here sin !x > cos x so sin" x 


(: sin x + cos ly 


1 
E 


E: à 
x>sin т, because larger the value of x, larger is 


oe НЧ лот 
the angle sin^'z in ре 2 Remember that the 


principal value of sin x lies in [- = , zl 
жы 
№ 
Butsin"'x is defined for -1 < x < 1 
1 


i; <* S1. Hence «en 
12. Solve: cos2v» | sinx 1, x e [-п, x]. 


Их € (0, z) then sin x > 0. So the inequation becomes 


COS 2x > sin x 
or l-2sn^gar 5^ ( 
P A 4 ; 2 
ог. 2sin f4sinx-1«0 
or 


Csinx – 1)(sin x 4 1)<0. 


Roots 1 
OF the corresponding equation are sin x = 7’ Bh 
So, the sign-scheme is 1 


Trigonometrical Inequalities and Inequations 


21 sin}: But sin x 2 -1 forall x. 


1 T т 
Thus, we getsin x «4 = 5ш 6 апа sinxz-l. 


А ue А а 
The value-scheme for sin x <7 isas shownin the figure. 


But0 <* < Л. 


юз 


Е 
2 


о<х<2, п-т s (1) 


Jf x € (Сл, 0) then sin x < 0. So the inequation becomes 
cos 2x > -sin x 

or 1-2sin/x» -sin x 

ог 2sin"x-sinx-1«0 


or (2sinx +1)(sinx-1)< 0. 


ы Y 1 
Roots of the corresponding equation are sin x = 757 1. 


So the sign-scheme is 


яп <1. But sin x $1 for all x. 
= 2, п 2 
Sowegetsin х>--- snf- A and sin x #1. 
-1. Я 
The value-scheme for sinx >> 15 as shown in the 


figure. But -n «x < 0 


5 
-<х<®% -<х<- --(0) 


Alsó х =-т, 0, п satisfies cos 2х > | sin x iis 
Hence, collecting all the solutions in (1), (2) and the 
three values =r, 0, n we get 


x п “ Кет 5x 
Y Ра _Вах<0, -п<х<-- 
0<х<</л 65557, <х<0,-л<х , 


i aE ЕО 
ie., sep соат e) l% , 1: 


Ехетсіѕеѕ 


Я SUA OB I Gl 
1. Prove that in a AABC, sin sin 5 sin $g* 
Also prove that equality holds if the triangle is 
equilateral. 


2. Prove that, in a triangle ABC, : 
cos А «cos B ‘cos C < i ‚ Also prove that if 


1 
cos А - cos B ‘cos C= =, 


8 the triangle will be 


equilateral, 
2 2, 3 
3. Prove that ДАВС, cos 2А + cos В + cos “С zr 
4. Jf ДАВС is acute angled then prove that 
y 3 
соз 2А + соз ?B + соз °C <>. 
5. Ша + В e n where a, В, y > 0 then prove that 
И 1 
(1 cos 0)(1 – cos BX1 = cos Y) S g* 


С Prove that in a ДАВС, cot A + cot ?B + cot Cz 1. 
Also prove that, if equality holds then the triangle is 
equilateral. 


7. Prove that in a AABC, cot А+ cot В + cot C > V3. 
Also prove that if cot А + cot В + cot С = N3, 
the triangle will be equilateral. 
8. Prove that in an acute-angled triangle ABC, 
tan A + tan B + tan C > 383. 
If equality holds, the triangle will be equilateral. 
9. IfA+B+C =r, prove that 
А cos 8. соз C93. 
cos 2 * cos 2 cos 25% 
10. Show that the greatest value of 
sin 2A + sin 2B + sin 2C in a triangle ABC is эз - 
11. Prove that in an acute-angled AABC, 
tan 2А + tan?B + tan С 29. 
12. Prove that in a AABC, cot 4 “соғ Z «cot С> 3N3 
and the triangle is equilateral if equality holds. 


13. Prove that in AABC, 


созес A + cosec z + С 
2 2 + <овес > >6. 
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14. IfA+B+C=mnand А, В, Се («5 then prove that 


sec A + sec В+ sec C2 6. 


15. Prove that i 2А ante асы? 
at in a AABC, sin z *sin 7 + sin FT 


16. Prove that сіп 2"0 + cos "0 < 1 for all 0 and n 2 1. 


17. If A, B € [0, n] then prove that 


Ai 
2 Gin A + sin B) «sin 228 


3 
18. Prove that - 255 2x + 2cos x $3 for all real x. 


EXE m 9 
19. Prove that sin © sin 2a - sin Зо < те for all 


20. Find the set of all x € [0, л] for which 


25іп 2х - 3sin x + 120. 
21. Solve: sin x < cos x, O« x « m. 
22. Solve: sin 2x > cos x. 
23. Solve: cos x + cos 2x + cos 3x > 0, x e [0 д 
24. Solve: cos Зх + ҮЗ sin 3x + V2 < 0. 


25. Solve: tan x + 3cot x > 4. 


Answers 


СЕ 
21. fo. 3) 


22. [an & 2, 
(2+4 211+ 


л 5 
aom memes 


2 


үле : 


23. 56 ez 


2nn 13л 2nn 19r 
24. E 36 , 3 +3) "<2 


r 
т E п 
25. 0966 13, m. nez 


Trigonometrical Inequalities and Inequations 


Chapter Test 


Time: 60 minutes 


1, In the following incomplete sentences, fill in the blanks so that the resulting sentences 


may become true. 


(a) For all real x, the value of sin?x-cos?x<k, k being the least possible. Then 


k= 5 


(b) If sin 3x > cos 3x and 0 < x < 2л then the solution-set of x is р 


(с) If sin 0 < cos 6 + X2 and -n < 0 € л then the solution-set of8is š 


(d) If | tan x | <1ап9 0 sx 57, the solution-set of x is 


2. In the following, each question has multiple answers. Choose the currect answer(s). 


(a) Ifin a ДАВС, the angle C is obtuse then tan A - tan B is 


A. greater than 1 B. less than 1 


C. equal to 1 D. none of these 


(b) The sum of cosines of three angles of a triangle is always 


A. greater than 1 B. less than 1 


C. equal to 1 D. none of these 


3. Prove that ina AABC: (sin А + sin B)(sin В + sin C)(sin C + sin A) > sin А sin В sin C. 
4. In a AAEC, prove thata? b? « c? > 413 x (area of ДАВС) and if equality holds then the 


AABC is equilateral. 
5. Prove that in a triangle rj: г +1732 27r? where ry, ry r; are exradii and r is the inradius. 
6. Prove that the values of Ө that satisfy cos 30 + cos 0 > 2 are in АР. 
Е 1 
7. Ina AABC whose area is A, prove that A < qa +b+c)abe. Also, prove that equality will 


take place if and only if a =b = c. 
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Answers 


сөз of Slope p een EDT 


2. (ав (ЫА 


hes 


5. Logarithm 


Recap of Facts and Formulae 


e logax>logay => Х>У when 4>1 


1. Logarithm and its properties 
lg bmi e a*=b x«y when 0<4<1 

. "Led 

(a is known as the base of the logarithm) 

el 0 en dt 1 3. Characteristic and mantissa 

where 0-bcd... is positive, 4 

d, etc., being digits then a is 

is the mantissa of 


o logab 
e logal =0 ‚ If logo x a bed ... 
being an integer and b, c, 


e log;a 71 : 
: the characteristic and 0- bed... 


| e loga(m xn) = log, т + logan 

| m 1 | 10010 Х. 

| әлі EE t If logio x = 3.15642 then 3 is the characteristic and 
0.15642 is the mantissa. 


o log, т" = п log, m 
If logy x = - 4.2354 then 
logy) x = – 4 - 0.2354 =-5 + (1- 0.2354) 2 -5 + 0.7646. 


К «fog nm =+ logam 
-5 is the 


s по 4 : Ме write logiox -57646 in which 
1064 : characteristic and 0.7646 is the mantissa. 
• log, b x log, c= loga € If the characteristic a of log x is positive then x is a 
number whose integral part is of a + 1 digits. 
If the characteristic a of log ox is negative, зау =b, then 


e log; b RENS 
in the decimal form of which 


(gU TX : x isa proper fraction, 
: there will be b — 1 zeros immediately after the decimal 
: < "UN : ! point before a significant digit appears. 
2. Equality and inequality in logarithm : e For each of x, 10x, 100x, etc, mantissa of logarithm is 
% the same. But their characteristics go on increasing by 1. 


*loggx-loggy © х-У- 


Selected Solved Examples 


1. Prove that logy, 5 lies in the open interval 6. 3) 206» 5 < 1 and 3logy 5> 1 
1 қ : 
1055 <> and logy 523 


We have 25 « 34 « 125, 


р 1 1 
іе, 20554 <5° : 3 410845 <, 
a 52< log, 34<logy5? (7 thebase 34> 1) ive \ 

Bs вы 34 < logu 1 “je, log 5 lies in the interval 6. 3 


ог 2log, 5 > 1 «3log4 5 


vd 
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БЕ 


43 
2. Show that DE i 


7-2 


= log, (43) £. 


43 
LHS = У log, r 


т-2 
= 10р, 2 +106, 3 +108,4+... +108, 43 
= log,(2 x 3 x 4 x ... х 43) = log, (43)! = RHS 


" " F 
3. Given n < 10" for a fixed positive integer 1 > 2, prove 
that (л + 1)* < 10" *!, 


n'«10" =  log,n*«logy 10" 


Alogi n < n а) 


4 
Now, log jy MERIT. 
10" +1 


logy(t + 1)* - logi, 10" * 

= 4logio(n + 1) - (n +1) 

| 
= 41060 п +10810 k +2) = (и +1) 
1 
«n + 410810 fi * ai n - 1, using (1) 
1 > 
= 410510 f * in 1 
3 
< 4logio a 1, for n22. 
3 3y ; 

But 4logig сү 1= 542) — 1081010 = logi; = <0 


(и+1)* 
10"*! 


(т + 1) 


10"*! 


Іор з <1 


(1 + 1)! <10"*', 


4. If ber. Jogy _ ut prove that 


y-z 2-х x- 

ыы 
Also prove that x¥** +4 y*** 4 2**¥33,' 

For log x, log y and log z to be real we must have 


х>0, у>0, 2>0. 
Now E2- log y logz 


y-z z-x x-y 
(2+ log y Gta 
xt-y! 


gae y*G*yMogz. 


ха у?‏ 22+ چ 2ر 


Ех. 
у? - PERS 


using ratio and proportion 
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lo; x!** +105 2+, log 23+ 
E 0 
log x¥*7 + log y ** + log 2587-20 


or log(x¥*?-y7*7-27*%)=0, 


te a ty PAE gto] 
s T 1 
Again, take the positive numbers x**z ,:., 
ty, d and 
AM2GM. 
ука, жу prey 
хе» 
pm АА ЙЫ, 2 | 
from 
xU. yttt ez! tV, 
k р 
log Ў Іі ' орх 
5. Prove that (yz) *.(2х) 5-(ху) а 
2 $e log 5 


log 1 
Let т= (уг)  *- (zx) 320%, 


2 x 
Thenlog т = log(y2)' B + log(zx) ги log(xy) he, 


= log? -log(yz) + log _ + log(zx) + log -log(xy) 
= (log y - log z)(log у + log 2) 
+ (log z - log x)(log = + log x) 
+ (log x - log y)(log x + log v) 
= (logy)? - (log z)?4 (log 22- (log x)? 
+ (log x)? – (log y)? =0 
<- Ю8т=0. So m=1, ie, LHS=1. 


6. Solve: 


Th hanc ag 


x 
É poga- le log, 5 _ 3 19610 10 _ g logio9 x + 10842, 


6 
Here, ge log4 5) 10810 108, * _ Mog, x= 100 10 


6 1 1 
ог 575 ee otl 


MIX 1; 

|. a 7" =x, log, a. dx e log, с, log, 2= 7) 
Taking log,,x = = y, we get 
5-57-37-1.3у,3 


ог 2x591 39-2 gy 


Zw 


or у-1 ' 
2х5 73!439-1-35-2(2, 4) 239-2 x 10 


ible ify- 


Xd 


— ave cos x > 0a: 
[be an angle in the first quadrant. 


ar ?x5, ie, 5У-2 =ЗУ-? 


2=0, ie, y-2. 


че ог log,, sin 2x +1050 cos x = log, 7. 


110 Macr sin 2x +108 0 cos x= logs 7 


* logo; 10 = logo; (0.1)"" 


ав, 


vec Б E Z 


fore logina , log cos x =2 


: log, (bc), 
Ted 


cos. x* Er sin. x 


y = logs (ca) and z = loge (40), 


BA 


Logarithm 


But here the logarithms are real if sin x > 0, cos x > 0, 


sinx #1, cos x #1 
x belongs to the first quadrant and 


хат + (-1)" 2 2r 


from (D, x = 2m + 2,76 Z- 


9, If 1+ log, (1+ cos 2x) > log, 2 then find x. 
=-1} 
24) > llog 2-75 
Here, 1 + log, (2cos x)» 2 £275 
or 2+ log; cos x > 5 
-3 
.0 or 2106;с05Х>- 
zd 
-3 4 
log, cos x > -p = 10822 
ЕЈ 
AUT. 
=> cosx>2 = 2% 
mo Ен 
Let gosam зд? .е., 2^ 
So, from the value-scheme we get 
1 
да» 
EI 
1 
0 ER 
Qnn-a<x<2nn+a 
1 41 
2nn - cos Ет «x «2nn + cos uw where п є 2. 
„. (1) Note log;(1- cos 2x) is defined for all x obtained. 
Exercises 
IER 
prove that 
1 و پم‎ 
х+1 y+ z+ 


4. Prove that log,(bc) · logp(ca) · log (ab) 


=2 + log,(bc) + log,(ca) + log (ab). 
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sq ХУ%2-х) _ (2 +x =) щх+у->) 
log x logy — 182 


» prove that 
Уи. ұғ ұу ух, 


є. 1 Ю5х _ logy logz 


j X4 уу+22>3. 
y-z z-x x-y prove that x* + y 4 z*2 3. 


7. Prove that x ^8y- log 2 , y log z-log x , ,logx-logy 1, 


8. Solve: logo sin x + logico (8cos x) = ilebar 3. 


9. Solve: log, tan x + log, tan 2x =0, 0<х<2л 


10. Solve: 1 «log, sin x + 2105416 cos x > 0. 


Objective Questions 
Fill in the blanks. 


11. log; log, logy, 81 =__ 


12. If log x + log y = log(x + y) then y as a function of x is 
given by y= 


^ -1 
13. The sum of the series Уу logs] = 


r=0 


14. If a? b? =23ab then log Ê ig the AM of 


and 


15. {0 < x < 1 then У log(1 + х?) = log( y 


^A С сос 
p ф з T pet 
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16. Iflog 2 030103, log 3 = 04771213 they. 
of digits in the number equal 032,25, 


17. If log3-04771213 then the number 2” 
between the decimal point and the firs, sg 
digit in the value of 9 19 is Каң 


ШЕ 


x 


18. подо 2) < -1 then the set of general Values, 


is 


Choose the correct option(s). 


19. If loga + 2log a? + 2log a? +... + 2log а" 


then the value of n is 558-і | 
(а) 10 (b) 11 

(920 (9) 5 

(e) none of these 


20. f SEZ _ 189 1062 henth 


bse ea та e value of xy: is 


(a)1 (b)3 

()2 (d) none of these 
21, q&a bx loge x loge d iç equal to 

(a) b (b)c 

(c) d ' (d) none of these 


22. If a, b, с are positive numbers (я 1) in GP and x >0 
but 1, the value of log, x(log, a + log, c) is equal to 


m (31 (b) 2 
(93 (d) none of these 
Answers 
== мә 
б блв a dons ce? a га 1 
3 4 15, Tox 16.9 17.15 
т 7л 5 
9. 6 igi 10. (шт amer) nez 12n41 12 
5 (e ja D. 4nn*2n|, НЕЁ 
11.1 12. жосу х>1 
= 19. (e) 
13. 108.9 14. log a, log b m 20. (a) 
А 22. (b) 


Logarithm 


Chapter Test 


Time: 30 minutes 


i becomes true. 
1. In each of the following, fill in the blank so that the resulting sentence bec 


(a) If fora ДАВС, log,,cos А > 1 then A € 


x in 2 = log ( ). 
z — + log sin g (— 
(b) log cos 5 + log cos д + log cos 55 * +108 608 о взш он 
2. Prove that in an acute-angled ДАВС, 
log(tan A * tan B + tan C) = log tan A + log tan В + log tan © 


Сап this hold for any triangle ABC? 


TOV! at 4 + lo sin z + lo sin — + lo sin — + log; sin “г = 1082 
3. Pro’ e that 82 5 g2 5 B2 5 g 5 1 5 


4. Solve: 1 + log, sin x + 082 sin 3x > 0, 0 x «2x. 


п 
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Answers 
ae 
IFR 1 
1072 "ri 2.no 
10 2) О ини 
D 


6. Properties of Triangle 


Recap of Facts and Formulae 


1. Angles of a triangle 

Ina triangle ABC, three angles are A, B and C. 
. A+B+C=r 

sin(B + C) = sin(x -A)=sinA 

cos(C + А) = cos(n – В) = -cos В 


Й 


» sin —, = sin 


2. Trigonometrical relations between sides and angles 


For any AABC we have 


where К = circumradius (Sine-rule) 
Ь?+с?-а? 
“ соз А = he ; etc. 


• acos В + bcos А = c, etc. 


M دعل‎ etc, where 2s = a + b«c 


(Cosine formulae) 


• sin 


2 
; А A[sG-2a) 
соз т Д, etc. 
* tan A. (s - bXs - e) .G-bG-o. ‚ etc., 
2 s(s - а) ^ s(s — a) 
where A = area of AABC 
A 
* cot 55-а) etc. 
B-C b-c А 
* tan = =, 
Da bac cot > etc. 


3. Area of a triangle 


If the area of a AABC is denoted by A then 


1 
2 A= s bcsin A, etc. 


B-63 


‚ sin А E etc. 
bc 


e A= Ns - ay - Bs =e) 


4. Ratio formula 


In the AABC, AD divides BC in the ratio m : n at D and 
ZBAC in two parts “ВАР = a, ZCAD = В. 


A 
[> 
a 
B m D n С 
If ZADB = 0 then 


e (m+n)cot Ө =л cot B — т cot а 


. (m + n)cot Ө = т cot C — n cot В 


5. Some important identities for angles of a triangle 


In a AABC, we have 
„ sin 2A + sin 2B + sin 2C = 4sin A sin B sin C 
. 14 cos2A + cos 2B + cos 2C = —4соз А cos B cos C 


- 2 4 А В С 
. А+ В =4 = = 
sin sin B + sin C = 4cos 2 9535 


. cos A + cos B. cos C=1 + 4sin -sin = © 


e cos? A + cos?B + cos?C + 260$ А cos В cos C =1 
“ tan A + tan B + tan C = tan A · tan В tan C, 
1.е., cot В - cot + cot . cot A + cot A ‘cot B =1 


A B 
. Уап ‘tan ъ= 1, 


7 А В С А В С 
ie. cot 2 * cot 2 +cot > = cot > cot cot > 


ь | 
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6. Ci qu Қ E | 
B rcumradius, inradius and exradii Pew ^ PEEB Es C | Properties of Triangle 5; 
: 2—— = stan ==4Rsin С 
n ДАВС, let the circumradius = R, inradius = rand £ ue 2 2 995 2005 | 
three exradii correspondin; : | b 
g to the vertices A, Band : А С а Р © _3¢in A sin B ےےل‎ к (given) 
C be r, r and гу respectively. Then : fcc ао ізін COS = cos 2 | =3°OR “QR 2R sin sin Bein Here 4” cosB cos С id 
Ru. abt : | > 
isin А” 4A | graan 25. cot 7 
$ i ABC, 
КЕ ЗР А " % 2 7. Regular polygon 2. ЖОЛШЫ B А ё B-C 
VES ets Sultan e Gb с ; AUC BY, «234 реш) сос = -tan = + cot > 
ЖОЙЫ EE E ; + Aregular polygon of n sides will have it , (aeta p 2)7 E EE 2 
TT E O be the тсе | к в-С 
2. ircle, and a be the len ; adiu à Lay -b b вм 
, gth of each side then dean | шө: "pc e = ویر‎ EE 226.232 eat 
D the AOAjAy, ZA 1042 = because AOA A 2 2 свв 
: Az wil | 5 
: one of the n equal tri we Will by 2$ (s-ats-D)z 1 (a + b — (acos В + bcos A)} 
: equal triangles with a vertex at û | ae 3 ) En 5 вас з А) 
4 | 5 = 2ksin 5 - sin 7 cot > { — $23 
М | 2 (2-а - ba «b - e) 
à | 25 А . B-C 
: | = 2с05 7: віп 5 
: 2-3 (a4 bec-a- bac bec 20) 
Ў | . B+C . В-С 5 
E | е = 2ksin тїп 75 
: | 5 cs(s - c) \ 
2 | ---(005-2с)- =ccot 7" 
: g 2А (ex ` ) 2 = К(со$ C – cos B). 4 
= a | 
: = Similarly for others. 
- Also, 2.- tan £(22); 2 ut 1(2т А 7 ^ 
h 2|n posing ee 3. In the AABC, prove that i ET B-C 4 X \ 
& Each 2 2 +z)tan ——-:c0l, 
interior angle of the regular polygon cot A + cot B+ cot C - S ©. 2 2 \ 
209-2) „оу У = E К(соз C – cos В) \ 
п $ cos А cosB соз С 
ав пс = k((cos C – cos В) + (cos А – = C) ' 
Each i Г М 1 
exterior angle of the regular polygon = — TEN M POEM + (cos B – cos A)] \ 
2% +с?-а?) (c +a°-b’) эя 
T is -Кх0-0. і 
Selecte ШЕ LA ; 
d Solved Examples ғ 2R 2R | 
1. In a ДАВС, prove that ; қ 5. In a AAEC, the angles A, В, C are in АР. Show that \ 
У віл А - cos(B— C) = Ззіл A sin B ein С. : -1,4 c 5“ +0 TED ы. н. ЖШ A ^ ( 
sin А. cos(B - С) Б 2 4R? е2 жене ЕҢ 3 2 Va?—ac+c* à 
aoe es Py pen aE : 17 2R Here A, B, C are in AP; so B =A - a, С= А - 2a. \ 
| : 2771|2:25 cos С+2. A RRA piy 2 2 2 2 
= sin A - sin(B + C) cos(B - C) : zu 2R * Li abe? +с2?-а?2+с?+а?%—Ь?+а®%+Ь°—-с°} Also -Atc EU E. ggs- > | 
12 : 1c b R b? 
= sin “А -2sin(B + C) cos(B - C E ze cos А +2: c5? 2—-(0 +? +07 s tI te ЗВ _ 90°; = 60° 
i ) : 4R 2R 2R abc iae 2 90°; В=60 
= зіп 2А - (sin 2B + si А а b с | А-о-60%1 = 60° : 
5 px : | cement E a?+b? +e? а. L 
Similarly for others. : acl im AREE 1, НЕМ and C= A-2a = 60° +а-2а = 60° -а 
duro BR? (2 (bcos В + ccos C) + b %(ccos С + acos А) 2g 2€ 4-5 be sin А P bon 
75 sin ^A(sin 2B + sin 2C) | а?+Ь?+с? а b 
2 bcos В) =— — — = RHS. 7 = = С 
me TEN «ДО AT 4A sin(60° +a) sin 60° ^ sin(60* — а) 
sin i i =, x 
2 Td : ER? (сов B + bcos A) + ac (acos C + ccos А) i $ а+с 
Ale = e 
1 x y and z are proportional to cosines of the angles sin(60? + a) + sin(60° — 
+= sin?C(si w а) Уз 
2 sin C(sin 2A + sin 28) 1 + bc (bcos C + ссо5 В) A, "B and C of a AABC respectively, prove that b а+с EM S 
RD" M i Polon xe IE 2 afte 
BR? be |. = Хоча B-C 4-0. EI Y3 cos a ET 


acos В + bcos A =c, etc.) 


d Problems Plus їп ИТ ‘Mathematics 


а+с а+с 


Now, ————— E 
Na? - acc! ay a c (cy 
АСЫҒЫС 
-2сова. і 
5їп(60° + а) 2 sin(60° + a) 
| sin 60° | сіп 60% 
1 
,Sin(609-a) , л 2 
sin 60° | sin 60° 
2cos а 


Уз 


| 1 79% 1.5 
(ее ае дапа) = (cos a+ sina] 


1 
NS 1. үй? 
x {cos n УЗ sin jen sina] 


2cos а 


1 
acos 2% + 3 sin 2a) = (es 1a - i sin м) 


2cos а А-С 


= Jer any = kos a = 2605 
cos “a + sin 20 2 


6. If in a ДАВС, 
cos a=cosb-cosc+sinb-sinc-cosA 
cos b =cos c - cos a + sin c - sin a - cos В 
no s. s sin Б. cos C 


then prove that | n =|] =| 
sin a т sinc 
cos a - cos b- 
Неге, cos A = ——— —— ——— TNI. 
біп b- sinc : 
2 2 2 
cos 24 = С05 + cos b - cos "c – 2cos a cos b cos с 


sin ?b - sin 2с 
sin?A = 1 -cos A 
M cos a + cos ?b cos 2с — 2cos a cos b сов c 
sin?b біп 2с 


іш ?b - sin 2с — cos 24 — сов *b cos % 


“tesa ba 


[Ss Ve oo ا‎ 
sin?b - sin 2с 


а — cos ?b)(1- cos 2) - cos "a - соз ?b cos 3¢ 


енесин) 


_1- cosa — cos?b — cos ^ ©+ 2c08 a со; 


ur 
sin 2 sin ¢ 


0% 


| = cos ^a — cos 2) - cos ĉe 


+ 260$ п со 
х Os h 
sin?A _ S бф 
sina sin^a sin sin 2; 
БАЙ 2 
зіл B эл С 
imilarl 
Я Я sinh віл 2с 


.1- cos 24 — cos ?b — cos 2 € + 2cos a cos p 
sin 2а sin ?b ѕіп 2с 


Cos, 


Thus, LA sin^B _sin*C 
"біп біп) sinc | 
5 a b c 
Бы ЖАНЫ RIA МАВ AC 
zi 2 2 
from (1), —- ف‎ 
sina sinh sinc 


TE 


7. Consider the following statements concerning а 
AABC. 
(i) The sides a, b, c and the area A are rational 


he B С 
(ii) a, tan g^ tan g are га tional 


(iii) a, sin A, sin B, sin C are rational. 
Prove that (i) — (ii) > (Ш => (i) 


Let (i) be true, i.e., a, b, c and A be rational numbers 


Now, tan 2. 6296-0 | С (-а-® 
2 ^ 2 а 
апа setete, ^ 


Now, А > а,Ь,с; Л, are rational. 


Р C 
xy там tan аге rational because sum, difference 


P reduc and quotient of nonzero rational numbers atè 
rational, 


Thus @) э qi), 


Leti) be true, ie, a, tan L tan be rational. 


No 2 2 
w, i = 
sin B DOCUIT. "ational, 
1а? 


} В. ional 
> ! because tan 215 ration? 


ы” 
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| 1 -3 с 
с т=т со 
2tan > ; 35623 2 
——— = rational, Е 
PC grtn S uu Eos 
: 1+ tan 7 or cot 7 =1 2 
because tan e is rational. the area of the triangle 
| à 1 pin C-l.63.sin 779. 
штй =~-63- 
| p ,,C.6-96-2 6-6 -b 2 2 
| „ап я 
Now, tan 5 2 ^ 3 
AABC from 
_ 6-9 6-22. ayG-D6-o0 s-2.,.* 9, If а, В and y are the altitudes кам dat 
-ays - DG - 9 Ж vertices A, B and С respectively 
ae 2; 1 Z -F (eot A + cobb оС), 
@ >» sis rational рз 1, 
| = Б +cis rational, because a is rational. 
| 
Loon A M 
| But snA sinB sin C 
а b+c rational i - | 
| anA sin B + sin С rational ТЕ | у 
| . _@ js rational. But а is rational. So sinA is Clearly, 5 @ a= А; mp \ 
* sin \ 
: 1 y. 
| rational. Е 1t - 
| Thus (ii) => (iii). T ; 3 
Let (iii) be true, i.e., a, sin A, sin B, sin C be rational. ie а. stub ud imi p P 
aot ui aq aro ас A dA 
== 
А n RE = (cot А + cot В + cot C) | 
азїп В ; | 
"Ы و‎ {establish as in solved example 3). x: Ы 
N 


in C Е 
а Ce RAT rational 
=} be sin A = rational 
Thus (i) > 0). 


8. If in a triangle ABC, two sides are а-6, b =3 and 
cos(A - B-i find the area of the triangle. 


Here, cos(A - в)-5; 


10. Let О bea point in the ДАВС such that 
ZOAC - ZOCB- ZOBA - a. 
Prove that cot a = cot А + cot B + cot C. 


AC oc 
From ААОС, sin AOC sina 


But ZAOC =r - (ZOCA + ZOAC) 
=т-(С-а+а)=л-С 
Ас OC 
sin(x-C) sina 
b ОС 
sinC sina 
Similarly, from AOBC we get 
E saat 
sin В  sin(B- a) 
bsin В sin(B— a) 
asinC sina 


or 


(1) + (2) 


- (1) 


-..Q) 
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or 


or 


or 


or 


or 


11. If p, q are perpendiculars from the angular points A 
and B of the AABC drawn to any line through the 
vertex C then prove! that 


or 


or 


or 


or 


sin ?В 


sin A sinC ~ sina 
5 b sinB 
f- a sin 
=cot a - sin B- cos В 
sin B 
sin A sin Ç = < @ - cotB 
sin(A * C) Es 
sinAsinc = e- eB. f. т-(А%С)-В) 
sin A ‘cos С + cos А -sin C 
Мда = cot a - cot B. 


cot C + cot А = cot a — cot B 


Cot a. = cot А + cot В + cot C. 


sin A - sin С 


Problems Plus in IIT Mathematics 


_ Sin B: cos a—cos B+ sina 


ab? sin?C = ap + 614? — 2abpqcos С. 
Let АСЕ = a. Clearly, from the figure, we get 


A 

Е sin a, Я = эта cos C+ cos a sinC 

2-Р cos C+ cos a sin C 

(feos cC] ая а - эт “С 
(1-0 

Befrote- Eh 

17 7_2 cos C= sin C 


a?p? + 242 – 2alpqcos C= ap, 


іп 2С. 


12. If the distances of the sides of a AABC from 
circumcentre be x, у, 2 then prove that = 


a 
ж 


b 


yg 


с 
2 


abc 


4ху2 


B D © 
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Properties of Triangle 


1 К 
Я ary ar(A CHA) ^5 * sin B 


ar A AHP) = x sin C 


ТРЕ РАС 
ДАВС) = у Jz sin А + 7 2x sin В+ xy sin С 


Let M be ће circumcentre. MD 1 BC. So BD < po а 1 find , هد ,2هد‎ 
= 3 -344 y gz 
In ABDM, yp - an А E ELE 20) 
EAE aR (x y z 
from geometry, BMD = > ZBMC - abc abc 
Ё = уз Also, we know that К = т enh aR 
a 
= 5 ghe .1 (4 7a 
ór 2 tan A, іе, = tan A. (1) gives, A aere y z 
b е а DCN LUC. 
Similarly, т нас іу! xyz 
b c | 2 42 
tan A + tan B+tanC=—4+— 2e —2) 
2x ay * 2z | 14. In a AABC, prove that cos A - cos C= згд 
and tanA-tanB-tan C= Ê... | where AD is the median through А and AD 1 AC. 
2x 2y 2z | 52+ с? а? m 
Butina triangle ABC, From the AABC, cos А = > us 
tan A + tan B + tan C= . s AC b 2b 
2 + tan C = tan A. tan В. tan C From the ACAD, cos C= C575, 75. + (2) 
Ay bee abuse 
2x* 2 * 227 2х 2y 2z 5 
a,b,c abe 
и i 
From the AABD, —— ВР ^^ 
13. If x, у, z are the distances of the vertices of the ДАВС A 1 " sin(A – 90°) біл ADB 
respectively from the orthocentre then prove that 4% Ў c 
4,5 £ abe, ®t cos A" sin(90° + C) 
x yz xyz a das e 
Let H be the orthocentre. Then -2cosA сов С 
А жөс a 2b. b, fom) 
-2c `-2с а с 
А р2+с2-а? -b 
EEX(D E e i с 
or b* pc? 42-26? 
B ы. or 0242362 « (3) 
<BHC = 180° — ZHBC- ИНСВ : b?+c?-a? 26 с? а? 
=180° - (90° С) = (90° — В) У C= a ИИ 
Е +? 2) айс? «367-49, from (3) 
A'(4BHC) =~ BH. CH sin /ВНС а 3a 3ca 
1 _ 2c? =a?) 
= 2 zsin(n— A) = 1 угып A. a 
ا‎ à 


es а, PY 
15. The medians of a triangle ABC make angl , 


with each other. Prove that 
сока + cot В + cot + cot А + cot B + co 


centroid of the AABC and ZBGC 


t C-0. 
=a, etc. 
Here, С is the 
We know from geometry, 

AB? + AC? = (AD? + BD’), etc, 


2 
2 2 = СЕ; 
апа AG -3 4D, BG =3 ВЕ, CG 3 


9BG? - а? +c) - b? 


-53). 


1 
or BG? - 5 Qa? +257 


1 
Similarly, CG* = 5 (2a? + 25° e. 
BG? « cG? - BC? 


Now,cos а= 286 «CG 


Last «27? - + Qa? +20? - ^) - 
RU Үе ыз" Өт "зе you 


2BG ‘CG 

2,42. 22 
ВІТА D 5a Lana 
? 9.58G-CG-sina 
11 (62+ с? - 5a?)sina. 
7974 аг(АВСС) 
1 62 +6254) та 
MEET S 

С. ar(AABC) = 3- ar(ABGC)} 

cosa b**c!- 5а? 
sna 124 
қ b?+c?- 5a? 
соға- 

124 

2 2. 2 2 2 
Similarly cot р ÊÊ, cop ya +52 5c? 


В-70 


a?+b?+c? 


cot a + cot B + cot y=- 
4A 


Again cot A + cot В + cot C = S4 <05 В, cos C 
SinA sinB sinC 
SUL E 2R с?+а?-ь? 2R 
ооп Ош, „К 
NET 
2ab c 


== 2 2 
ТАДЫ асна? - ча? e pi - c?) 


R 

“лса +b? +07) 
1 

=) b? c?) "EEG 
e m 


cot & + cot В + cot y + cot A + cot B + cot C 
to a?+b?+c? arab ttc? 
== + ہے‎ 


4^ 4^ 0. 


16. The internal bisectors of the angles of the AABC meet 
the sides BC, CA and AB at E Qand К respectively. 
Show that the area of the APQR is equal to 

Zabc- A 
(a+b)(b + (ca) 

Let the bisectors of the angles meet at I. Then I is the 

incentre. Let ID L BC. Then ID = inradius =r, : 


Clearly, ZBIP = ZIBA + ZIAB- 2+4. 


Let ZDIP = 6, PI- x, QI = y and RI =z. Then 


2 


A B Вү А 
6=Z - руй о_5\ А Қ 
BIP - ZBID 7.47 Е ыз т 


х= Т r г 
== әдіп 
° cogen) (20 

e f. 
bee A 
a зл 


Problems Plus in ШТ Mathematics | 


ar | 
E | 


УЕ А 
( +0) sin > 


br 
Similarly, y = 


(c* a) sin 


and 2= 


(a+b) sin 5 


Now, ar(APIQ) = 5 PI -IQ sinZPIQ 


apy sin(ZPIC + ZQIC) 
21 ; А.С. (C. в 
ayy sn *z G3) 
H ar br 
3 A` siete 
(жо) sin (e +a) sin > 2 2 
* abr? 
= B sn(90" +5) 
Xb sin 4 sin В 
(b + с)(с + aysin 5 sin > 
с 
2 — 
abr“. cos 2 


= sé 


A. B 
2(6 M IA 
(b * cXc + a) sin ^ sin > | 


2 А 
ber? «cos > 
Similarly, ar(AQIR) = 2 


2(с+а)(а +b) sin тзп S 


car*cos Ш 
> 2 


ar(ARIP) = 


C. А 
2 Бі АСА ege 
(а + b)(b + c) sin 2 5n 


Now, ar(APQR) = ar(APIQ) + ar(AQIR) + ar( ARIP) 


2(a + b(b + c)(c + a) sin sin sin 


аъ C C bsc, АА 
X жыша I c OE 
Ы: sin > cos 7-4 — — біп 9) 


BB 
+ = sin 2 cos j 
- abcr? 
РС EAS. 
Ya + b)(b + e; Wu 
Mc + a) m 


"E 


8-71 


Properties of Triangle 


abcRr 
= (as 00+ o + a) 


1 1 1 
“аз деб ор terna] 


abc +r 


(a +b +c) 
= + boe ©(с + а) 


abcr 2% 

= a+ bb + ctm 
ا‎ 
ЕЕ 


and c are sides of a ДАВС and 3a = b +c, 


2abc + А 
АИ 
= 0+ 000 + сс +a) 


17.144, 2 
show that cot 2: cot z 2. 


Б) sG- o0 _ - b - o 


526-06-95 
26-4) -8)6-©) 5-а 


4 


2s arbre 4+3 
“2-24 а+Ь+с- 24 b+c-a 
4 4, 
Mora 


18. If the sides of a triangle are in AP and its greatest 
angle exceeds the least by o, show that the sides are 


3 [= оза 2 
in the ratio (1 23) :1: (14x) where x= Ny cos a 


Clearly 1—2,1,1 +х are in AP and from the question 
the sides a, b, c of the triangle are in AP. Hence 
a b c 
== = —— =k (suppose). 
O1-x 1 1+х (supp 


We : 1-cos a | 
have to prove that x = 'N я 


Now,a=k(1—2), БЕК, c=k(1 +x») 


5 а+р+с ках +++» 3k 
MALO 2 2 

Taking x positive, с is the greatest sid 
greatest angle and A is the least angle. Hence C = A + a. 


e. So C is the 


Р EG -c) 4 [ss —а) 
= b ` bc 
қ FEED ү ее 
à ab à к 


EN Де+5- 0} 
b ac 


1 
Zk k(1 = x) k0 +x) 


Е-е 


x =“ 
a [02290 + 22) АП Н 
= 1-х? я" 


а 
cos а 2 205? 5 - 1 


(1-x?) cos а=1-7х? 


ог Q -cos a) д? =1 - cos a 


^ соза 
х= at ae ae 


1-cosa. 
© 7 - COS а 


^ 7-cos a^ 


x? 


19. Prove that, for a scalene AABC, 


с Е 
cos A + cos B = 4sin > €» a,c,b arein АР. 


aC 
cos A + cos B=4sin? > 


A+B A-B С 

е 2сов--2-- + COs 2 = 4sin 2 
2 соз А-В asin ко ^t: A«Ben-C) 

> 2sing 5 2 

A-B С 
<> 057, =2sin 2 

А+В А-В А С 
e 25іп--2” cos > = 4sin 2 sin > 


> sin A + sin B =4соз C sin = 2sin С 


a b 2c у a В чем: 
> RR 2R E snc 


<=> atb=2c <> а,с,рагеіп АР. 


ГОЛЕНИ кә изаа» erue 


20. i 
In a ДАВС, if atan A + btan B = (a + b)tan а-в 
then prove that the triangle is isosceles. 
Here, а fana tan z =v fan AXE чың в) 
2 
А+В А+В 
к sin —— — i 
or ај А 20| uio sin B 
cos A A«B[ | A+B cosB 
2 сов —5 
азіп|4- z bsin (45-8 
Pe ES: - 
В А+В 
cos А cos ЕЕ. 
соз —5— · cos 
Е -B 
E ү +В 
sin 2 «os 77 (acos B — bcos A) =0, 
But cos +0. 
sin 2 lacos В - bcos A) =0 
ог sin —— {sin A cos B ~ sin В cos А} =0 
ог sin ——.sin(A- В)=0 


2 
> А-В-0,іе,А-В. 


Therefore, the triangle is isosceles. : 


21. 1f the tangents of the angles of a triangle are in AP 
prove that the squares of the sides are in the ratio 


2/,2 
x(x” +9): (x?+3)?:9(1 +x?) where x i 
the greatest tangent. Te x is the least or 


Here tan A, tan B, tan C are in AP; 


2tan B = tan A + tan C АО). 
соз A cos C 
zl sin B 
cos À cos C f^ А+С=т-В} 
Or 2cos А cos С = sin B - cot B 


2cos A cos C = cos B = -cos(A + C) 


- (1) 
or 2cos А cos C= cos А. cos C + sin A sinc 
ог 3со5 А соз C = sin Asin C lj 
tan А tan C -3 
+. (2) 


Let tan A be the greatest or the least tangent, 
Then tan A - x. 


a b c 
Мо 
OW SinA ~ sin B sin C 


ҚТТ Бет аны 
sin A sin?B sinC 
tan А=х, 
sin 7, TLLA d 2 1 жЕ 
+ cot dab. 1220 


x? É 14 


in 29 — 2 

sin B-1-cos В=1- (2605 А. cos Су: n 
ftom p 

=1-4cos 2А cos ?C WR 


1 1 


21-4. : 
1+ tan 24 TE aR E 
EST used. 
SLUT 34 (бот (2)) 
М8 
x 
EAT = _ Ч +2) +2)? 
(1+ x29 + x?) (1 *x?94 x2) 
__ +6 +9 (+? +3)? 
@+х?у9 x5) 0 x39 22) ^ 
222 1 
sin’?C2— st 
1+cot?C 2 [xy {from (2)) 
1+6) 
3 
29 
94x? H 9 
from (3), (4), (5) and (6) we get 
12 RS р? с? 
x? (x743)2 ^ 9 
14x? (1+х®(9+х?у 942? 
or Е. pi с? 


x9 ТЕ 63.3) 90 x5) 
Hence, the problem. 


2 
22. Ifa’, b? c? are in АР then show that 
cot A, cot B, cot C are in AP. 
a”, 6? care in АР 
=> -24?,-2b?, 263 are in АР 
> 242-12 
, 


{multiplying by ~? 
с? +1? 62 a?+b?-c arein AP | 

laddinga? ++ 
2bccos A, 2сасов B, 2abcos C are in AP 


cos A 
> mA, 8B cosc Ў 
а "67, arein AP (dividing by МЕ 


5 cos А cos B 
2 , cos C Қ 
Rein A’ 2R sin p! 2R sinc EAP 
5 сод 


Properties of Triangle 


A B ae 
AABC, if tan 5 tan >, tan are in AP, 


23. ма 2 2 
prove that cos А, cos B, cos C are also in АГ. 
Here, Жап 7 tan 2 + fan у 
A me inae 
2sin 2 sin 819 2 
UE = 
ог В А @ A „С 
соз 1908 9. €0$7 cos > соз 5 
un B. АС вв. В] 
or 2008 5 C08 5 біп 5 7 €05 7 | 2--% i 
А+ -C| >В 
or sin [es + соз > |= 2 
= 2В 
or sing %біп> <С05 2 =c05 7 
г A-C. B 
or sin: cos 2 = cos 
AT Ci ost = 2соѕ B 


ог 26080. 


or cos A + соз C = 2cos В 
cos A, cos B, cos C are in AP. 


24. The lengths, of sides of a triangle are three 
consecutive natural numbers and its largest angle is 
twice the smallest one. Determine the sides of the 
triangle. 

Let the lengths of the sides be и,и+1,и+2 where 

neN. | 

From the question, the largest angle opposite to the side 

п+2 i5 20 while the smallest angle opposite to the side 


nis. 
(n+ 1)2 + (n+ 2)2 n?  n**6n*5 
N E = 
OW, соз Ө ои +2) 207+ 10и+2) 
R (n+1Xn+5) | n+5 
Sr Xnrl(ne2) 2042) 
and cos a +n + D-n +2)" 
: 2n(n +1) 
Dm -2n-3 
| 2n(n-1) 
О  (ти+ї(п-3)_л-3 
2n(n +1) 2n 
$ 2 
B N 2 Т п-3 +) 21 
ut cos 20 =2соз 0-1; 50 ay =2 20+2) 


or (п -3)(п* 4n + 4) = n(n? + 2n + 17) 
or n^ +n? -8n- 122 -n? + 2n? +177 
or 2n?-n?-25n-12-0 
or (n—4)(2n?+7n+3)=0 

n=4 or 2n? «7n +3 =0. 
Soles iiae Û are МАСИ 


ie. -i and -3 which are not natural numbers. 


п=4; hence sides are 4, 5,6. 


25. In a triangle of base a, the ratio of the two sides is 
r(r <1). Show that the altitude of the triangle is less 


ar 

t . 

than or equal to cua 

Let the other sides be b, br. Let the altitude be h. 
2 


1 
Now, (area of the ШЫН) =a? wea CD 


a +b + br 
2 


and 


Also, s = 


+b+br(a+b+br a+b+br 
(area of the A)? == 2 ла ы! 


„= d 


_a+b+br b+br-a a+br-b a+b-br 


E 2 2 2 
(a b)? - b?r? b?^r? - (a - b)? 
= " . 7 ..Q 
From (1) and Q), 
1221. 32,2. pud 
qh 236 (216+ (@ +b*-b*r*)} 
х Qab — (a? + b? - b?r?)) 


or дан? = 4a?b? - (a? +b? - b?r?)? 
= 4а2? — (a? + (1 —г?уь?}? 
ог (1-т2у?Ь%*—4а?2-2(1-?)а?}Ь?® +а* + 4a7h? =0 
or à -75*05)? - 20 + г3)а 2 +а Қа? 4h?) = 0. 
Now, the values of b? are real, so 
40 + 2)2а% - 4(1 - r2)?  a*(4? + 4h?) 20 
or (+r?) - 0. 7 7? (a? + 4h?) 20 
ог (1er5*- 0-757)? - 1 7 7)? 4h? >0 
ог ra?^-ü-r?20 
ria? 


— Rt 
a-r5* 


or 


rae Problems Plus in IIT Mathematics 
ra : 
Ip} : : x. y- sin 120° =— ху 
Hence, the altitude i as : 5-23 Hs 
tude is less than or equal to 77 : "a(ABCD) = 48 77; 


26. If ina triangle ABC, 
cos A ‘cos B + sin A-sinB-sin"C=1, ne N 
then prove that the sides are in the ratio 1 :1: 2. 


We know that in AABC, 1 > sin C> 0 
O0 «sin"C«1 
cos А - cos B + sin A-sinB-sin"C 


< cos A cos B + sin Asin B = cos(A - B), 


equality holding when C - З . 


from the question, 1 < со5(А - В). : 


But cos(A - В) < 1. 


So, we get cos(A - В) = 1and then C - 2. 


2 T 
Now,cos(A-B)=1 = А-В=0 : 
ui 
A-B and Cas 
r п n 
ЯВ: Се. 
e dum NI M : 
эт зат й : 
т mos Sm : 
в 
Vo W2 1 : 
abe 1 
11 № 


the ratio of the sides = 1:1: V2, 


27. In the ДАВС, a similar A A'B'C' is inscribed so that 
B'C' = X- BC. If B'C' is inclined at an angle 0 with BC, 


prove that Acos Ө = $ 


ДАВС and AA'B'C' are similar where 
ZB'A'C' = ZBAC = A, ZA'B'C' = ZABC В 
ZB'C'A' = ZBCA =C. 


: Thus, we get 


C 
5 24 BC? - 2AB : BC cos 60° 
In AAC'B', ZAB'C' = ZB'OC + ZACB = 0+ c Алы 
AC BC 4425-2-2-5-5=19 
MÀ = Sede 
віп(6-С) sin А Ui DC? -24D - DC - cos 120° 
Ё 
AC . АВС a Ei 


sin(0+C) sin A ^ sina “2®^К. 
In ABA'C', ZBA'C = ZA'CE ZA'0C ес. 
BC АС 


B-75 


Properties of Triangle 
. we get (from the question), 
1 1 1 
m. 
2rsin - 2rsin —  2rsin Pa 
: t a 1 
» è = + 
р : d 2r sin 
sin— sin n n 
1 Же “СА 
ог - я 
2-2 930 . 25 
sin— sin sin y 
3r 
2л джо WX) EE 
or эш [sin ماد‎ шг біп”, 


eq : or 


4n. 3n qi‏ . ہے س 
sin(C-0) sin В ES т or віп [-=sin =~ { sin 20)‏ 
(ety) >‏ 
ВС XA-AC 25 ро = 4r 3r‏ 
E =. б; 513 %2ху-13%2.6-25 4л | 03 4+3}‏ 
sin(C-60) sinB sin B ^^^ ог G %у) 13 +2ху Ж "Xx E (1‏ 
+У=5 us‏ 
ксле 775% De = +?‏ 
E BC ^ АС ^^ from similar triangles (xs 0. m0) : ӘР zm n‏ 


АС = 2AR sin(0 + C) and ВС =22R sin(C - 0) 
%” c= AB = AC' + BC’ = 2aR{sin(C + Ө) + sin(C - 0)] 
=21К -2sin С. cos Ө 


š [4 1 c | 
vs “AR sin С 4AR sinc Ay Ay Ay ..., A, be the vertices of an n-sided 
Ба iiy J 
e E: E 
EE 2R Bu regular polygon such that As AA, + 2,4; 
A n ind the value of n. 
1 


28. The two adjacent sides of a cyclic quadrilateral are 2 
and Sand the angle between them is 60°. If the area of 
the quadrilateral is 4/3, ind the remaining sides. 

Let the cyclic quadrilateral be ABCD in which 

ar(ABCD) = 4۷3, АВ =2, BC =5 and ZB = 60°. 

Then 40 = 120°, 


Let ADex, CD uy, 


1 
Now ar(ABC) =. 2-5: sin 69° 58 


the centre of the n-sided regular polygon, then 


30. If a regular polygon of n sides has the circumradius 
R and inradius r then prove that each side of the 
т 
polygon is equal to 2(R + ғ) tan оя” 


Let A,A; bea side and О be the centre. Let OB 1 A1AÀ;. 


Clearly, OA, = К and CB =г. 


за 


2 
Also, £A;0A, = 77 and ZA;OB = 


r п 
In ЛА, ОВ, RTS ZA,0B = cos Я ЕКЕ)! 


А,В m M n 
and Ов “п "s A,B = т {ап > 


AA; =2А,В = 27 tan = +. (2) 


т r л 
an y | zz. from (1) 
я 


6% Problems Plus in ПТ Mathematics 
imilarly, B = =reot 5 and y= (C 
т п Si arly, reot — . 
1 ауаз 
TN + соз = 1 cos = | MEE 2 
aa dni 2 sin® Ina AABC, we have the identity 
n n я B с TS 
1-cs? X sin = EDU EFE 2 с 
n n 
=2r =2r- 
cos ERE Е LEX: а Borbe BY 
"EUM cos =. іп g рат 
л 1 
=2r tan == AA, from (2). or larges- apy 
2 21 bY 
31. If in the AABC, О is the circumcentre апа К is ће “азфғу 


circumradius and R, R, Ёз are the circumradii of the 
triangles OBC, OCA and OAB respectively then 


b с 
сгоуе that me * RR 


Clearly, in the AOBC, ВОС = 24A, OB = OC = В, EC =a. 


2Rye eT) {using sine rule in ABOC] 
n 
B с 
Similany 2R = and Ер 
2 sin 2B 3" sin 2C 


a b 
—L— T4. 


К, К, га 
=24sinA сіп В sin C, (using identity) 


= 2(sin 2A + зїп 28 + sin 2C) 


2R 2R 2R R? 


32. If the distances of the vertices of a triangle from the 
points of contact of the incirde with the sides be o, Ey 
apy 
а+В+у 
Let the incircle touches the side AB at P where AP =a, 
Let I be the incentre. Then AI bisects the ZBAC. 


then prove that r? = where r= inradius, 


from the right-angled AIPA, 
EY А. Б А 
Fe tan 2 а = rcot 2 


33. № тутуту are the inradius and the өт 
d 


respectively of a dus then prove that 


LE dulce: b? 
gd du (a? +b? +c?) 
^ 
We know thatr=—, ПЕНЕЙ poca. fom. 
-a гер 37% 
1H5.3.,6- 0^, (8-0)? e207 


ASFA? д? д? 


1 
=a +(s—a)?+(s—b)?+4(s—c)) 


>12 

NU — 45? -2s(a +b +c) «a? « b « c?) 
1142 2 

541 — 74452-25. 254424? +с?} 

21. 


34. If the exradii гу ғ, r of a ДАВС are іп НЕ show tht! 


its sides a, b, care in АР. 


А А 


We know that r, Ani IY e pe 


u 


s-a s-b 5-с 


"1,7,3 arein HP 


5-4, 5-6, s-carein AP 
74, -b, — arein АР 
4, b, carein AP. 


=a 


B-7 


Properties of Triangle 
m ius 
37. Show that the AABC is equilateral if its circumradi 


ve that the harmonic mean of the exradii of a 
is double of the inradius. 


35; triangle із three times the inradius. 
Here R = 2r (given). 


д A? 565-405-060 


e exradii be ry, r2, "3 and inradius - r. 


Let th 
4 1 3 Y 
7 ы те 
HM ofr 73517171 т =ч d We know that r= = = cA 
Eee = =— 
fü Ма di в fs 1 
3 rim ay(s - bXs – c) 
4 1 to prove that ED 
Thus, we have w -lYe-bs-9- \-96-4) : Ме = a(S > Р 
3 
=3r 
uty 96-9 
ninh E е0 4je-oc-2 
1 
E Ec 
EMIL s-a 5-р з-с 
Now," + + EA A A (s - aXs - P) 
п 72 ls è с 
а 
s-a*s-bts-c 3s- (a+b +e) 
^ ^ A ے‎ abe 
5 -4Rsinjy-sn, sin | 745 
35-25 5. 
~ ^ : A HOC 
VETUS с r= 8r sin sin 5 sin y 
cu 3234 4 2 
ПП ЕЛП 505 0 ў E ES Pg 
TA "EM ог sin 7 ‘sin > 2^8 
С 
Hence, the problem. Кыйың А ET B ке 
2 2 2 
36. Prove that in a triangle, the sum of exradii exceeds =}sin$ {cos - - 259) 
the inradius by twice the diameter of the 2 2 2 
circumcircle. (or, Prove that ту + г, + ту =7 + 4R.) 1 Al. B-C As а) 
шт яп {С05 ее — 
Let the exradii be гү, rz, r3 and inradius = г, 2 2 2 2 
B-C 
circumradius = R. «jen (1- sin 3) Б max cos --2- -1} 


Then we have to prove that r, +r, & ry =7+4К. equality holding when B = C. 


cM e Aes 1 
Now, +. +73 – UL Sak soe s But уз f sagans] 
RENE n e E а : ігі (. 24 А 1 
т) lee M ; =2[4-[ 2^ ERE 
m ü 2s-b- =! : E Кы, Чар 
еза) *6-86-9 50 47 (02-2) 
=a] x ecd for2s=a+b+c E! | Aw dy yg 
5(5 =a) dome m с) 534 (2-3) 
52-50 +e) bc e s? — as A 1 
Аса Müesscays-Ps-o _ equality holding when sin >= 2 
1 255 s(a be c) + be sin Asin sin C eT 
A 2 2-8. 
А Е abc А 1 
зоа + be) =4 [=] equality holding when В = Cand sin Ê = 1 


From (1), equality must hold. 


jh Problems Plus т ит Mathematics 
B or: ches Ac +a? » 0 
Go "BSC and an m 
Ду or а1-с%їл?А>0 
с 2 pig or а>сзілА. 


В-С-180%-А-120% 
but В=С; soB=C=60°. 
Hence A = В = С = 60°. 

So the triangle is equilateral. 


38. In a triangle ABC, the sides a,c and the angle A are 


given. If the side b has two possible values of which ns 2ecosA and 262 = с? а? 
one is double the other then prove that 3 
a - S N1+8sin A. 2 Есте see 
UAE р. j 
We have, cos А E E 8 
2 ог se c - و‎ cosa 
or b? - (2с cos A)b + (c? а) =0. 
ET. H : А 2 
Thisisa quadratic equation in b. or a?- e $a -sin 4) {1 + Ввіпг4) 
So, b will have two values if 
D = 4c'cos?A - 4(c?- 2?) 0 225 Yl Bin 74. 
Exercises 
1. Ina AABC, prove that 2 a®sin(B - C) а for each of the admissible values of x, the grets 
sinB+sinC ` 2x 
peg angle of the triangle is — - 
2. Ina AABC, show that. E 7—7 sin 24 =0. 3 M 
a 10. If the angles of a right-angled triangle are I" * 
3. In a AABC, prove that show that the ratio of its sides will be 1: 13:2 
cos А ڕ‎ _ sB b cos C E 11. If in the AABC, A= P.L C then prove that 
a bc b ca c ab 3,5 4 
А 7 Е a+cv2=2b. 
. Ina prove that a sinf% + B)= inc 
2 (+e) sing: 12. Ifin a ДАВС, bec c+a a+b hen prove 
5. Ina ДАВС, prove that $ (6? - c?) cot A=0 n 12 1 
6. In a ДАВС, prove that A muB esc, 
9 25 
on А-В . C 
«юып 2105 72 eb еҙ) 13. In a ДАВС, if tan 425 апа tan 8-5 then p" 
6 


7. Ina SABC, prove that 


2 2 
8. Ina AABC, prove that 


bcos a = ccos (А-а) + acos(C + а) 
where a is any angle. А 


ф+е-а[ш mnm. 
2 


9. Find real values of x for which x? + x41 


x? - 1 represent three sides of a tangle 2x « 1and 


Prove that, 3 


From the question а > csin A because 


p? - (2с cos A)b + (c? -a?) =0 


has two real values. 


According to the question, the values of } 


that the sides a, b, care in AP. 
14, Ina ДАВС, the angles А, В and C are in AP 


are h, 
by +20, = 2c cos А апа b,-2b,=¢?_,: 


Satisfy the conditions 


Determine the measures of the angles A B 
15. Cana triangle Pe constructed such that th 


1 
sin(2A 4 B) = sin(C A) = -sinB +2072 
m 


а 


of its angles аге 3, 5 nd? сіне reason! 


13 13 


>, 
4 


and the 


e сөзі 


Еу 


Properties of Triangle 


А а 
46 IE o, P and y be three angles given by cos a= ae 


b iut 
соя and cos ¥= ED where a,b,c are the 
sides of a AABC then prove that 


pO ТЇ чы, ва д. tan 
tan 5 tana tan y = tan 2 tan tan 


4 T A 23 
17. The sides of a triangle аге in AP and its area is = th 
of an equilateral triangle of the same perimeter. 
prove that the sides are in the ratio 3:5:7. 


MINES МИ 
18. Ina OABC fT c+a a+b+e then prove that 
Con 
73 


19. па AABC, if c! 20? « b3)c? жаі +a)? +14 =0 


thatC- or 2. 
then prove =з ог 3 


20. Prove that AABC is isosceles if any one of the 
following holds: 


(а) 2со А -2 
(b) cosines of two angles are proportional to the 
opposite sides. 


21. Prove that AABC is isosceles or right angled if any 
one of the following holds: 


(а) (a?+ b?) sin(A — В) = (a? - b?) sin(A + В) 
(b) cosines of two angles are inversely proportional 
to the opposite sides 


cos A +2cos C віл В 
cos A+ 2cos В sin С 


(с) 


22 If in a ДАВС, cot A + cot В + cot C = V3 then prove 
that the triangle is equilateral. 


23. Jf їп а ААВС, ——- tan A then show that the 
b+c 2 
triangle is right angled. 
24. In a ДАВС, prove that 
cot A, cot B, cot C arein АР ез a,b,c” are in АР. 
25. Ina AAEC, if the sides a, b, c are in HP, prove that 
sec 24, созес z, соѕес 2С arein AP. 
26. Ina ДАВС, if sin А, sin B, sin C are in АР, show that 


A C 1 
tan 2942537 
27, In a ЛАВС, if cos A + 2cos В + cos С =2, prove that 
4, b, c are in AP. 
28. In a ДАВС, if asin(B - C) = csin(A - В), Prove that 


B T 
a?, b? c^ are in АР. 


30. If o, D, y are the alti 


B79 
29. Ifin a triangle ABC, the quantities 
tan A tan B, tan c 
p o d К 
b, c are in АР. 


are in HP then prove that the sides a, 
tudes of a AABC from the 


vertices A, B and C respectively, prove that (where 


Ris the circumradius) 


atb жс 
| 
4R 1 
31. If p, px рз are the altitudes of a triangle and R, the 
radius of its circumcircle, prove that 


1 
А= V3 Rei Рарз, 


where A denotes the area of the triangle. 

32. Let O be a point inside a AABC such that 
ZOAC = ZOCB = ZOBA - a. ` 
Prove that cosec 20 = cosec 7A + cosec 2B + cosec?C. 

33. In a APQR, QR = 12, RP =16 and РО = 20. Misa 
point on РО such that МР : МО = ۸:1) < 1) апа 
the line RM divides the ZPRQ in the ratio 2:1, Find 
the length RM and the value of A. 

34. па ДАВС, AD is an altitude and H is the 
orthocentre. Prove that 

AH : DH = (tan В + tan C) : tan A. 


(с) а cos A + В cos B. y cos C= 


1 
35. In а ДАВС, the median AD= and it 
11-653 


divides the angle A into angles 30° and 45°, Find the 
length of the side BC. 

36. Ina AABC, ZC =60°, ZA =75°. If Disa point on AC 
such that the area of АВАР is ҮЗ times the area of 
ABCD, find ZABD. 

37. AD is a median of ДАВС and ZBAD = 0, ҰСАр-ф 
then prove that 

cot Ө + cot C = cot Ф + cot B. 

38. The bisector of the angle A of AABC meets BC at D. 

If AD = т then prove that 


2 
ی ۷1 سگ( 


btc b+c 2 


39. If the median AD of AABC be perpendicular to AB 


then prove that tan А + 2tan B = 0. 


40. In a ДАВС, the lengths of the bisectors of the angles 


A, Band C are x, y and z respectively. Show that 


= 


5-80 


4 
1- In а ДАВС, the median AD and the altitude АМ 
divides the angle A in three equal parts. Show that 


Where A = area of the triangle. 


42. A cyclic quadrilateral ABCD of area эз, inscribed 


in a unit circle. If one of its sides AB =1 and the 
diagonal BD = ҮЗ, find the lengths of other sides. 
43. Let Aj, Az, Аз, A, and A; be the vertices of a regular 


Pentagon inscribed in a unit circle taken in order. 
Show that А, А, - А.А; = V5. 


44. Let ду and A; denote the areas of two regular 
Polygons of 10 and 20 sides respectively, sides of 
each being of equal length. Prove tha 


4(3 - V5 
aoe = (4- 010+ 255)4,. 


45. In quadrilateral ABCD, if АВ= 10, ZDABz 75"; 
<CBA =90°, 2САВ-45% and ZDBA = 30°: then 
find CD. 

46. Prove that the sum of the radii of the circles, 
inscribed in and circumscribed about a regular 


polygon of п sides, is Я cot о where a is the length 
of a side of the polygon. 

47. The ratio of the area of the regular polygon of sides 
circumscribed about a circle to the area of the 
regular polygon of equal number of sides inscribed 
in the circle is 4:3. Find the value of n. 

48. The perimeter of a circle and a regular polygon of n 
sides are equal. 

area of the circle тт 

area of the polygon ` nm 

49. Three points A', B' and C' are taken on the planeofa 
ДАВС such that AA'BC, AAB'C and ДАВС” are 
equilateral with their circumradii Rar Rs, Rez inradii 
Та, Th, гс and exradü rg’, ry’, r,’ respectively. Prove that 
(ra To Te): (Ra Ry Ro) : (ra n n) = 1:8:27. 


Prove that 


50. If rı. r2, r, are exradii and r is the inradius of 
triangle then prove that a 
= 2 
(ii) rara + rr, + п, = + d 
r 


(Dr! +r! +r =r 
51. If Ay, Az, Аз are the areas of the excircles and A is the 
area of the incircle of a triangle then prove that 
1 1 EL 1654 
ХА, VA: VA, VA 


52. If r, rz, "ҙ are exradii and r= inradius 
, 


radius then prove that R = circum. : 


Problems Plus in UT Mathematics 


1 1 
i tbrytcr4-abc|— —— 
(i) ar, + br; + cry |: zx) 


(ii) т+72+12+ r?-16R?. (a? 4. b? 

53. Prove that the three exradii of a trian 
of the equation 

x?-x (4R +r) + (x-r)s?=0 
where К = circumradius, г = inradius and 
5 = semiperimeter of the triangle, 

54. If p, p, ру are the altitudes of a ^AB 
vertices А, B, C respectively and the со 
exradii are ғ, r,, ғ; then prove that 

|5552 2 Олай о 03 
++. 
Witte f$ Pi р ру 
55. If I be the incentre of a ДАВС, prove that 


A B 
IA: IB - IC =abctan =. K € 
abc 2 tan 2 шл: 


+c?) 


Ble are the 


ШТ 


C from the 


Tespondin, 
Л 


56. The internal bisectors of the angles of a AABC m, 
its circumcirde at D, Е and Е Prove ia 
ar(AABC) : ar(ADEF) 2 2r: R where г is the à 
andR is the circumradius of the AABC. 

57. In a triangle ABC, the distance of the circumcentre 
from the side BC is equal to the inradius then 
Prove that cos B+ cos C - 1. 


inradius 


58. Ir, 27 + Т; + r, where ry, rz, r are exradii and ris the 
inradius then show that the triangle is right angled 
59. In a .AABC,BR?-a?ib?. c? where R is the 
circumradius. Show that the triangle is right angled. 


" r 
60. If in a saec f | e HEEE 
r2 rs 


exradii then prove that the triangle is right angled. 

61. If in a AABC, the exradii ту TPs ате such thal 
^i 72737, then prove that the triangle is righ! 
angled. Also find a : b : c. 

62. Ina ДАВС, the sides a; b and the angle A are given 
If the side c has two possible values c, and c; then 
prove that ` 
O (0—08) + (c, + 9) "tan ЗА = 4a? 

(ii) |с, 26| 22: Ya? р?п 2А. 
63. Ina AABC,a cbánd4:b =2 іт. 
If cos Az 1a mi-4 . s | 
+ cos A= 5 DEEST “ prove that there аге two 
Values òf e, one of which is (m — 1) times the other 


Objective Questions 
Fill in the blanks, 


64. Ifin AABC-g b: 


1 le is 
с=8:10:1 d the least a18 
9 then the ERA 2an 


est angle in terms of o is —— ` 


we 


в 


Properties of Triangle 


T 
65. If in ДАВС, bo 3*1, с 3-1 and ZA- then 


4С=— 
i Жаа 3 
66. If two angles of a triangle аге апа 3 then the ratio 


between the largest side and the smallest side is 


67 TET age of a triangle are 30° and 45° and the 
М included side is (ҮЗ + 1) cm then the area of the 


triangle - ——— - 
buy е 
68. Ina AABC, if b = ҮЗ, с=1,А=сйепВ=___. 


" [na AABC, the angles A,B and C are in AP and 
b:c=13: V2. Then А = 


31 th 
70. If in a AABC, a=5,.b=4, cos(A - B = 35 en 


c= ( 


71. The smallest angle of the triangle, whose sides are 
7,453 and ¥13, is х 


В А 
72. Ета AABC;2tan 2 = cot > thenb:c- 


73. Inany AABC, 


a?sin(B - C) М b? sin(C - A) 


біп А” sin B 
STRA c^sin(A-B) _ 
2 қ ТЕ Е ааст 
; р a bc 
74. Ета АВС, |b с а | =0 then the value of 
ын cab 


sin?A + sin?B + sin?C in terms of products of 
trigonometrical ratios of the angles, is 


B C-A 
75. їп а AABC, c = 2a then tan = - tan =` 


2 


i 17 1 
76. Ifin the ДАВС, cos A сті and cos C= 14 bees 


a:bic= 


77. Ifin the AABC, —--—--—t(henc:az 


78. Ina SABC, if (a + b + c)(b c - a) = 3bc then 
ASAREE iy 
c-b 


tanA-tanB _ 
tan А + tan B с 


79, Ina ДАВС, if then 


A UO der 
б А cosB 2сзС_а b 
80. If in а ДАВС, em ок а 


_ then A= Е 
81. а ДАВС, AD is the altitude from A. Given b > c, 


abc 


Раб 


C= 23° and AD = 


2 у Қ jangle of side 
82. A circle is inscribed in an equilateral Кар 7 ie is 


4. The area of any square inscribed in 


83. Ina AABC, a:b:c24:5:6. The ratio of the radius 
of the circumcircle to that of the incircle is ^ 


Choose the correct option(s). 


x 
84. If ina ДАВС, с = 2b and С = В tum then the measure 


of ZA is 
ef wf OF ei 
85. Ina AABC, (b – c)? + 4bc sin 2 а is equal to 
(a) а? (b) 2a 
(c) C + | (d) none of these 
a 


86. In a AABC, С =90°. Then tan А and tan В аге the 
roots of the equation E 
(a) abx?-c?x+ab=0 — (b)abx? — (a? + b?)x + ab =0 


(с) c?x?-abx+c?=0 — (d)ax?*- bx *a-0 ` 


5 Е: 
87. In a ДАВС, B= and C= and the altitude 


8 
AD =h. Then h : a is equal to 
(а)1:2 (b) 2:1 
(с) 1:4 (d) none of these 
ч >С „А_3 Me 
88. Ifina ДАВС, а cos 7+0: 375 bthen thesides 
a, b,c are in 
(a) AP (b) GP 
(c) HP (d) none of these 
С 
89. If in a AABC, c(a + b) cos = b(c + a) cos then the 
triangle is 
(a) isosceles 
(b) right angled 


(c) isosceles or right angled 
(d) none of these 

90. In а AABC, if a^ « b*«c*- 2c* (4? b?) then the 
measure of C is s 


т п 
Q3 ът 
91. Two adjacent sides of a cyclic quadrilateral are 2 and 
5, and the angle between them is 60°. If a third side 
is 3, the fourth side is 
(а)2 (3 (94 (4)5 
92. Ifin a ДАВС, К is the circumradius then the dis 
tan 
of the orthocentre of the triangle from the vertex AE 


oF qu 


(а) acot A (b) 2Rsin A 
(с) 2Rcos A (d) Se WA 
2A 
93. Ifin a ДАВС, c = 150, b = 50V3 and B = 30° then C has 
the measure 
(a) 60° (b) 120° 
(c) 90° (d) none of these 
94. The diameter of the circumcircle of a triangle with 
Sides 5, 6 and 7 is 
346 
(а) (b) 2\6 
35 
© 2 
48 Фу 


(е) none of these 


95.In the ДАВС, AB-5cm, AC-12cm and 
BC = 13 cm then the distance of A from the side BC is 


(in cm) 
25 60 65 
Gi Ф) тз ©ту (d) a 


96. In the AABC, A » B. If the measures of A and B 
satisfy the equation 3sin x - 4sin 3r - k= 0, 0<k<1 
then the measure of C is 

л п 2n 5л 
(а) 3 (b) 2 (с) 3 (4) E 

97. Ina ДАВС, ADis the bisector of the angle A meeting 
BC at D. If I be the incentre of the triangle then 
AI : DI is equal to 
(a) (sin B + sin С): sin А 


Problems Plus in ИТ Mathematics 


(b) (cos B + cos С): cos A 


B-C B+C 
2 i cos 2 
B-C В+ 


:sin 


(c) cos 


C 


(d) sin 2 


98. If ina AABC, b:c=2:1 and sin(B - С) 3 


zig 
AABC is or 
(a) right angled (b) obtuse angie, 
(c) isosceles (d) none of these 
99. ABC is a right-angled isosceles triangle 

Z4 =90°. The midpoint D of AB is ies in wh, 
ratio of cot ZDCA and cot ZDCB is toC m. 

(23:2 (b)1:2 

(02:3 (d) none of these 


100. In a right-angled triangle the hypotenuse is ; 
times as long as the distance of the "s 
from the opposite vertex. Its acute angl 


(a) 30°, 60° (b) 155, 75° 
(c) 45°, 45° (d) none of these 

101. Two straight roads intersect at 30°. From the 
junction, two persons A and B start walking at the 
same time, опе on each road. A walks at the rate o 


5 km/h. At the end of 3 hours they are 9 km apart 
If B walks at uniform rate then the speed of B is 


(a) 5.99 km/h (nearly) (b) 2.67 km/h (nearly) 
(93 km/h 


hypotenuse 
es are 


(d) none of these 


Answers 
——— 
9. хє (1,+=) 14.455, 60°, 75° 15. по ў 
32 4 d 75.1 76.7:9:11 
33. 15 (4۷3-3), 3 V3 respectively 35.2 3 
36. 30° 42. AD =1, others are 1,2 77. (V5 +1): (5-1) 78.3 79.5 
45. 10 47.6 61.5:4:3 64.20 80. = a2 - 
. й 811135 82,2 83.16:7 
Уз +1 у 2 S 
dy $7; 67. FH m? 84. (b) : 
2 85. (а) 86. (а), (Б) 87. @) 
2r 88. (a) 
68. = 69.75° 70.6 к 89. (а) 90. (Ы), (с)  91.(9 
қ Ез e @), (©), (9) 93. (a), (b) . 94. (e) 95. (b) 
72. 3: : Я 
3:1 73.0 74. 3sin A sin B sinc (©) 97. (a), (с) 98. (a) 99. (с) 


100, (b) 101. (а), (b) 


Properties of Triangle 


Chapter Test 
Time: 120 minutes 


1. In the following incomplete sentences, fill in the blanks such that the resulting sentences 


become true. 
B-C А 


tan >= 


2 
(b) If ina AABC, sin A =p and біл B=q then cos С = Р 


(а) In any ДАВС, E a(b + c) tan 


(c) Ina AABC, tan A = 2and tan B = H - Ifc - 2- 65 then the circumradius of the triangle 


(d) If in a ДАВС, cos ЗА + cos ЗВ + cos 3C = 1 then the measure of one of the angles must 
be 5 


(e) та AABC,a:b=3:4and ZC = then cos A : cos B = 


2. In the following questions multiple answers are given. Choose the correct answer(s). 
(a) If in the ДАВС, cos А cos В + sin A sin B sin C = 1 then the triangle is 
А. equilateral B. isosceles C. right angled D. none of these 


(b) If the tangents of the angles of an acute angled triangle ABC are in AP then the 
geometric mean of the tangents of the greatest angle A and the least angle C is 


А. үз В. a C. tan в D. none of these 


(c) If ina AABC, the sides а, b, c are in AP then cot 4 + cot 5 is equal to 


A. cot В В. reo C. tan Б; D. none of these 
2 2 2 
2 4n 21 я ax 
(d) Ina AABC, if А = 57% апа В- 797 then a? – b* is equal to 
А.с? B. bc C.ab D. са 
(e) If AABC is right angled at B then the diameter of the inscribed circle of the ДАВС is 
A.a*b-c B.b+c-a C.cta-b D. none of these 


3. The sides of a AABC are in AP and, the greatest and the least angles are A and C 
respectively. Prove that 4(1 – cos A)(1 - cos С) = cos A + cos GC: 


A € 
4. If the sides п, b, c of a ДАВС are in AP and B = 7 then find tan 5+ tan > 


5. If ina ДАВС, 1 = 2cos A cos В cos С + E cos А. cos В then prove that the triangle will be 


equilateral. 
6. Let A, A' denote the areas of a triangle and that of the incircle. Prove that 


ATA a T = 
H [62793 9 |575 


1 3b-a 
7. Ifin a ААВС, A = 3B then prove that sin B =>: V =. 


8, If in a ДАВС, the perimeter is 4a then prove that the equation rx? - ax + 2r =0 has the 


roots cot 5 and cot = where r = inradius of the triangle. 


B-83 


8-34 
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9. If the internal bisectors of the angles of the ДАВС make angles о, B, y with sides , | 


respectively then show that 
asin 2a + bsin 2B + csin 2y = 0. 
10. If the circumcentre of the ДАВС is on 
cos A + cos В + cos C= V2. 
11. In a right-angled triangle if a, b are the leng 


the incircle of the triangle then prove that 


ths of the sides forming the right-angle anq 
ا‎ b- ^ 
К, r are respectively the circumradius and inradius Cas br қ 

ig 


12. Let D, Eand F be the feet of the perpendiculars from the incentre I to the sides BC, CA ang 
d 


AB respectively. If r, rı, апа гу are the inradius of the triangle ABC and radii of the circle, 
inscribed in the quadrilaterals AFIE, BDIF and CEID respectively, prove that a 
n т, їз 717273 х 


РН = * 
Pah Pty ЕР (r- tr = r2)(r ¬ 73) 


then prove that R = 


13. Show that in а ДАВС, ТЕТІ Me ane сше i 
A 
t A, B. pe "E has the minimum value 3.2” for all п > 1. 
s j 
Answers 
1 (2)0 ()ра- 1-р (е) 65, CE 
7 "4 (94:3 
2@BC 0^ WB WB gc t tei 
4. 5241) Е 
- а 


7. Heights and Distances 


1. Angle of elevation and angle of depression 

. Aand Bare two positions, A being higher than B. AP 
and ВО аге horizontal lines through А and B 
respectively. Then the angle of elevation of A as seen 
from B= ZABQ and the angle of depression of B as 
seen from А = ZPAB (= САВО), 


| А 


2. Vertical line and horizontal plane 

. If AB is vertical and BC is a line оп the horizontal 
plane then Z ABC = 90°. А 
If | is any other line in the horizontal plane then 


АВ 1. 
А 


If AB is perpendicular to the lines BC and BD then AB 
is perpendicular to any line in the plane of BC and 
BD. So, AB 1 CD also. 

А 


В-85 


| | Recap of Facts and Formulae 


3. Bearing of a point 

e At every point O on the horizontal there are four 
perpendicular directions ON, OE, OS and OW called 
north, east, south and west of O respectively. 


at ZPOE =a then 


If OP falls in the angle NOE such th 
t of north). 


the point P is a north of east (or 90° — a eas 
If a = 45° then P is north-east of O. 


If OQ falls in the angle SOW such that ZSOQ = В then 
the point Q is B west of south (or 90? – В south of 
west). If В = 45° then © is south-west of O. 


Some more descriptions of standard bearings are as 
follows. 


NE means 45? north of east 


NNE means 22 north of NE 


E 
ENE means 2 east of NE, etc. 


ovo 


Selected Solved Examples 


1. A ladder rests against a wall at an angle @ to the 
horizontal. Its foot is pulled away from the wall 
through a distance a, so that it slides a distance b down 
the wall making an angle В with the horizontal. 


Show that a= btan E (а + B). 


Let AB be the original position of the ladder. After 
sliding, it takes the position A'B'. 


AA' =a, BB' - b, AB = A'B' =1 (say) 


Now, cos а -94 апа соѕ p= 


OA'- OA 


cos В - соѕ а = 1 


24, 
=n -.() 


D 


Also sin a= 92 and sin pu? 


sin a — sin fi = = 


1 


OB-OB' b 
T 0) 


From (1) and (2), <05 2605 а 


sina-sinB b b 
1 


«tp . a-p 

=p OS В соо _ 2з 2 Sn 
sina-sinB ^ 

В жорта, ас) 


ог a=btan Hm p. 


2. Aman h ft tall, observes that the angles of elevation of 
the top of the two spires, appearing in the same [ine, is 
а. The angular depressions of their reflections in a 


lake just below are observed to be p 
and 
that the distance between the Spires is TIENE Si 


2h cosa - віп(В — ү). cosec(B — oj. совес(у-а) ft, 
Here, the spires are AB = x ft and CD =y ft. 
The man is PQ =h ft. 
Let BD = the distance between the spires = d б. 
From the right-angled AARP, 
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From the right-angled ACSP, | 


From the right-angled АРКА”, 
ЕА RB+BA' h+x 
tan y= = = 
RP RP (x-h) соға 


2>.4-----------2. 
* 
^ 


CD-SD у-һ 
PS PS 


PS =(y—h) cota 
BD = RS = RP - PS = (x – h)cot a - (y - h) cot u 
BD =(x-y)cot a th 


cs 
an a pss 


С. АВ = A'B, A' being image ot à 


x+h іп y- | 
ШІ stan y- cot a = OE | 
x-h сов у. sin а 


By componendo and dividendo, 


2x “siny-cosatcosy:sina sin(y +% 
2h siny-cosa-—cosy-sina  sin(y- 0) 


_sin(y+a) ni 
sin(y - a) 


x=h 


From the right-angled APSC’, 


or 


ап ВИЖУ 
(y - ћ) cota 
uth sin B - cos о 


zy = (ап В. сора = 
y-h cos В - sina 


by componendo and dividendo as above, 
у-а В+ a) 

sin(B - а) 
from (1), (2) and (3), 


BD =heot a - fae жа) sin(B+ 2) 
Sin(y-a) sin(B- o) 


Heights and Distances 
.0Q 2 1. 
in a) sin(B - о) tan ZQAO = 207172 
From the right-angled APOA, 
рамен) op OTE 252 3 
tan ZPAO= 30° 4 > 4 . 
=hcot a: ај 
tan а = tan(ZPAO - ZQAO) 
cos(y = p + 2a) - соз(у + В) _ tan ZPAO - tan 2040 
2 1 + tan РАО - tan ZQAO 
-easg creta сәре) 1-- 5 i 
1 Я = ===>: 
25 hicot o sin(y — a) - sin(B - o) 141-4 3 3 
1 2sin 2a - sin(B - y) 5 { 
= cot ® ауа) sin(B - a) cos a = o sin «= O 


= 2hcos ?a. sin(B — ү) cosec (В — о) · cosec(y - о) 
‚ the distance between the spires 


= 2hcos 2a sin(B – y) cosec(B — а) cosec(y – а) ft. 


Anobject 2 m long is fired vertically upwards from the 
middle point of two locations A and B, 8 m apart. The 
speed of the object after t seconds, is given by 


> 


fg 1) m/s. Let a and В be the respective angles 
subtended by the object at А and B after 1 and 2 
seconds. Find the value of cos(a – В). 


Let the height of the lower point of the object after t 
seconds be s metres. Then 


201+ > ds =(2t+1)dt (0 
1 1 
Е Mole 
> [а4=[о+туй=[ 1+] =2 
t=0 0 
OQ =2 т 


Morang 2 2 
Again from (1), j dx= f Qt + Dat - [+ =6 
фий. 0 


“OS =6m. 
From the right-angled AQOA, 


OS 
From the right-angled ASOB, tan ZSBO = BO42 
From the right-angled AROB, 
OR RS«SO 2+6 
-A = -n 
tan ZRBO = BO 1 1 


tan В = tan(ZRBO - ZSBO) 


__tan ZRBO - tan ZSBO 
71-бап ZRBO ‘tan ZSBO 


cos p= заре 


nage Er р Ad EE 
"410 N65 N10 N65 650 
EC DEE 
25х26 26 


4. A25-m-high vertical tower and a vertical pole stand on 
an inclined ground. The foot of the tower and the 
midpoint of the pole are in the same horizontal level. 
The angles of depression of the top and bottom of pole 
as seen from the top of the tower аге 15? and 459 


respectively. Find the length of the pole. 


Let the tower be AB = 25 m and the pole be CD =h m 


whose middle point be E. So CE = DE = i ad 


B-87 


8-38 


Clearly, from the figure, in the right-angled AAFD, 


ZADF = 45°, AF = (25 4) 2 


Now, in the AACD, 


or 


or 


or 


. or 


5. 


ZDAC = 30°, ZACD = 15° + 90° = 105° 
AD ср 
sin 105? sin 30° 


h 
Y - 
225+5 


50 +h =h(V3 + 1) 
50 50У3 


з 8 


the length of the pole = юз 


OA isa crank which can rotate about the fixed point О, 
A rod AB is connecting A to a ring B which m lid қ 
freely on а straight rod passing through O, the le: "is 
of the crank OA and the rod AB being Zn a ied 
respectively. The ring B starts to slide from an ж am 
position. If a and В are the inclinations of [зу 


OA with OB when В has described 1 у 3 
4 апа 


Ф 


respectively of its total possible tra 
value of cos(a — В). ve rhen find the 


Let E, and E, be two extreme ositi 
ti i 
b Positions of the ring B. 


ОЕ, = АЕ, - AO = AB- 40-(5-2)m 3s 
ОЕ,=2т+5т=7т 


Problems Plus in IIT Mathematics 


H .. whid 
pany the peg BD=3 cm and ABC is the plate in whi 


12. BES27m-3m-4m 


Аз (А) `~- Аг(А) 


1 
Wh ibed — 7 
еп В has described 40 EE, starting from 
7h 
B, = OE £ 1 
OB, 1+ Е! В: 3m+7-4m=4m, 
3 
When B has described A of E;E; starting from 8, 


z г 3 
ОВ, = ОЕ, EB; -3m +3.4 m=6 m, 


Now, іл AOA;B,, OA, -2 m, A,B, = 5 m, OB j 
d 171m 


and ZA,0B, =a. 
2 2 2 
NS 447-5 225 
2-2-4 716 
баа 416--5_ 21 x 1 
160 1 ^ 


Again, in АОА,В, OA; -2 m, A,B, - 5 m, ОР,=вт 
and ZA;OB, = В. 


cos(a — В) = cos @. cos f) + sin a.- sin f 


21 x11 39 
16 8 


-5 5 
Le 


16 8 


8 7254 377 х 13 
128 


< =25+351001 
128 


above the 
] with the 
tablea!? 


6 5 n ed on a horizonal table top is 3 cm 
Ару кесуші Plate ABC is kept vertica 
авы e side АВ on the peg and C on the r 
АС-? em from the peg. If AB =4ст ides 
AB ade си the angles of inclination of the 

AC with the vertical. 


74cm, АС 27 cm. 


Heights and Distances 


Let AE be the vertical through A and 
ZBAE = 6, ZCAE = y and ZDBC - 0. 


Then ZAEB=0 (7 АЕ|ВО) 


ВЕ 4 
Ln ain 8 ... 
In the right-angled ABDC, 

BC = 537 « 47 cm - 5 cm. 


p ре ЗЕЕ 
siny sin(r-0)' sine 


Now, in AAEB, 


Inthe AAEC, + (2) 


Ако, sin б=т бо from (1), BE = 5 sin ф. 


35. 
From (2), CE =, sin v 
Я 35 . 
BC = ВЕ + CE =5sin ф+ пу 


5=5sing + sin y, іе, 4-4sin ¢ + 7sin y 


7sin y = 4 — 4sin ф .Q 


Also, in the right-angled ABGA, 
GA = ABcos ф = 4cos ф. 
In the right-angled AAFC, 
AF = ACcos y =7cos y 
м GFZAF- СА = 7соз y - 4cos % 
but GF =BD =3 
2 95 7cos y -4сов ф, Le, 7cos v = 3 + 4cos ф 
Squaring and adding (3) and (4), we get 
0049 5:16 +9 +16 32sin | + 24cos $ 


е) 


о 


Bs 
2 зү 
13 1 = 
ф = соз! 5 Et E -) 
20 434846 
2057, 
Again, from (3) and (4), 
(4sin 4)? + (4cos $)? = (4 - 7sin у)? + (eos у - 


or 


or 


or 


or 


= 16 + 9 + 49 — 56sin y — 42cos V 
16 = 74 — 56sin y — 4260$ Y 
42cos у + 56sin y = 58 
21cos y + 28sin y =29 


2 ОАА с. 
ute tatem N21 +28 
je MIT 
5 cos V +; sin = 35 

29 ке. I 
cos(y - a) = 35 where a= Os = 
29 
= — 
y-a=cos зБ 
43 4129." 187-3276 
Y= cos 5 +603 352% 175 


7. А train is moving at a constant speed at an angle 8 east 
of north. Observations of the train are made from a 
fixed point. It is due north at some instant. Ten 
minutes earlier its bearing was о west of north, 
whereas ten minutes afterwards its bearing is D east of 


north. Find the value of tan Ө. 


The train is moving on the line AB. O is the point of 
observation. At the time of observation the train is at P. 
Ten minutes earlier it was at А and ten minutes 


afterwards it is at B. So AP = PB. 


Also ZPOA =a, /РОВ = В and ZNPB «9. 


PB _ OP 
the AOPB, = 
In the AOPB, д OBP 


or 


Io ОР 
sinB sin(0— В) 


.eQ) 


B-20 


OP 
sina sin ОАР 


PE. uen UP arii ...@) 
sino sin(180°-a +0) 


From (1) and (2), 


In the ДОРА, —— 


sin(0 - p) 
sin В 


E) (. PA=PB) 
sin a 


Or sin Ө. cot В - cos 0 = cos Ө + cot a - sin Ө 
ог 2cos Ө =sin Ө(сої В – cot a) 
E eh 
cot B — cot a 


8. A flagstaff stands on the top of a vertical tower, It is 
found that the flagstaff subtends the same angle a at 
two points, 2d apart, on a straight line through the 
base of the tower on the horizontal plane. Also the 
flagstaff subtends an angle f at the midpoint of these 
two points. Prove that the height of the flagstaff is 


H » ү 25їп В . 
dna cos a · sin(B — a) 


Неге, the flagstaff BC = h stands on the tower AB = x. 


------. 


= “ы. 


" ZBPC = ZBQC = а, we find that C, B, P and Q are 
concyclic. Let О be the centre of the circle. 


From dais 
<В05-- 2 £BOC = = i *2ZBPC =a. : 
in the right-angled AOSB, H 
1 : 
=h . 
.D5 2^ 1 : 
fan a= os = AR: АК =5 hoot а. : 
Let ZARB =$. i 
From the right-angled ABAR, 5 
_АВ __АВ 45-5 : 
шаф=лк=т SEEK 


Problems Plus in IIT Mathematics 


1 
OR- 3h 20R-h 
(—— а пар 
2 
From the right-angled ACAR, 
AC AC 
tan(B + 9)=4e= 7 کے‎ Sc 
3 cot a Shota 
1 
21 ОК 2 р L20R«h 
5 оа heot a 


ue СЕ W 


and 


or 


or 


tan В =tan( + - 0) = EtA - tn, 
1 + tan( + ) tang 
2OR +h 20R- 20R-h 
“hota hota 
,2OR*h 2ОК-һ 


hota — hcot a 


e 2h - hcot a 
= 
h*cot?a + AOR? - 4? EU 


E csina 


OB = BScosec a= hcosec a 


2 
(2) gives, OR" = кока) -d° 
4OR = h?cosec u — 44? 


2h?cot a 
т Его arh coec a- i 


h*cot?a + h?cosec ^a - 41° -h 
tan В. th?(cota + cosec 20 — 1) - 442} = 2h cota 
fan B(2h7cot i 20—44?) = 2h cot a 
2h?(cot?a . tan f - cot a) = 4d?tan В. 
hts 2d^tan В 

cota’ tan B cot a 


cos a: “sin B~ — cos а · cos В · sin a 


© 2sin В 
Cos a - sin(p – 
height of the flagstaff 


=h=dsin gq. Sa е 
1 V in(B-a 


Cos а. зт(В 


= d sin “qi: 


the top of a vertical tower whose bottom is 
9: неп equal angles а at two points C and D on 
s horizon tal line through B. A is another point 100 m 
s from Bon this horizontal line. There is a valley 
awa rocket is fired vertically upwards from the 
below the valley and at the same time a man starts 
base ue 0 jm A towards B. The distances covered by 
et and the man at time t are given by 
Pad -6) - 5(1 + t) log(1 + 0) and Sm=1+t 
‚ The man notes that the ratio between the 
8 j covered by the rocket and himself is the 
п. um when he reaches the point C and the 
Ee when he reaches D. Find the height of the 
wer. (Note: Here s, бт will represent numerically 


-hm and the flag 


24 t—6)—5(1 +!) log(1 +t) 
1+t 


={t? +1-6-51 +t) log(1 +0 


(1+0 


) dı 
7" 


В-91 


Heights and Distances 


1+5? 
5(t +1) 


“aap? a+)" 


yis minimum when t= 2 
АС =, whent=1 
and AD-s,, whent=2 
АС=2 and AD=3m. 
So CD-(3-2)m-1m. 
Thus we get BD 297 m, DC - 1 m. 
Let ZBDQ = 0; then ZPCB = “ООВ =90° - 0 
(^ PQDCisconcyclicbecause ZPCQ = ZPDQ = а} 


QB h 
Now, from AQBD, tan @ = 08 = 2 7. 


QB 
From AQBC, tan ZQCB = вс 
h 
or tan(90* - (0 + |) = Ж, іе, сон + а) = gg 


tan(0 + a) = 77 


tanO+tana 98 


OF i-mn0-tano h 


h 
— + tan а 
EL 2 {from (1) 


h+97tana 98 
97-htana h 


1? + 195tan a+ h 798 х 97 =0 
—195tan a + N(195tan а) «4x98 x97 
2 


or 


h- 


= 1 (1195) tan 70+ 4 x 98 x97 = 195tan о} 


B-92 
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10. A wheel with diameter AB touches the horizontal 
ground at A. The rod BC is fixed at B, ABC being 
Vertical. A man from a point P on the ground at a 
distance d from A, finds that the angle of elevation of 
C is a. The wheel turns about the fixed centre O of 
the wheel such that C turns away from the man and 
its angle of elevation is В when it is about to 
disappear. Find PC when C is about to disappear. 


When C is about to disappear, let it be at C' and then 
PC' touches the wheel at Q. 


From the question, we have to find PC’. 
Clearly, РО = PA = d and OC' = ОС =АС-, 


r being the radius of the wheel. 
In the ACAP, tan a = АС, AC = dtan a 
OC +r=dtan а; OC'zdtana-r 


c'Q-Noc" -og* = N(dtan a - r). - r2 


РС’ = PQ + C'Q- d + Чеп a-r) - 7? 20) 
Also, from the AOAP, 

tan =; r-dunb. 

PC =d+ Nd'tan a — 24 tan a -d tan Ê (from (0) 


safis | 
ае ҮЛЕГЕНЕГЕНГІ | 


11. А semicircular arch АВ of length 21 and а vertical 
tower PQ are situated in the same vertical plane. The 
feet A and B of the arch and the base Q of the tower 
are on the same horizontal level, with B between A 
and Q. A man at A finds the tower hidden from his 
view due to the arch. He starts crawling up the arch 
and just sees the topmost point P of the tower after 


" " 1 
covering a distance 2 along the arch. He craw]s 


further to the topmost point of the arch and notes the 
angle of elevation of P to be Ө. Compute the height of 
the tower in terms of [and Ө. 


Let arc АР=% and C is the topmost 
semicircular arch. 
ZAOD = ZDOC = 45° 


Point of th 
le 


; И 
1 and OC = radiusr- = tS here xr = 2), 


"E ; (1- V2) cos 6 


Let the tower PQ =h and ZCOP =a. 
Then in the right-angled AODP, 
ОР” = 90° — (45° + a) = 45° а 


TAS 


OD . 
and Gp =sin(45° - a) 


таз» v 
PS эш(45°—а) s 


Also, in the right-angled APRC, Ê = sin 0 


PR .PQ- - 

PE ERE ERCO qr -a 
sin 6 sin 9 sin Ө 
PC SMPO Oc 


In APCO, —— = ———___ M 
sina ѕіп(90° +0) sin[180* — а - (90° + 6) 


boris r 
sin a‘ sin Ө віп(45%- a) cos Ө 


Er 


r ER 


T sin(90* -0 x & ) 


or ИЕРЕЙ т в 
sin a sin 0 1 cos(0 +0) 
wes & —sin a) cos 8 


MED 


1 у д 
Ng (905 a> sin а) cos 6 = cos Ө. cos a = sin 9-5" 


1 s ر‎ " 
or [Б°% 0 – cos ШЕ «- eos 0 —sin 6] а 


— Ilic hs 
cos 8- V2 sin Ө ` (1— 42) cos Ө 
otas S058 - 12 sin 0 
(1-42) соѕ 0 
Alo——h-ro c cx Ау 
Sina-sing 1 
1 (cos а – sin а) cos 0 


gives 


cos 0 — ¥2 sin 0 
221-320 — 


“7 (сов Ө — sin Ө) 


_12. А man moves along a bank of a canal and observes a 
E on the other bank. He finds that the angle of 
ono op of the tower to be a from each of 
ts А and B, 6d apart. From a third point С, 

Y B, at a distance 2d from A, the angle of 


ОВ, AQAB is an isosceles triangle. 


fusing (1), 2) OD LAB, Dis the middle point of AB. 


Heights and Distances A 


Also, from the right-angled AQDC, 

QD = NQC?- CD"; QD = cot? - 47. 
Thus, Үй?со 942 = Nh cot B-d? 
or h(cot?a—cotB) =8d? 


h 224 -height of the tower 


Б cota — cot 2 
4 
-d i 


8d7cot 7B 
cot ĉa - cot? 


A Гвсох 2р — cot а + сок? 
zd. cot a — cot?p 

A [ot 8 — cot 70 
=4- cot a — cot? 


= width of the canal. 


QD = (hcot?p "| 


13. A person standing by the side of a road observes а SS 


row of equidistant telephone poles of equal height. 
Neglecting the height of the person's eye, the 10th 
and 17th poles subtend the same angle that they 


the first pole and were respectively i and i of their 


common height. Find the secant of the angle between 
the base line of the poles and the line drawn from the 
person's eye to the base of the first pole. 


Let the distance between the consecutive poles =k 
and the height of each pole = h 


1st 10th 


the distance between the first and the tenth pole 
=9К and that between the tenth and the seventeenth 
=7k 
Let P be the person and the first, tenth and seventeenth 
poles are at Ay, A1 and Aj, respectively. $ 
Let ZPA,A,; = 0. We have to find sec 0. 


B,;;AyP we get 


РА о = hcot a, РА), = hcot В. 


няне": - ч — 


would have subtended if they were in the position of | 


Clearly, from the right-angled triangles ВА, oP and: 


[SES 


Ў 


DIES 
7 
АГ; 


h h 
PA, =7 cot a= 3 cot B 


3cot a = 2cot В 
Now, from the АРАА р, 
5 (9k)? + РА - h*cot 2а 
(05 67 39k BAT 


2 
atk? + cota =H cotî 


h 
18k- 2% а 


81 но а 


95 0 сора 


Also, from the АРА Ауу, 


(16k)? + PA? - h?cot?g 
cos 02 — ———— __ 
2 -16k- PA, 
n? 
256k? +> cot 7p — hcotp 
cos Ө = 


h 
32k cot B 


2. B 2.2 
256k g^ сор 

32 

73 Micot p 
(2) ала (3) => 


2_3 252%2, 8 
81k д! cota 256k? - eo! 3 


9khcotta ` z2 ——— 
3 Piet 
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or 


or 
= tan P or 
or 
„0 
14. 
„ота 
^) 


From the right-angled AQAO, 


From the question, 


РО 
From the right-angled APQA, tan ф= AQ 


81k? - ota 256k?-8 p2 9 
9 4 eU, 
32 xotg —. 
NE le 
2 


9cot о. 


3 Using, 6 
23,2002 \_ 81 
ie 4 со: а)- 9(256k? - 2, Xot 24) 


1296k? - 12k cot. = 2304k? ~ 122 
ü 

1008k? = 6h?cot?a. 

h?cot’a = 168k? 


3 
81k?—=. 2 
те Е 
9k - 168k 
_ 81-126 
94168 
62-457 28 
18/42 242 


from (2), cos Ө = 


An observer at О notices that the angle of elevation 
the top of a vertical tower is 30°. At O the bearing 


E 41 
the tower is tan Eo east of north. The obsenu 


travels a distance of 300 m towards north to а point 
and finds the tower to his east. The angle of elevation | 
of the top of the tower at А is $. Find ф and the heigt 
of the tower. 


the tower PQ =h m. 


2200 =30°, ZQOA = a = tan’ 72 


AQ 212 
Од tan ayes AQ =300 +75 ™ 


Fro! 


Thus, ¢ = 45° 


B-95 


Heights and Distances 


Хш h 
= h = 150\2 ۰t 2 
tan $ 1502 rs а) 
e t-angled APQO, tan ZPOQ .IQ 
m. Жү OQ 


КЕЗІ > 
NOA?+ AQ* 


h= Үз 13 


and from (1), 1502 = 150۷2 - tan ¢ 


өпф-1; ф= 45° 
and the height of the tower = 150۷2 т. 


15. An observer at an anti-aircraft post A identifies an 


enemy aircraft due east of his post at an angle of 

elevation 60°. At the same instant a detection post D 

situated 4 km due south of A, reports that the aircraft 

is at an angle of elevation 30°. Calculate the altitude 
which the plane is flying. 

; altitude of the aircraft P at which itis flying 

at the moment of observation 


ihi p 
eni angled APQA, 207 tan 60 


ұлу > 
2 on 
AQ =h cot 60 13 


һ 


From the right-angled APQD, —— = tan 30° 


DO 
DQ = hcot 30° = 13. 


From the right-angled ADAQ, 


16. PQ is a vertical tower and A, B, Care three pu m 
the horizontal plane through the bottom P S m 
tower. The angle of elevation of Qat each 0! 
points A, B, C is 0. Show that the height of the tower 


is Ê. tan 0, where A is the area and a, b, c are sides 
A 


of the triangle ABC. 
Let the height of the tower РО = h. 


From the right-angled triangles QPA, QPB and QPC we 
get, PA =hcot 6, РВ = hcot Ө, PC =hcot 0. 

PA = РВ = РС =hcot Ө. | 
2 A, Band C lie on a circle of radius hcot Ө whose 
centre is P. 

circumradius of the AABC =R = hcot Ө. 


1 р _1 a 1 
Now, A-gbcsin A = be 2R | 
i z Enb жоу 
[ in AABC, == an E sa C7] 
аве ас abe. و‎ | 
TAR 4hcot@ 4h 
"EE сө; 
4A 


17. A tower stands vertically in an inaccessible place. In 
order to ascertain its height an investigator stations 
himself on the ground and finds the angle of 
elevation of the top of the tower to be 30°. Then he 
moves a distance d in a certain direction and from 
there he finds the angle of elevation of the top to be 


the same as before. On moving a distance H datright 


angle to his former direction, he finds the elevation 
of the top to be 60°. Prove that the height of the tower 


is either үз -d or 55 -d. 


Let the height of the tower AB =h. 


The initial position of the investigator is P and the two 
subsequent positions of observation are Q and R 
respectively. 


So PQ =а, ок-24 and ZPQR =90°. 


In theright-angled triangle АВР, 
ВР = hoot 30° = hN3. 

In theright-angled triangle ABQ, 
ВО = hcot 30° = КҮЗ. 

In the right-angled triangle ABR, 
BR = heot 60° =. 

үз 
The figure on the ground is as shown. Let EC L PQ. 
PC dp d 
Clearly, cos a === = СС... 4. 
бау COS a = Bp“ зов 


In the ABOR, ZBQR = 90° - ZBQP =90° -a 


ог тая 


eb hr d 


.* 16А” 25 q* q ^ 
124? 75 411087279” lusing(1) 
17d? 5 
or sta 


if E then 


or 25* *1 xn 3^ 


а) 


< 125 +15 


+ ے‎ 125145 
2 1% 2 جو‎ 
25 
_ 170 80 85 5 
7796 ' 96° 48'6 
24-45, Qs 
T747 Nag’ NG 
5 85 
h- De ag 4 
Hence, the problem. 


18. A regular pyramid on a square base has an edge 
150 m long and the length of the side of its base is 
200 m. Find the inclination of a face to the base ani 
the vertical height of the pyramid. 

Here, edge = ОА = OB = OC = OD = 150 т 

and side of square base = АВ = BC = CD = DA = 200 m. 


Let OM L base. Then М is the centre of the square 
MN L AB. 


Clearly, AN = NB = 100 m. 


Also MN = AD = 100 m. 


We have to find the inclination of a face with the base 
іе, ZONM and the vertical height of the pyramid, іе» 


OM. 
о 
NS 
D A 


с B 


Аз AOAB is isosceles, ON 1 NA. 


In AOAN, OA =150 m and NA = 100 m. 


225 ON 2 1507-3597 m 50۷5 m. 


In 40MN, ОМ = VON7—MN? 
= ¥12500 —10000 m 
‚ = 2500 m-50m 


OM 50m 1 

d tan “ОММ< мм 10m 2 
al 
=tan 2 


BCisa triangular park with AB = AC = 100 m. ATV 
19. А stands vertically at the middle point of BC. The 
m of elevation of the top of the tower at A, B, C 
x 45°, 60°, 60° respectively. Find the height of the 


tower 
Here, the tower PQ =h т. 
From theright-angled APQA, ОА = hcot 45°=h. 


h 
From the right-angled APQB, BQ = hot 60° = = 

h 
From the right-angled APQC, CQ = hcot 60° = WE 


{ h 
тату 
so Qis ће middle point of BC. 
Also AB = AC = 100 m; so, ДАВС is isosceles. 
‘from geometry, AQ 1 BC. 


мы 


Now, from the right-angled AAQB, 


IP ak B to the north of A, is a. From the top 
Е height h above the level of A, the 
levation ‹ of P is found to be p, the bearing of 
West of south and the bearing of P is б north of 
Ha ше ан of P above the level of A is 


Heights and Distances 


Let the height of the mountain = РО = x: 
the height of the hill = BC = h. 
From the question, 


ZPAQ =a, ZACQ = ап (МСА = ZCAQ =1- 


Let BD L PD. Then, from the question, ZPBD = В. 


Also DQ = BC =h. 
Now, from the right-angled triangles PQA and PDB we 


get 


or 


or 


ог 


21. 


AQ = РОсо a =xcot a, 

BD = PDcot В = (РО – DQ)cot В = (x — h)cot В 
9с _ AQ 

AAQC iny enS 


sin y 

BD 
sin y % 
(x – h)cot B_ xcot a 
siny sin PTS 


сор _ һсо p 
pem sin Y 


_ xcot а 
sin 6 


cot A E 
sin б 


No E ee 
бтлу T tan B -siny 

„юле. sin 5 – tan B-siny _ h 

“tan a- tan В- sin y: sin 5 ` tan B- sin y 


к” Шап a ‘sin б 
7 tan a -sin 5 – tan В. sin y 


A sign-post in the form of an isosceles triangle ABC 
is mounted on a pole of height h fixed to the ground. 
The base BC of the triangle is parallel to the ground. 
A man standing on the ground at a distance d from 
the sign-post finds that the top vertex A of the 
triangle subtends an angle В and either of the other 
two vertices subtends the same angle a at his feet. 
Find the area of the AABC. 


Here, the sign-post is AABC and the pole DE =h 


The man is at P such that EP - q. 
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Let the vertical plane of the AABC cuts the plane of the 
ground along the line FE and BF is the vertical through B. 


Clearly, BF = DE =h. 


in the right-angled ABFP, = tan a 


LS 
PF 
PF = һсо a 

FE = ҮРЕ? PE? = Уи cota - 47 
BD = FE = УИ о а - d” 

BC = 2BD = 2h cot а -42 


; AE 
Also, in ДАЕР, ТЕ = tan В; 


AE = dtan В 
AD = AE - DE = dtan  - н 


ar(AABC) =5BC -AD 


1 
2:29 cota = qd” - (d tan B — 5) 
= (dtan B- №) Nh cot "a — 47, 


22. The base of a vertical tower is a Square. A man on a 
diagonal (produced) of the square is at a distance 2а 
from the tower. He observes that the angle of 
elevation of each of the two outer corners of the top 
of the tower is 30° while that of the nearest corner is 
45°. Prove that the breadth of the tower | 

aN2(N5 — 1). i 

P is on the diagonal AC (produced) of the 


ABCD such that РС = 2a. are base 


The corner of the top of the tower nearest 
is one of the outer corners. 


to Pis Eand F 


Let the breadth of the tower = BC = x. 


Now, from the right-angled AECP, ЕС 


= tan 45: 


EC - РС= 2a = FB. 
: FB 
From the right-angled AFBP, Вр = tan 30° 
2a (1. 
BP 45 
In ABCE, BC =x, CP = 2а, ВР = 24/3 
and ZBCP = 180° — 45° = 135° 
x? + (21)? — (2aV3)? 
2-х-2а 
Е 
ЛЕТТІ 
or х?+2Ү?дх-8а?=0 
oo 202 827 4 - C827) 
2 


2 BP = 2443. 


cos 135° = 


22a + N4042 
or TOO HE A 


С. xis positive) 
222 +2\2. 54 
2 


=- Ү2а + Ү?, Уба = av 2(N5 – 1). 


23. Aman standing at а distance d from a tower of heigh! 
h finds that an aeroplane is describing a horizontal 
circle of radius ғ with the top of the tower at its 
centre. The angle of elevation of the aeroplane when 
nearest to the man, is a and when farthest it is P If 
d >r, prove that 

аа ИАН, 
Sin(a-8)' віп(а +8) 2sino.-sinp 


(Neglect the height of the m2 


OUT с. 
` sin a-sin В + sina sin В 


r d h 


24. A pole stands at the bank of a circular pond. A man 

walking along the bank finds that the angle of 

. . elevation of the top of the pole from the two points А 

апа B is 30° each and from a third point С, it is 45°. If 

the distances from A to B and from B to C measured 

along the bank are 40 m and 20 m respectively, find 
the radius of the pond and the height of the pole. 


Let the pole РО = lı m. From the question, 
mite с. 
РА = hcot 30°, PB = hcot 30°, РС = hcot 45° 


20 
ZBOC -20-26-- 77-20, from Q) 


1 20 _ 20 
from 0 =, weget л- 5 -2ф- = 
40 п 20 
ог п-2ф=77 then 224% " 
20 
«42- $- cos —— 
or sin ф=сов 20. 
h 20 
(4) => zF 
ме гыз 
2r r 


20 10 
N3cos — = cos — - 
r r 


Let cos 10-6 then УЗОР 1) = 


or 28t?-t-4320 
21% 1%473.2/3 1+5 


483 443 
10 145 1-5 № -1 
r 48/465 2 уз 
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i e pond. 
the tower AB =h and the man observes from the Let O be the centre and r m be the radius of the po 
Let V. 
int C- 
Pp of A, B, C cuts the horizontal circular path of 
TS Б lane along РО where P is the point nearest to C 
Ded Hr point farthest from C. 
ant perpendiculars PR and QS from P and Q 
А ectively on the line BC on the ground. Clearly, 
e. and .AQSC аге right-angled triangles and 
"ВЕП zh. Given BC = 4. Let РОВ = 20 radian. Then, clearly 
= AP =r, SB = ОА =r 
Also BR 2 AP =" вуз 
have tan a= PR. а) E TAS 0 
Now, in APRC we have, RC d-r iP -sin8; „г sin O=- | 
.QS A 4 = 2(180° — 20) = 2n – 49. 
алд in AQSC we have, tan B= cc Ter 2.0) ZAOB -24ВОК =2( : 
І „== Г0 
(0) > (d-Dsino- hcos a From 6 == (formula) we get 21 – 49 =, (2) 
ог тіп a= dsin а + сов =0 | w (3) Ж m coef —0} cos P 
Q) = (d+r)sin B=hcos В e ge сл? Е r 
ог rsin ісіп B—hcos р = ү «0 ог sin 0 = соз — -.(3) 
By cross multiplication we get from (3) and (4), 4 N 
5280 Again, from APOC, if (РОС = 26 radian, 
کے‎ o 
sina -cos В -cos a ‘sin В h 
peo 4 -- анна, о "T 
cos a. - sin В + sin a - cos В r 2r 


il Problems Plus in ИТ Mathematics 
26. A flagstaff is mounted in the midq 

сов = 2 | 2 cos юке is positive} : based vertical tower. A man standing oc = 
r 2r d midway in front of one side of the towe ЫШ? 

10 m 60 ; elevation of the top of the tower to а * ing, 
А. А, : the flagstaff to be B from a distance d. a that g 
!  doser to the tower by a distance а, he finds, ША 
р >. D -% жа cr : o Ол the flagstaff just disappears, Prove thay the 
"3r pix Lures = dsin 0 sing. |, ч 


60 
radius of the ропа = height of the pole =; Db 


25. A circular plate touches a vertical wall. The plate is 
fixed horizontally at a certain height above the 
ground. A lighted candle of a length equal to half of 
the height of the plate above the ground, stands at the 
centre of the plate. Prove that the breadth of the 
shadow thrown on the wall where it meets the 
ground is 4V2 times the radius of the plate. 


Here, the candle AC = c (say) and 
the height of the plate = CO = 2c. 


Let the radius of the plate = a. 


Clearly from the figure, the required breadth of the 
shadow is the length of the chord PQ of the circle whose 
centre is O and radius = OD. 


Now, from similar triangles ACB and AOD, we get 
AC ВС é a 
АО OD? зс^ор! ^ Ор = За. 


Clearly, the distance of the chord РО from the centre О 
is OR = radius of the plate = a. 


Now, in the right-angled AORQ, 
RQ = NOQ7- ОК? = VOD? -47 
= (За) — a? = VBa? = 240a 
РО =2. КО = 2. 222a = 424. 


Hence, the problem. 


(d — айап Ө = ап о. 
Here, QR is the height of the tower апа the 


РМ =h (say). Clearly, from the figure, MN .. QR 


EZ 


/ 
/ 
+ 


г------------- 


The шап is.at А initially and at В when the top p 


disappears. 

So AR =d, AB =a. 
LetZQBR-0. | 

From the right-angled ЛОКВ, 


eed ДЫРУ) 


From (1) and (2), tan 0 = 


dtan a 
d-a 


ог (4-a) tan 0= dtan a. 

From the right-angled APMQ in which 
“РОМ = ZPBR = 0, we get 
tn@=——-— o. = ` 

ом ^ (QM = hicot ө 

But QM =NR. So NR ='hcot Ө. 

From the right-angled АРМА, tan B= = 


or tang PM MN һ+ОК h+dtana 
NR+RA QM +d heot 0+4 


tan B(hcot 0 - d) = hı + dtan a 


fla ЕТІ 


s) 


ssi] 


(an B tan a) = h(1 – tan В. cot 6) 
sin(0 - В) 


sin 0  sin(f - а) 


Tw ‘start climbing up the plane side of a hill 
чт from the same base position. One climbs 
ы the line of the greatest slope and the other 
an angle В with the line of the greatest slope. 
t the same speed and after some time 
h above the ground level then find the 
man above the ground at that 


5 making 
f they climb а 
e first man із 


m 


Eum from O, after some time the first man isatA 


whose height AC = h. 
at time the second man is at B where ОВ = ОА and 


m the question). 
of B- BD =x. 


Let the heigl 
X КББА 


Let ВЕ LOA. So BE | PQ because the line OA of the 
atest slope is perpendicular to PQ. 


oc----» 
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the height of other man = hcos P- 


al heights a are inclined to 


their 
each otherat an angle а. At noon the breadths of in 
shadows are b and c. If 0 be the altigas о 
ргоуе that asin 20: cot ^9 =b? + c? — 2becos @- 


28. Two vertical walls of equ: 


f the two walls are 
f the sun is 0, the 
ely along the 


At noon the breadths of shadows © 
BC =b, QR =c. When the altitude o | 
breadths are BD and 05 respectiv 
cross-section of the shadows. 


Then BD = acot 0, {from the right-angled ABD} 


QS =acot 8, {from the right-angled APQS} 
Let ZDBC = ¢ and ZSQR - v. 

BC 
In the right-angled ABCD, mp %. 


-. 0) 


= cos 
acot 0 ? 


R 
In the right-angled AQRS, s = cos y 


.Q 


= cos 
acot Ө y 


Now, cos a = cos(180° - ZBMQ) 
= cos{180° — (180° — $ - у)) 
= соз(ф + y) = cos ф- cos y — sin ф- sin y 
sin ¢ - sin y = cos ф cos y — cos a; 
squaring, (1 – соз2ф)(1 — cos ^y) = cos * cos PY + cos 7a 
—2cos ф cos y cos a. 


1- cos 2ф — cos? y = cos ?а – 2cos ф cosy cos а 


or 
or sin 2а -cos?$ + cosy —2cos % cos v cos a 
b? c? 
= سم‎ 
a cot 0 ‘a cot? 
Жы asa 
acotó acotó ® {from (1), (2)} 
ог a?sin 2а - cot 20 = Р? + с? — 2bccos a. 
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29. A man walks in а horizontal circle round the foot of a 
pole which is inclined to the vertical. The foot of the 
Pole is at the cente of the circle. The greatest and the 
least angles of elevation of the top of the pole as 
observed by the man are a and В respectively. When 
he is midway between the two positions, the angle 
subtended at his eye by the pole is 0. Prove that 


Үсіп Ха — В) + 4sin Ta- sin 7g. 


в=—1 
sin(a + В) 


Let OA =1 be the pole and the radius of the circle = a. 
Let the vertical plane through the inclined pole cut the 
circle at B and C, and ZAOB - $. Let AM be the 
perpendicular dropped from A to the horizontal. 


As B and C are the nearest and the farthest points from 
M, on the circle we get the angles of elevation at B and C 
are respectively a and В (from the question). 
D is midway between B and C on the circle. Clearly 
OD 1 BC and OD 1 OV (the vertical line). 
So, OD is perpendicular to the plane of VO and OA. So, 
OD L OA. 
OA 1 
A کے‎ 
OA subtends 8 at D, tan Ө OD” a «+ (1) 


Now, ОМ = ОАсов ф 
/. ВМ-а-ісов ф апі CM =a +kcos 9. 


Also AM = OAsin ¢$; ~~ АМ = [сіп ф 
_AM __lsing 
fan = pM = koso 
1 
or cta-T ing t —@) 
AM  lsinó 
and tan B= OM arioso 
(pos 1 + cot 
or cotB=7 sing cot > + (3) 
From (3) - (2), cot B — cot a = 2cot ф ... (4) 
From (3) + (2), 
Nn lar o) 
cot В + co =7 sime tano Oe using (1) 
2cosec ф 2V1 + cot 0 
Шаб 
cot В+ соіа _sin(@ + В) 
sin о: sin В 
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asin asin B 1/1 и 
SONRA И 


sin(a + B) 


in 
2sin a sin В mne, 
Asin 20. sin? 


sin(a + В) ! Using (1) 


sin “(a — В) + 4sin “a sin “B 


sin(a + В) 


30. Two poles, one double of the other in len 
vertically оп a field. The sum of the distan, 
point on the boundary from the two poles ізі. 
50 m. A man standing at a place on the Bound. 
where the feet of the poles subtend an angle of i 
finds that the elevation of the top of the taller hole ^ 
60° and that of the shorter is 45°. Find the dist, 
between the poles and their heights, Also find is 
distance of the man from the line joining the fect ot 
the poles if he moves toa point on the boundary from 
which the two poles are equidistant. 


gth, Stand 
ces of any 


Here, the taller pole PS=2h m and the shorter pole 
P'S’ = h m. As the sum of QS and QS’ is always 50 m, the 
boundary of the field is elliptical with S and S' at foci of 
the ellipse. 


Here, ZPQS =60°, ZP'QS' = 45? (given) 
from the right-angled 450755 = tan 60° 


2h 
^ SQs—. 
Уз 
From the right-angled AP’S’Q, = = tan 45° 
SQ =k 
SQ + 8Q =50 . Du. 
> 1347-50 
243 
o két s 
үз = 


or 4.203 _ 50432-43) | 
2+7 423. = 90(2N3 -3). 


* the height of the shorter pole = 50(2N3 -3) m 


ha s 


4505, 

На. =052+ QS'? - 205 - 05' cos 30° 
B nh ar, ep B 
52-15) +a 2g ea 


4 р 1 
; -rria 3 
ави -3)-50Q- 
Soter ha в 50(2V3 – 3) = 50(2 - V3) 
the distance between the poles = 50(2 - Уз) m. 


К inate geometry, the equation of the 
Now, from coordinate g try, А а 


ва. = 
poundary in the standard form is 22 Шетін 1 
% 


S$Q+S'Q=2a and b? za'0 - e), 


е S$' - 2at, 
S from the line $5’ of that point on the 


ing the distance 
DRY which is equidistant from S and 57. 
Here 24 255 2 4-25 
gg = 2ae = 50e = 500 - Мз; г е-2-9 


abale’) 
125° (1- Q - N3)7] = 25". 303 - )? 


sbe25(0 - 1). 3^. 


Hence, the required distance = 25(13 - 1). 3 m. 

Note "The reader must have the knowledge of ellipse 
from coordinate geometry to understand the 
solution of the above problem. 


31. А vertical: pole standing on horizontal ground is 
observed to bear an angle a east of north from a point 
P оп the ground. The pole subtends an angle Ө at P. 
Due to a storm the pole leans towards the east by an 
angle В. If the pole subtends an angle ф at P after the 


` storm then prove that 
соз фут + sin û sinf.» sin 20 = соѕ0 + sina sin p sin Ө. 
тажы 


Let the vertical pole be AO. After the storm it takes the 


= 


пы a So 


, from the right-angled AAOP, we get 


Taking X and Y axes along the south and 
atO and the vertical through 


B-103 


Heights and Distances 


east directions 
О as Z axis, we get 
В = (0, hsin В, Нсоз В) 
P = (OPcos а, = OPsin œ, 0) 
> 
OB =hsin Bj + hcos Bk 


> 
OP = hcot 0 cos a T - hcot Ө sin а] 
( OP = hcot 0} 


+ ә ә 
BP = OP - ОВ 3 

-heot 0 сов а Г H(cot 0 · зіп a + sin P) j 5 
= hcos ВК 
> > . 

OP - BP 

cos $= =< 

| OP 11 BP | 


; 2cot?0 -cos 2a + h?cot Osin © 


x (cot Ө -sin а + sin »| 
ы гуй ма 


2 
[ 2cot 20соѕ ѓа + һ?со\ Osin 19)? (h?cot 20соѕ “a 


+ h (cot Osin a + sin yet 


h?cot 0 + h?cot 0sin о · sin В 


Б 0 - (h?cot?0 + h?sin ?В 
+ 2h?cot 0 sin а- sin В h?cos?p) “| 


cot Ө + sin о, sin 
“сок 76 + sin 28  2cot 0 · sin о sin В + cos B 


cos Ө + sin о sin В sin Ө 


[eroi - sin?0 + 2cos Osin Ө sin asin В 
ts 
2 
+ cos 28 - sin 20 
cos Ө + sin a · sin В. sin 0 
© Yi sina sin В. sin 20 
cos ф· V1 + sin а sin В sin 20 


= cos 0 + sin a sin В sin Ө. 


Note In case of triangles not in any vertical plane, we 


have to use vectors to estimate angles and heights 
conveniently. The reader must know algebra of 
vectors. 
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32. то i 

ieee the dip of a stratum of coal below the 

аи е ground, vertical borings are made from 

БИ сай Points A, B, C of a triangle ABC which is 

m á ntal plane. The depths of the stratum at 
e points are found to be x,x+y and x+z 

respectively. Show that the dip 0 of the stratum 

Which is assumed to be a plane, is given by 4 


where b and € are the lengths of the sides CA and AB 
respectively and A is the angle between CA and AB. 


Here the stratum is the plane A'PQ where the points 


А’, P and О are vertically below А i 
From the question, 3 ja D de 


AA' =x, ВР=х+у, СО=х+2. 


1 
1 
1 
1 
1 
i 
12 
1 
' 
1 


o 


Let А', B', C' be the pojections of A, B, C respectively 
on the horizontal plane through A'. Then 


AA' = BB’  CC' =x, B'P- y, СО =z, 


The dip Ө of the stratum A'PQ is the an 


, BIC! Ble be 1 
pae 2 e a A 125 по the angle ben tf gles of elevation of a bird flying in a horizontal 
на For findin; rm angl een the normals |n tine from a fixed point at four successive 
2 a aa = des е we use vector a t E ns are а, B, Y and 8, the observations being 
gnis "n IN e fy as the x-y plane with i қ t equal doped Е dn e se y 
e x-axis, A' as the origin and z-axis along 4'4 Са idi uniform, and the observer and the line of 
А. Then 3 notion of the bird are in the same vertical plane, 


С' = (b, 0, 0), В” = (ссоѕ A, csin A, 0) 
О = (b, 0, -2), P = (ccos A, csin А, -y) 
> -> zh > 
АС x A'B' =bi x (ccos A i + csi Aj) 
и J) 
=besin Ak 


ә ц- >‏ و 
AQ x AP. =(bi -zk)‏ 


x (с P 
| $ "a Ai +csin A j 
= asin Ai +(by—czcos A)j + besin A Рр 
the unit vector i 
3 т perpendicular to the plane ABC 
КА САШЕ besinAk > 
ТАСКА | besna T 


^ 
n= 


The unit vector perpendicular t 
ы р те т to the stratum A'PQ, 
A'Qx A'P 
UA 
1 A'Q x ATP | 
LUE > 2 
f czsin А i + (by — czcos A)j + besin A к 
ez sin A + (by — czcos A)? + bc sin A 
^ 
cos @=n-m | 


^ 
т= 


bcsin A 
Nibcsin A)? {cz +b Ty? - 2bcyzcos Al 


р Жү Oa A 
Бае“ C 2'tb'y^—2bcyzcos А 


Or tan@-sinA= 


Exercises. . Í 


1. A vertical pole is divided in the ratio 1 : 9 b 
on it, the lower part being shorter than Punt 
part. If the two parts subtend equal angles dá a 
distance of 20 m from the base of the pole, find th 
height of the pole. : 3 


2. The angle of elevation of the top of a mountain from 
any point of a horizontal plane through the base of 
the mountain is 45*. After ascending 1500 m towards 
the mountain up a slope inclined at an angle of 15° 
the elevation changes to 75°. Find the Не; : 
mountain. у teo the 


3. The angle of elevation of a cloud from a point ! 
eqs above a lake is û, and the angle of depression 
of its reflection is р. Prove that the height of the cloud 


above the lake js р. (В + o) , 
біп(В = a) 


4. Ап object is observed from A, B and C lying in 2 


d in the horizontal plane just below фе 
ini i z oe elevation at B is twice that at ^ 
el ree times that at A, If AB =a, BC =b then 
қ at the height of the object is 


a 
2p a + 6036 а), | 5 


yk) 


"gow that cot ĉa — cot 5 = 3(cot ^ — cot °y). 
арыса tical pole. The end А 15 оп the level ground, 
"is th middle point of AB. P is a point on the level 
pa The portion CB subtends an angle f at P. If 
AP. АВ, show that n = (2л * + 1)tan В. 
2 C са! balloon whose radius is r, subtends at an 
o Merver's eye an angle а, where the angular 
elevation of ils centre is B. Determine the height of the 
(Ес 
Б Шашы»? y 
AINE h standing on the bank of a river observes 
"the angle subtended by a tree on the opposite 
і "is 60°. When he retires 40 m from the bank 
" perpendicular to it, he finds the angle to be 30°. Find 
height of the tree and the breadth of the river. 
. The: of elevation of the top of a tower ata point 
84 feast of the tower is & while at a point Q due 
“Мк ‘the tower it is (a >В). If 18 angle of 
levation of the tower at a point midway between Р 
be then prove that 
В) = tan Ө + соз(а + B). созес(а – В). 
5 due south of a tower, on the same level 


distances a and b(b > a) from the base of the tower. If 
be the elevations of the top of the tower from 
tations, show that the cotangent of the 


7. man notices two objects in a straight line due west 

of} m i After walking a distance c due north he 
erves that the objects subtend an angle а at his 
еуе апд after walking a further distance c due north, 
Сап angle В. Show that the distance between the 
€ 


fixed station of observation, at an instant the 
gofa ship moving in a line is а west of north. 
inutes later the ship is due north and after a 
interval of ten minutes the bearing of the 
st of north. Show that the course of the 


‘Observes that when he has walked c metres 
aN inclination, the angular depression of an 
ect in a horizontal plane through the foot of the 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


= 
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slope is а, and also observes that when he has 

walked a further distance of c metres uP the slope, 

the depression is B. Prove that the inclination of the 

slope to the horizontal is cot "'(2cot В = cot 0): 

A vertical tree stands on a hillside that makes an 

angle a with the horizontal. From a point directly up 

the hill from the tree, the angle of elevation of the 

tree-top is B. From a point т cm further up the hill 
the angle of depression of the tree-top is y. If the tree 
is h cm tall, express h in terms of a, B. Y- 

A man walking towards a building on which a 
flagstaff is fixed, observes the angle subtended by 
the flagstaff to be the greatest when he 15 at a 
distance d from the building. If Ө be the greatest 
angle observed, find the length of the flagstaff and 
the height of the building. 

Aman walks along a straight road and observes that 
the greatest angle subtended by two objects is @. 
From the point where this angle is subtended, he 
walks a distance c along the road and finds that the 
two objects are now in a straight line which makes 
an angle В with the road. Prove that the distance 
2csin а · sin В 1 

cos а + cos В 

A flagstaff standing on the top of a tower of height 
b subtends the same angle at all points on the 
horizontal plane through the foot of the tower 
which are at the distance a or b from the tower. Prove 
that the height of the flagstaff is | a-b |. 

A man standing on the straight shore of a sea 
observes two stationary boats in the same direction, 
making an angle 0 with the shore. He then walks a 
distance x along the shore and finds the boats 
subtend an angle @ at his eye. Again on walking a 
further distance y he finds they again subtend an 
angle Ө at his eye. Show that the distance between 


between the objects is 


the boats is x«t sec У cos 9. 
2 2х+у 


(Neglect the height of the man's eye above the 
shore.) 
There are two inaccessible points P, Q and two 
stations S and T of observations, at each of which PQ 
is found to subtend the same angle a. PT subtends 
an angle B at S and QS subtends an angle y at T. 
Prove that PQ: ST = sin a: зіп(В +y — о). 
A flagstaff on a tower stands vertically. A man on the 
horizontal through the foot of the tower observes 
the angles subtended at a point on the horizontal by 
the flagstaff and the tower to be wand В respectively. 
He then walks a distance à towards the tower and 
finds that the flagstaff subtends the same angle as 
before. Prove that length of the flagstaff is 

asin a. - sec(a 2p). 
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21. АВ апа CD are two houses on two sides of a street. 
The angle subtended by CD at the foot Bof AB is an 
angle whose tangent is 3. From two windows D Qof 
the house AB, angles subtended by CD are found to 
be equal and their tangents are each equal to -3. If 
CD=30m, find the heights PB and QB of the 
windows. 


22. The angles of elevation of the top of a distant hill in 
the forest as seen from three consecutive kilometre- 
Stones on a straight horizontal road are 30°, 45? and 
60*. Find the height of the hill. 


23. A, B, C and D are four consecutive metre-stones on 
a straight road. A pole 4 m high, away from the road 
subtends equal angles of 30° at A and D. Find the 
angles that the pole subtends at B and C. 


24. A, B, C are three consecutive kilometre-stones on a 
straight road from each of which a distant spire is 
visible. The spire is observed to bear north-eastat A, 
east at B and 60? east of south at C. Show that the 
Shortest distance of the spire from the road is 
74583 
“a km. 

25. Aman due south of a vertical tower is at A and finds 
the altitude of the tower to be 60°. When he walks to 
B due west of A the altitude is found to be 45°, and 
again at C due west of B he observes it to be 30°. 
Show that B is midway between A and C. 


26. A man observes a balloon in the east at an elevation 
of 60° moving towards the north-west direction. On 
walking 400 metres towards the north he finds the 
balloon just above him. If the balloon always 
remains in the same horizontal plane, find the 
height of the balloon above him. 

27. The angle of elevation of the top of a vertical tower 
AB from a station Р due south of it and on the 
same level with the base A of the tower, is 0. From 
another station Q due west of the former the 
elevation is ¢. Prove that the height of the tower is 

PQsin 6 sin ¢ К 
Ysin(8 +0) -sin(® - $) 

28. The angular elevation of a tower at a place A due 
south of it is 30° and at a place due west of A and at 
a distance a from A the elevation is 18°. Prove that 


a 
i f the ti is—————. 
the height of the tower is REED 


29. A person on the bank of a canal observes that the 
angle subtended by a tree just in front on the 
opposite bank is 9. If he moves a distance a from the 
bank at an angle of 45° with the bank, he finds the 
angle to be 45? again. If the breadth of the river be p, 


prove that 0 is tan (a? + b? + У2аЬ)!?/Ь, 
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30. A triangular field has its sides 306, « 
30(V3 + 1) metres long. A vertical pole Sind 
orthocentre of the triangle. The angle of ne | At the 
the top of the pole at the vertex opposite m м 
largest side is 75°. Find the height of the Pole © the 


31. A man standing on the bank of a river fing 
angle of elevation of a vertical pillar in the У the 
bank to be а. After walking perpen TOM м € 
bank through a distance a metres he finds the ٤ the 
of elevation of the pillar to be B. Find the hei > а 
the pillar. enter 

32. A man at the top of a hill observes {һгее verlie 
towers of heights a, b and c on the horizontal pl Т 
below the hill which subtend equal angles at hig he 
The angles of depression of their feet are af д 
respectively. Prove that 

sin(B - y) + Sin(y — o) + )ما‎ В) _ 
asina bsinB csiny — 

33. A vertical pele stands at a point O on the horizontal 
ground. A and B are points on the ground, d metres 
apart. The pole subtends angles а and f) at A and 
respectively. AB subtends an angle y at О. Find the 
height of the pole. 


andy 


34. A vertical tower is due north of A and north-west of 
B. Bis due east of A at a distance 10 m. The angles of 
elevation of the tower as found from A and B are 
complementary to each other. Find the height of the 
tower. 


35. А 10-m-high pole stands vertically at the centre of a 
horizontal equilateral triangle, each side of which 
subtends an angle 60° at the top of the pole. Find the 
side of the triangle. 


36. Two vertical poles of heights a and b subtend the 
same angle с at a point on the line joining their feet. 
If they subtend angles В and y at any point in the 

г horizontal plane at which the line joining their feet 

subtends a right angle, prove that 

a?cot ?B + b?cot ^y 

Gro 

37. A pole stands vertically at, the vertex of the right 
angle of a triangular field in the shape of а 
right-angled triangle. If the length of the pole is 
equal to the longest side of the field then prove that 
the product of the tangents of the angles of elevation 
of the top of the pole as seen from the two ends of 
the longest side, cannot be less than 2. 


38. A tower stands in a field whose shape is that of an 
equilateral triangle, each side being 80 metres. It 
subtends angles at the three corners whose tangents 

; are respectively 43 +1, ¥2 and V2. Find the height of 


the tower. 


cot a= 


tands upright at a point inside a 
field. The angles of elevation of the top 
from the four corners of the field taken 
NB Y 8. Prove that 


= cot ^p + cot 8. 


е ground at points 3 m apart. Find the 
AG P. of the tripod above the ground. 

sans towards the east making an angle 
{ле у rertical. At the point O on the ground, the 
int] of the towér is found to bear north and 
a. If the angle of elevation of Q at O is 
û then prove that the length of the tower is 


c g from A along the boundary of the 


reaches B such that arc AB « gn 
th £ the boundary, he finds that the 


his shadow on the wall is H times his 
MEHR 

V many times of his height will the 
he wall become when he reaches C on 
y such that AB = BC? 

st stands by the side of a straight road, the 


2 
3t C, the middle point of AB. Find the 
the lamp-post if the length of the shadow 
is a. 
there is a big window in the shape of a 
unted by a semicircle. A man on the 
У ау, midway in front of the window, finds 
the middle of the rectangular portion 
le of elevation 45? while the topmost point 
dow has the elevation of 60°. If the angle of 
lowest corner of the window farthest 


ds on the edge of a circular lake. The 
lévation of its top from three points A, В 

e of the pond are found to bea,p 
ely. If ZBAC = ZACB - 0 then ges 
)'cotB is the arithmetic mean О 


s on a horizontal plane. 


from where three of its 
levations are 


the ratio of 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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Heights and Distances 


Ше height of the tower to its breadth is 


V3(V5 + 1) : 22. 4 
A right circular cylindrical tower of Сарт 
radius ғ stands on а horizontal plane. Let eie 
point in the horizontal plane and POR ide 
semicircular edge of the top of the tower on the x 
of A such that Q is the point nearest to A. Theang 


of elevation of the point P and Q oe Aare 45° and 
h У3 
60° respectively. Show that 7775 (5 +1). 


A flagstaff stands іп the middle of a square based 
tower. A man on the ground, opposite the middle o 

a face of the tower and at a distance of 100 m from it, 
can just see the top of the flagstaff; on receding 
another 100 m, the tangents of angular elevations of 
the tops of the tower and the flagstaff are found to 


be + and 7 respectively. Find the dimensions of the 


tower and the height of the flagstaff, the ground 
being horizontal. 

A wooden lamina in the shape of an isosceles 
triangle is kept vertically facing the sun with its 
vertex upwards. If the base of the triangle is 2a, the 
height л and the altitude of the sun 30° then prove 
that the angle at the apex of the shadow at noon is 
_ 2ай + ХЗ 

3h? a? 

A rectangular vertical wall runs east to west. Тһе” 
sun is 30? east of south and its altitude is 60°. Find 
the ratio of the area of the wall to the area of its 


shadow. 

A pillar is east'of south-east (ESE) of an observer. At 
noon the end of the shadow is north-east of the 
observer. The shadow is 80 m long and the elevation 
of the column at the observer’s station is 459. Find 
the height of the pillar. 

The extremity of the shadow of a flagstaff of 6 m 
standing on the top of a regular pyramid on a square 
base, just reaches a side of the base. The extremity of 
the shadow is at distances 56 m and 8 m from the 
two ends of the side. The height of the pyramid is 
34 m. Find the altitude of the sun. 

A curve in the shape of a quadrant of a circle, has n 
posts at equal distances along the curve with one 
postat each end. A man stationed ata point on one 
of the extreme radii produced sees the pth and the 
qth posts from the end nearest to him in a straight 
line. Show that the radius of the curve is 


tan 


2 собр + 4)ф - cosec рф. cosec 4%, 


T . А 
where ф- 1020 and b is the distance of the man 


from the nearest end of the curve. 
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4. A field is in the shape of a parabola bounded bya 
straight side of length 40 m. C is the vertex of the 
parabola and it is equidistant from the two ends A 
and B of the straightside. A vertical pillar PQ stands 
at the middle point Q of the straight side. If the 
angles of elevation of the top of the pillar from A and 
С be respectively а and В then find the angle of 
elevation of the pillar from the point D on the 
curved boundary such that ZDQA - 45*. Also, find 
the distance of the pillar from the vertex. 

55. A dome standing on the ground is in the shape of a 
segment of a sphere. The dome meets the horizontal 
ground everywhere at an angle 60°. From a point a 
metres away from the nearest end of the dome, the 
elevation of the highest visible point is 45°. Find the 
height of the dome. 

6. A hill has a circular base on the horizontal ground 
and it is in the shape of a part of a sphere. At two 
points on the horizontal ground, at distances 
(33 - 2/6) m and (5/2 - 2V6 — 1) m from the base 
of the hill, the angular elevations of the highest 
visible points on the hill are 60? and 45? respectively. 
Prove that the height of the hill is 4 m. 

7. The side of a hill is a plane inclined at a to the 
horizon. There is a straight road on the hillside 
starting from the base and making an angle В with 
the line of the greatest slope of the hillside. Show 
that the inclination of the road with the horizontal is 


sin “(sin a - cos В). 


Objective Questions s 


Fill in the blanks. 

58. Ata distance a from the foot of a tower AB of height 
b, a flagstaff BC and the tower AB subtend equal 
angles. Then the height of the flagstaffis_____. 


Answers 


1. 8045 m ` 2.750۷6 m 


7. rcosec = -sinB 8.2013 m, 20 m 


msin(a + B) sin(a—y) 
cos y sin(a + B) – cos В sin(a = y) 


14. 


15. 2dtan Ө, dtan Ё = 3) 21.10m, 20m 


4/3 a2 
ә. V5 km 23. cot’ g each 


26. 400V3 m 30. 30(V3 + » m 


———— — M ——— 


59 From the top of a house 10 m high by the MT 
road, the angle of depression of the base ang 
angle of elevation of the top of another house le 
high just on the opposite side of the road amm," 
to be complementary. Then the breadth or the ~~ 
1s 

60; Two posts are 120m apart, and the height Of one 
double that of the other. From the middle те i 
the line joining their feet, an observer fing, the 
angular elevations of their tops toy 
complementary. The height of the shorter post is 


3 
im 


61. An electric pole stands at the vertex A of ц, 
equilateral triangular field and subtends an anple, 
60° at either of the other two vertices. If the altitude 
of the triangular field be 50 m then the height of the 
pole is 

62. Two nonparallel straight roads are boundaries o a 

_ field on two sides. Two persons are walking along 
the roads, one on each road. They find the angles of 
elevation of a vertical tower on the field to be 30° 
and 45° respectively when they are nearest to the 
tower, and they are at distances a and b respectively 
from the junction of the two roads. Then the height 
of the tower is 2 4 

63. The angle of elevation of an aeroplane and the angle 
of depression of its reflection in a lake just below are 
found to be 45° and 75? respectively from the top o! 
a cliff 200 m above the lake. The height of the 
aeroplane above the lake is . 

64. А and B are two points, a metres apart on the 
ground. A balloon falling down in a straight line 
inclined to the horizontal passes over the two points 
Aand B. When above A, its altitude as seen from B 5 

60° and when above B, Из altitude as seen from A's 
30°, The distance of the point C, where the balloon 
touches the ground, from the point Ais. — - 


31. а sin ©. sin B 


sin “a. — sin Y 
53. d " > 
MEER — metres 
Vota + cot 7B — 2cot a cot В созү pc 
34. 10 Zm 7 7 35. 56 m 
38. 80m © 40.22 m 
42. 8 times ^ +23) 


e[ 
a [occi NEE E 


Heights and Distances 


2 2 
the tower = 100 m, b(a* + b^) 
"5 нете в 
top of the tower = 50 m, : а?-ь? 


‘the flagstaff = 25 m 1 60. 30\2 m 
52. 45° 2 [3-2 
ыш : x 


ES 


рк” 


59. 10 т 
61.100 т 


63. 20043 m 
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Coordinate Geometry 


1. Coordinates and Straight Lines 


Recap of Facts and Formulae 


1, Location of a point 


xi + x2 m 

(а) The point P = (x, y) in a plane is in | кырынан Баум is M =| E 
. the first quadrant <> x > 0, y >0 ; 
. the second quadrant <> x<0,y>0 - 4. Centroid and incentre of a triangle | 
‚ thethird quadrant <> x «0,y «0 : Ifthe vertices of a AABC are 


‚ the fourth quadrant <> x > 0, y «0 А = (ху, уу), B = (xy уз) and С = (хз, уз) then 
(b) The point P = (x, y) is on : Ж. +x +X; Wi +42 + Уз 
. : e the centroid С = |———; —-: up TA med 
‚ thex-axis <> y =0 3 
e the y-axis < x =0 A (ху,у,) 
(c) If the cartesian coordinates of a point are (x, y) and 
by taking the origin as pole and the x-axis as the 
initial line, the polar coordinates of the same point 


are (r, Ө) then : 


. r= Nx +у?, tan gc ac В o2) C (хзуз) 
^ : e theincentre 


I= (= +6х, +схз ay, + у, + ы 


at+b+c a+b+c 
where BC =a, CA =b, AB =c. 
А (yq) 

2. Distance formula 4 с b 
* If Р=(х,, y) and Q-(x,y;) then the distance : 

between P and Q = РО = V(x, = x2) + (yi - у). 

B (х2,уз) a `С(хзуз) 

3. Section formula e. In a AABC, the orthocentre H, centroid G and 
* КА = (x, y) В = (xz, уз) and P = (x, y) divides the line : RPM „Ды tek ae 2 ug 

Segment AB in the ratio A : 1 then : y 


уе + Лу) + Vi 
+1 A+1 
Where 4>0 if P divides AB internally in the ratio 
À:land л. <0 if P divides АВ externally in the ratio 
3:1. J 
* The middle point M of the line segment joining B 
C-3 


C4 


Problems Plus in IIT Mathematics 


5. Areas of triangle and polygon 


+ НА= (х,у), В = Q5, уз) and C = (хз, уз) 
аге the vertices of a triangle ABC then 


17 5 d 
аңалс)- | > xy 1 | 
Xy yj 1 
„=|1|% ж» X) ya хз уз 
НЕ ^u Xy ys ا‎ M 


1 
= | и у-у) x E 


* J Aix, y); r7 1, 2, 3, ..., n be the vertices of a 
polygon, taken in order then 
the area of the polygon A,A2A3 ... А, 


И ا‎ X) y хз ys 
zla nl ху Уз X is 
Ха-і Уп-1 Xn Yn 
Ха Vn Xx odi IL 


6. Slope of a line determined by two points 

If A = (xy, y1) and В = (x;, уз) then the slope m of the line 
Jis 
xX 
made by AB with the positive direction of the x-axis. 


AB is given by m= = tan Ө, where Ө is the angle 


- 7. Condition for collinearity 
If A = (xı, уу), В = (x5, y2) and C = (хз, уҙ) are three points 
then they will be collinear if 
e AB + AC = BC 
“ a real A, positive or negative, can be obtained such 

that 


(using distance formula) 


А+ Ay +y Қ 
етта Се T (using section formula) 
+ ar(AABC) =0 ^ , (using area formula) 
Е WW И (using slope f 
ЫЫ ОС, using slope formula). 


8. Locus and its equation 


• Apoint P(x, y) changes its position on the x-y plane as 
x or y or both change. x and y may change 
independently or one depending on the other. When 
P(x, y) changes its position under some rule (imposed 
by geometrical condition), y becomes a function of x, 
say y -f(x) and the point P traces a locus. This 
functional relation у = (х) between x and y is called 
the equation of the locus and it is satisfied by all points 
(x, y) lying on the locus. 


« In order to find the equation of a locus of а 
take Р = (а, В) in any position. Then obtain а Posi р 
between a, В using the condition under ЫШ. 
point P moves. Finally replace а, B. b ү the 
respectively in, the relation to get the с | Я 
equation of the locus. artesian 


у 


9. Parametric equations of a locus 


• The rule by which a point P(x, y) moves to tr, 
locus may be expressed by writing x as well 4. 
functions of a third variable (or arbitrary casann h 
For example: eus 

х-ф(0) | 

y-w9]J^ 
Such equations ОЁ а locus give the paramet 
equations of the locus and any point on the locu; ¢ x 
be taken as ((8), y(8)). i 

e To obtain the cartesian equation of a locus whos 
parametric equations are x = ф(0), у = y(0), : 
eliminate 0 from the relations x = $(0), y = y(0). 


асе the 


10. Equation of a straight line 


* Two-point form—The equation of the straight line 

passing through the points (ду, уу) and (хз, y») is 

x y 1 

ху 1 

х у 1 

• Point-slope form—The equation of the straight line 
passing through the point (x,,y,) and having the 
slope mis y-y 2 m(x - xj). 

* Slope-intercept form—The equation of the straight line 
whose slope is т and which cuts off an intercept с on 
the y-axis is y = mx + c. 

+ Intercept form—The equation of the straight line which 
cuts off intercepts a, b on the x and y axes respectively 


24-7 
yel те ху) or =0. 


ЧЕ Ж. 
8725 ніні 22 

+ Normal form—The equation of the straight line for 
which the length of the normal from the origin to the 
line is p and the normal is inclined with the positive 
direction of the x-axis at an angle 6, is 

хсоѕ 0 + ysin 0 = p. 

. Parametric form (or distance form)—The equation of the 
line passing through (ху, уу) and inclined at an angle 
9 with the positive direction of x-axis is 


д y-y 
cos@ sind En 


and any point on the line ata distance r from (хи Y) ÎS 
(% + rcos Ө, y, + rsin Ө). 


n—The general equation of a straight 


1 
дио iae 
+ byt (a first degree equation in x, y), 
-a 


the slope noy. 

ndis = с. (obtained by putting 

1 y=Oinax+by+c=0) 

(obtained by putting 
x-0inaxebyscz 0). 

t зе of the x-axis is у=0 and that of the 

x-0. 


een two lines 
te angle between the straight lines 
nd у= тох + c; bed then 


ne of the lines is parallel to the y-axis. 
'angle between the lines y = mx +c and 


-1 


dicular if nnt; = -1, i.e. m3 = ° 
1 


e be ax + by +c =0. 
rallel to it has the equation ax + by =k 
n arbitrary constant whose value can be 
by using an additional geometrical 


e perpendicular to it has the equation 
Where À is an arbitrary constant whose 
1 be obtained by using an additional 
al condition. 


ИЗ, 


Oint of intersection of the lines ax + by + c =0 


by tc; =0 and L2 = aax + bay + c2 70is 
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c5 
Li AL; 20, 
ie, aix + bY +c + Alax + bry + c0 7 0 п 2. 
where A is an arbitrary constant whose va i кен 
obtained by using ап additional рео 
condition. Г 
The equation ayx + у + €i + (aax + bay + 6) = dh 
where is a parameter, represents a family hee 
lines passing through a fixed point which is һер 
of intersection of the fixed lines 
аух + у +c =0 and ax + byy + c; =0- 
15. Concurrency of lines 
The lines Lj = тх + biy +€, =0 
Ly = ax іу 6-0 
1з = mx + іу + 65 70 
f the following holds: 


are concurrent lines if any one о! 
- the point of intersection of L, = 0, 12=0 satisfies the 
equation L; = 0. 


„ the three equations are consistent, i.e., 


аз by ©з 
e L,+AL,=0is identical with L; = 0 for some real A, i.c., 
(a, + Aa2)x + (by + Abu + Сү + Ac, =0 is identical with 


аух + bzy + c4 = 0, і.е, 


13 b, сз 
holds for some А. 
e if three nonzero constants A, p, v can Бе found such 
that 
AL, + uL; + vL, =0, 
ie, Аа, + да» + Va; =0, 


Ab, + ub; + vb = 0, Асу + uc, + усу = 0. 


16. Location of points with respect to a given line 


Let a given line be L = ax + by + c - 0. 
» The point Р(х), yi) is on the above line if 
L(x у1)= 0, 1e, ax, + by; +c = 0. 
• The points P(x,, уу) and Q(x» уз) are on the same side 
of the above line if 
L(y yi i.e, ах: + by, +c and 
L(x» ¥2), le, ах. + by + саге of the same sign. 
+ The points Р(х), yj) and Q(x», у) are on the o Д 
4 0 
sides of the above line if Dre 
LG yi) and L(x уз) are of opposite signs. 


с 
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. x с> 0 then P(x,,y,) and the origin are on the same 
side of the line when L(x yi) > 0. 


۰ и € » 0 then P(x,, y,) and the origin areon the opposite 
sides of the line when L(x, yi) < 0. 


17. Length of the perpendicular from a point to a line 
* The length of the Perpendicular from the point 
ax, + by +с 


P(x,, ут) to the line ax + by + c - 0 is 
г Va? +b? 


18. Equations of bisectors of angles between two lines 
If ax + by +c,=0 and a,x + бу + сз = Obe twostraight 
lines then 


• the equation of bisectors of the angles between the 
two lines are 


Selected Solved Examples 


1, If the coordinates of the middle points of the sides of a 
triangle are (1, 1), (2, -3) and (3, 4), find the vertices and 
the centroid of the triangle. 


Let the vertices be A(x,, y1), B(x;, уз) and C(x, Уз). 


AU Y) 


(1,1) (3,4) 


В (хоу) (2.-3) С (533) 
bal ast NA ИУ 
Then, 2 =1, E 
9 FI 
23-2 XN 
La Yt _ 4 
97 ТМ E 


Adding, x, + x; + x; =6 and y, + y+ y3 =2 
Х)%4-6,Х,%6-6,х,%2-6 

and у,%(-6)-2,у;%8-2,у,%2-2 
X,=2,x2=0,x%3=4 
у= 8, y32-6, уз= 0 
vertices are (2, 8), (0, — 6), (4, 0) 


4 _(2+0+4 8-640) 2 
centroid = (77577 а es) 


3. 


аух+ у + с ‚®х+Ьу+с, M i in order. 
art bytes, 4 ts are given in 
Naf + bi Vaz +b; Here he Po” 
с area of the pentagon ABCDE 
* if c, > 0, c, > 0 then the equation of the bisecto, p Қ 13|.1-2.5|,|-3-1|0-4 112 I 
angle containing the origin is "A НЕ МЕ -Н pex 2 | hs 


axtbyte, ах+Ьу+с, 


ТЕГ ЖЕРІ 


and the equation of the bisector of the 
containing the origin is 


PE цз +6)+0+15)+6-O)+0+H+06-0) 
FAA 


< 1 
angle ny рану ета 0| зни 


mr d 


. 4712+45; 


t=44¥ 45 = -1,99. 
mx+biy+ci — ах+Ьуу+с, 


Na+ ы Naz n 


* The bisector of the angle containing the Origin is aly, 
the bisector of the acute angle between the lines | 
ах+һу+су=0 and ax by teen 
if (i) с, c; are of the same sign and (ii) аа, + bib, <0 


that the equation of the locus of a point, which 


4, Show xu : 
moves so that the sum of its distances ee 
й points (ae, 0) and (-ae, 0) is equal to 2a, is p * p 1 


where b= a"(1 — e). 
Tet Ра, В) be any point on the locus and 5 = (ae, 0), 


S'=(-ae, 0). 


‘The point P moves such that PS + PS’ = 2a 


216 А-а. зау B- [fr 28 Маса) +(8-0) 


3 and 5-(а,0) then 


۴ р 4 7+ (B—0)7 = € 
prove that 2a is the harmonic mean of SA and 5B. Ho OD >02 im 
Here SA? = (a —at?)? + (0-2at)? Multiplying both sides by 
-2*(1—127 44H] LUN a)" + B7 — Via + ae)” +B", we get 
3 
SA? =а2(1+12)? (a — ae)? p?) - (а + ae)? + ^1 
SA 2 a(1 t?) «24/0 — ae) + B^ - Va + ae) + В} 
and se^ -#| т 2 4aea = 2a{\(a — ae)! + p? — алад 7+ p^) 
Da 3 с і 
15 cd «Nac ae) + B7 - Va + ae) +В? = -2еа vse (2) 
EP n | 
“еҙ е) 2 0+0) э 2Y(a-a) +p? = 20 -2c0 
$82-42(1 4 LY. SB=a(1+ (ae) + p? - (a — ea)? 
= s =a “2 " 29» 
| п) ( z) Orai- Haea + a?e? + p? =a? +е?а? - 2aea 
1 1 1 1 or ive EA E E 2 
+= Ja" + p^2a*(1-e 
umi тұстас D В? =а7(1-е?) 
| 
t ae 
21 1 i еы а z 
sheet Psi] ШЫ: чкъ» TE 
„АЕР 1S2 ey 
4140? a 2a : 


=> 


2а is the harmonic mean of SA and SB. X 

E : Әрі, à variable triangle with the fixed vertex С(1,2) 

- Find ti 5 ЭЛЯ А, B having the coordinates (cos t, sin t), 
Find tif the area of the pentagon ABCDE be 2 where a 8 


А-(,3, B-C25, C=(3,-1, D-(,-2 44 
n ) C-C3,-1, D=(, 


Coordinates and Straight Lines 


2 + віл Ё cos!) 
2 + віп? cost) 


3 ) 


2 + зіп t - cos ! 
ESR 
A: 3 


1 + cos £ + sin f 
Then (a, ppt $ 


1+ соѕ Ё+ яп Е 

uS gases к 
or За - 1- cos! « sint, 3р - 2 = sint - cost 
Squaring and adding, 

(За - 1)? « Gp - 2? 

= (сов t + sin t)? + (sin t — cos t)? 

= 2(cos?t +sin7t)=2 

the equation of the locus of the centroid is 

(3x - 1)? + (Зу-2)*=2 
or 9(х? + y?) -6x- 12y 4 320 

3(x? y?) - 2x - 4y +1=0. 


6. A vertex of an equilateral triangle is (2, 3) and the 
equation of the opposite side is х+у=2. Find the 
equations of the other two sides and the length of each 


side of the triangle. 
Other sides pass through the vertex (2, 3). 
the equations of other sides will be of the form 


у-3-т(х-2) 40 
The equatión of the third side is 
х+у=2 ... 0) 


‘т’ of (2) is - i 1.е., -1 


B х+уз2 с 
Being equilateral triangle, the angle between (1) and (2) 
will be 60°, 
т-(-1) 


tan 60° = Tim) (by angle formula) 
[nti]. т+1 
or V3= те RENT 


m +1 = У3(1 – т), -N3(1 = m) 
or (1%У9т-У3-1 and (1-N3ym =~ 3—1 


Ки ЕЕ У3 +1 
8+1, N3-1 


св 
_ 03-1)? (8.1! 
2 2 
=2- 3, 2+ \3 
the equations of the other two sides are 
y-3 = )2- 33) -2) and y -3 = (2+ v3)(x -2) 
or у=(2-\3)х-1+2\3 and у= (2 + V3)x -1- 283. 


Solving one of these, say, 

= (2-53) - 1 283 with x + y =2 we get 
2-х = (2 – У3)х - 14283 
3-2N3 = (3 - V3)x 

23-29 13-2 

73-3 3—1 


33-2. 33 
93-1 93-1 


(33-2 9 
Peor cT 8-1) 


eachside- AB or AC 


or 


у=2-х=2- 


—— (13)? + (23 = 3)” 
m 1 (3)? + (243 – 3) 


1 54-1286 
в 1024-1208 


-—L—XA6a-28) 
5-1 64-273) 


N6(V3 21)! = 


==- 1 


7. The points (1, 3) and (5, 1) are two opposite vertices of 
a rectangle. The other two vertices Не on the line : 
у= 2х + c. Find c and the remaining vertices. 


Let A = (1, 3) and С = (5, 1). The middle point P of AC is 
1+5 FEM , 

== 2 x2 .е., (3, 2). It Нез on the other diagonal BD 

whose equation is y = 2x +c. 


2=2х3+с, ie, с=-4, 
D €(51) 


Problems Plus in ИТ Mathematics 


. the equation of BD is y = 2x — 4. 
As ABCD isa rectangle, 


1 1 
PB=PD = AC => (5-1) + )1-3( 


1 
23:0 5. 


Now, the slope of DB is tan 0 =2. 
Points оп DB at distances 15 from PQ, 2) ha 
coordinates Ve the 


(4 У5соз 0, 2 + VSsin 0), 
t been verified whether P lies between 


152%: 
use of PQ = AD = PA + PD тау 


ie, (еб Fd 


x) 
. the coordinates of the other vertices are (3 + 1, 242), 


ie. (4, 4) and (2, 0). 
s of a rhombus, lying in the first quadrant, are 


2:0 and 12x -5y =0. If the length of 
_ diagonal is 12, find the equations of the 
e: got отша. 


8. The equations of two sides of a square ае 
3х+4у-5=0 and 3x * 4y — 15 = 0. The line along the 
third side has a point (6, 5) on it. Find the equations of 


this and the remaining side of the square. 
Clearly 3х+4у- 5- 0 and 3х%4у-15-0 are two ne E. tan Ez the angle at the 


parallel lines, their ‘m "being equal (2. Let these sides acute. So the longer diagonal passes 


be AB and DC in the square M and the point 
P(6, 5) beon the side AD. 
A Зх + 4y-5=0 B 


`Р(6,5) о 


D Зх+4у-15=0 C 


. the side АР is on a line through P6 5 
perpendicular to 3x + 4y — 15 = 0. 
Any line perpendicular to 3x + 4y = 15 =0 has th 
equation 4x - Зу = 


3a 
v3) 


x 5a 
+acos ф, 0 + asin =3 


pacos 9, 0 + asin 8) = (s 


12а 
13). 


<-8 


Coordinates and Straight Lines 


-33 
5a 12a _ 233 
IL——4.—- or A= а 
ae 13 
B 20 
the equation of CB is 3x 4y 715 
77а 
Solving (1) and (2), y E: and х= 
тта, 99а 
"(s i 85|. 
But ОВ = 12; 
77а 99а 2 
=== 2-0] =2 
(5-9) [5-9 
May? (+92) = 127 
or (=) 
6V130 
Па. 130 = 12 S EN 


18190 
. theequation of AB, from (1), is 12x — 5y- 


the equation of CB, from Q) is 3x-4y-- Ea 5 


10. Find the condition for the quadrilateral to be 
concyclic whose consecutive sides are 
a,x + b,y + cr = 0; r=1,2,3,4. 


Let L, = a,x + by + c, = 0 be the sides and the equations 
of AB, BC, CD, DA be не L,20, 15 =0, L3=0, 
14-0. 

Let ДАВС =0; then АРС =x - 6. 


ыз 
<= | 


It passes through (6, 5). So 4 х6-Зх5=А; .. ^7? 
. the equation of AD із 4x = 3y =9. line parallel to OC and passing through | ті-т; 
^ tan8-|— — — 
As ВС || AD, the equation of BC is 4x - 3y = А iic тать 
Let PQ 1 BC. 
2 is 12x - 5y = k where йуз шн 
Then PQ 46-35-А 277 qua ion of AB is 12x y and tan(r — 0) = lem 
| Nae (aye (3)2, C wh 
7 when 0 is acute, r — 6 is ob 
= distance EN n parallel lines К "e 
ABand DC 1 .. (1) m- m,- т | 
k + тут "+ тут, 


Now, any point on n AB is Q я 1 


C-10 


Problems Plus in ПТ Mathematics 


8:413 [ar 25 4, 
Gr b b2 вы 
41\(_ а; а; а, 
1+ اا‎ lb [74 
| | i) ( b, b, 
or Ба, – а, E bya, — аз), 
аја: + bib, аза, + bb, 
or Aib- arb, azb; — a,b, 
= ауа + b,b, аза, + bab, 


Or (а-а Қау, bb) + (sb, — аз) (паз + biba) =0. : 


11. Find the equation of the line passing through the 
Point P(12) cutting the lines X*y-5-0 and 
2x-y=7 at A and B respectively such that the 
harmonic mean of PA and PB is 10. 


Let the equation of the line passing through Р(1, 2) be 
у-2-т(х-1) ве (1) 
Let РА = ғ, РВ = ғ. Then 
А = (1 + r,cos 0, 2 + rsin 0) 


В = (1 + r;cos 0, 2 + rsin 6), where tan 0 = m. 


As Ais on the line x + y-5 =0, 
1+r,cos 0+2 + risin8-5-0 
ог г((соз 0+ sin 0)-2 


1 _ cos0-sin8 
Е s. (2) 


As В is on the line 2x - y -7- 0, 
2(1 + r;cos 0) - (2 + nsin 0) - 7-0 


Or r,(2cos Ө ~ sin 6) =7 


E. ERD Ах ++ (3) 


Now, HM of PA, PB is 10 


_2РА .РВ. 16 2ғ 

С PA«PB* тү+т; 
h* 1, -iyim 
и 75! non 5 


2со5 0-sinO (соз 0 + sin 8) 

о ap eee 
7 2 

ог 10(2соѕ Ө- sin Ө) + 35(cos Ө + sin 8) = 14 


= [from (2), (3)] 


or 55соѕ Ө + 25sin Ө = 14 


ны... | 


ог {552+ 25 2с05(0— а)=14 


where сов q = 55 
ss 
55? == 


0 ато aod 
54146 Yi 05 <-- 
from (1), the equation of the line is 
all а 14 
-Z= 1 E 
уг? tan (cos Viae * 995 sac) e-o. 
12. Find the coordinates of the centroid, circumcenlre 


and orthocentre of the triangle formed by the lines 
3x -2y =6, 3x + 4y+12=0 and 3x — By 412 - 0, 


Let the sides AB, BC and CA have the equations 


3x-2y-6-0 0) 

3x-8y+12=0 (2) 

3x +4y+12=0 ^ (3) 
respectively, 


В 3х-8у%12-0 С 


Solving (2), (3) we get y = 0, x =—4; С=(-40) 
Solving (1), (2) we get y =3, x =4; В= (4,3) 
Solving (1), (3) we get y = -3, x =0; A = (0, -3) 
To find the centroid 
We know that centroi ас 
= Abt xx, Wtytys 
mscr 
etc. 


where vertices are (xy ¥1 


-(0%4-4 -34340 
FE Т) ка», 


To find the circumcentre 


LetM(a, В) be the Circumcentre. Then MA = МВ = МС. 


4-4 3+0) (3 
pu 


Now, D= midpoint of BC = (ыз ie 
The slope of BC is а 1.е., 3 . 
So, the slope of MD is = 

* the equation of the perpendicular bisector: MD of the 
side BC із й 


} m 3-8 
%-352%-0) о 6у-9--М: 


ot 16 %6у-9-0 ... Gi) 


С Atl, E= midpoint of AC 
8/024. 940) (, 3 
E ped) 
emm. 
1 1.е., 4 


374 
22 3( +2), ie, 6y +9 = 8(x +2) 
273 y 


Coordinates and Straight Lines 
.. (v) 
A(0-3) 8x-6y «7-0 
Wim 
Solving (iii) and (iv) we get x = 75" ¥ = 1g 
is 1 23 
the cireumcentre = (77 1): 
C (40) To find the orthocentre 
48) P ў 
‘dk 2 Let H(a,B) be the orthocentre. Then BH 1 АС. 
(a=0)'+ (В +3) АНІ BC. 
2 (а-4)*+(В-3)? A(0-3) 
(044) «(p-0 
€ а?+В2+6В8+9 
= a+ B? - 80 - 68 +25 B (43) C C40) 
s -a? + p? 8a + 16 "n 2-0 3 
a 6B +9 = -8a — 6р + 25 = 8а + 16 Now, ‘m of BH = m' of A 0-C4) 4 
68+9=-8а-68+25 and 6р+9=8а+16 D CES 3-0 3 
or 8a + 128-16 2 0, ie, 2a +36 - 4-0 E. m'ofAH- y Um 4-(-4) 8 
ў = .. i) 
and 8a — 6B +7=0 p-3 -3 
dio. 29 wegetBHLAC = 2-1 
Solving (i) and (ii) we get a =17'В=18 
oes or 4(a-4)=3(B-3); ог 4a-3p-7 ... 0 
2 drcum centre = [57 ^ 5g - В+3 3 : 
; Again AH L1 BC = 087 
Alternatively Take the perpendicular bisectors of the а- 
des Bo which are respectively MD and. МЕ. or 8a+3(B+3)=0, ie, Ba + 38 =-9 ар 


ZN. 23 
Solving (D and (П) we get a = TT p= mi 
auf 1х3 
the orthocentre is С 9 | { 
Alternatively The equations of AB, AC are respectively 
3x-2y-6-0 and 3х+4у+12=0. 


Any line through A is a line passing through the 
intersection of the above lines. So the equation of the 
altitude through A is 


3x - 2y -6 + (3x + 4у+ 12) 20 ... (а) 
Being altitude, it is perpendicular to BC whose slope 


3+32 
47-2 


The slope of (a) is – 


by condition of perpendicularity, 


3(93*9 — 
vac] 
or 3(3 + ЗА) = 8(4А – 2) 


ог 9+ 9А = 32А – 16 


Problems Plus in ИТ Mathematics 


L, +AL,=0 


Or х(соз®› + Асоѕ0з) + y(sin Ө, + Asin Ө.) 


ог 234=25; - Aa 


lu 


the equation of the altitude through A is 
-(р,+ Ap 


25 
3x-2y- 2 = | 
Ix = 2y - 6 + (3x + 4y + 12) =0 cos 02 + Acos Өз | 


‘m’ of this line = – — - ‚ 
Or 69х-46у-138+75х + 100y + 300 =0 sin Os Asim 9; 
or 144x+ 54y + 162 =0 Itis 1" to BC whose ‘m’ = OS ©! 
or 8x+3y+9=0 ... (b) sin 0, 
Again, any line through the intersection of BC and BA is cos Ө; + Acos Өз ү cos 0, = i 


Зх - By + 12 + Ax -2y -6)-0 sin 8+ Asin Өз | sin 0, J 


3443. 3443 | or 
-8-2 2+8 or 


cos 0,(cos Ө; + Acos 0) + sin 01(ѕіп Ө, + Asin ШЕ 
cos(0, – 02) + Acos(0, — 81) = 0 


This line is perpendicular to AC whose ‘т’ = — H . cos(0; - 62) 


ay. cos(05 — 61) 5 


3443 [ 3). | 
Sel ON 


д Putting in (1), the equation of the altitude through 4 
or 3(34+3)=4(21+8) АУ 


becomes M 


H cos(0, - 82) 
ог 94149-81432; k-23 : 1^ cos(6, 0 23? 
the equation of the altitude through B is : or . L,cos(@; - 0,) = [3с0з(9, — 0;) 2.0 


Зх-8у%12%23(3х-2у-6)-0 Similarly, the equation of the altitudes through B and C 


or 72x-54y-126-0 are respectively A 
or 4х-Зу-7=0 | КИС) Lycos(6, = 05) = L,cos(@, — 65) e 
Solving (b) and (c) we get the coordinates of the and L;cos(0; ~ 63) = L;cos(0, - Ө,) ЕЕЕ 
orthocentre. We get x = = ұт 3 E The orthocentre being the intersection of altitudes, 
satisfies (2), (3) and (4). So the orthocentre is given by 
1 -23 ( 
the orthocentre - [- 2 =a А L,cos(92 – 63) = L5cos(84 – Ө) = L3cos(0, - 92). 


Note By finding any two of the three centres namely, 
centroid, circumcentre and orthocentre we can 
find the third by using HG : GM = 2:1. 


14. Vertices of a triangle are A(x% tan ал), B(x,x,tanu; 
and C(x,x,tan аз). If the circumcentre coincides with 
the origin and the orthocentre Н = (x, y), prove that 

13. The three sides of a triangle are (cos a, + cos a; + cos Oy) = (сіп o + sin о, + sin ау. 

L, = xcos 0, + ysin 0, - p, -0;r-1,2,3. 
Show that the orthocentre of the triangle is given by 
L,cos(6; - 6;) = L;cos(8; — 0,) = L,cos(@, – Ө,). 


Here, the circumcentre О = (0, 0). So ОА = OB = ОС. 


аа 
xi + xj tan “oy = x + хап "a; 


Let the equations of BC, CA, AB be respectively ы x2 xltan? ps 

: tan “о; 
L,=0,L, =0, L; =0. : 2,222, 
' j ОТ хүзес a = x]sec?o, = хфвес2о; 
X 5 ANE 
E хі X; $ 
HE. athe 43472 
= 6 =k (suppose) 
La- 0 12-0 995 Oy созо; cos аҙ EP 


- the vertices of the triangle become 
[= ч Я 
А = (kcos о, ksin a), 


Any line passing through A, i.e., the intersection of the 


lines Lz = 0, La = 0 is B= (kcos аз, ksin а), 
ines L, = 0, L3 = 


C= (kos аз, ksin а) 


aj + COS 0) + COS 03 
Я 
3 


sin a, +sina,+sina; 
3 

COS 0 + COS 0) + COS аз 

[EDU COS IOCIS RU ANS. 

3 


-0 


| sin a, + sin 0; + sin оз 
(00 TRASEPRERAESAGETEERN IS 
‚соз @ + COS а; + COS аҙ 


that the points (1,3), (3, -2), (-1, 4) and (-4, 1) 
т different compartments of x-y plane made 
Sx- 2y = 2 and 3x + 2y + 6 =0. 


2y -2-0and 


сл» 


Coordinates and Straight Lines 


e 
Let us name the four compartments 2 Ja 
compartment containing origin), IL, IIL, IV as shown- 


110,0) «0, 1,(1,3)<0 
= (0,0) and (1,3) аге on the same side of L, = 0 
1,(0,0)>0, 1,(1,3)>0 
=>  (0,0)and (1,3) аге оп the same side of L = 0 
(1, 3) belongs to the compartment I. 
L,(0, 0) <0, 1.(3,-2)>0 
= (0,0) and (3, -2) are on the opposite sides of L, = 0 
L,(0,0)>0, L,(3,-2)>0 
=> (0,0) and (3, -2) are on the same sides of La = 0 
(3, -2) belongs to the compartment IV. 
110,0) «0, L,(-1,- 4)» 0 
= (0,0) and (-1, - 4) аге on the opposite sides of 
L, =0,L,(0, 0) > 0, 1(-1, - 4) < 0 
=> (0,0) and (-1, - 4) аге on the opposite sides of 
1,-0 
(-1, - 4) belongs to the compartment ПІ. 
L,(0, 0) «0, L(- 4,1) «0 
=> (0,0) апа (-4, 1) аге оп the same sides of L, = 0 
L,(0, 0) > 0, L(- 4, 1) «0 
= (0,0) апа (-4, 1) аге оп the opposite sides of L, = 0 


(-4, -1) belongs to the compartment II. 


Hence, the four points are in four 
compartments. 


different 


16. Determine all values of o for which the point (o, a?) 
lies inside the triangle formed by the lines 
2x43y-1-70, х%2у-3-0, 5х-6у-1-0. 


Let the equations of BC, CA and AB be respectively 


L,=2x+3y-1=0 + (1) 
L,=x+2y-3=0 ... (2) 
L,=5x-6y-1=0 - (3) 


C14 


Solving (2), (3) we get x = 5, у- $ 


Solving (3), (1) we get x = 3° = 0; 


Solving (1), (2) we gety=5, x= -7; 


Мом, L(A) = L, (s)? «5.357 


4 


1 а кү" 


11 
I = --і-- = 
В) Ll 5) 345 9 


LC) = L(-7, 5) = 5ж(-7) -6х5-1 


= -35 -30-1<0. 


As A and (a, a”) are on the same side of L, =0, 


2а «343-120 
Similarly, using for other vertices 


u+2a7-3<0 
5a - 602-1<0 
From (4), За: + 2u - 120 


ог (3a-1)(a+1)>0 
а < -1 ог 


From (5), 2a? «a - 3«0 
ог (20 + ЗҚа – 1) <0 


3 
-5<9< 1 (using sign-scheme) 


From (6), ба?-5а+1>0 or 


a> 
3 or 


the common values of a satisfying (4), (5) and (6) are 


given by 


2 3 
3 1 
>256<-1 ог 25%<1. 


the required values of a e C > 2), 11. 


17. А variable straight line cuts n given concurrent Ji 
OA, ОА» ...,OA, at A, A; ..., A, such that sg 


п 
= ОА, 
through a fixed point. 


Taking O as the origin let the n given concu 


у-т,:Ғ-1,2,3,...,п. 


1 
а> 5 (using sign-scheme) 


1 
ay (using sign-scheme) 


— + 
(т, = т)? (т, = m)? 
2 
с 
Етер (1+ mp) 


mi 
.. inte 
1 = т,-т 
(5) ОА, с 14m, 
6 from the given condition, 
: m, -m 
— = = constant = 
mE 4 
БЕ го а E _ 
€ pa1 V1 + my Cra lem? 
1 и т, т и 1 
И ЕЯ + 
Kirst Ми K r1 Ми, 
(1) is satisfied by the point 
: 18 ат 12 m, 
(За-1)2а-1)>0 : Р| х и چ‎ 
> : Ky Мат? К, М +) 


through the fixed point. 


1 р 
: (а + bx + (b – 2a)y = a + 2b wher 
f constants, passes through a fixed poi 
point. 
: Here lines are (a + b)x + (b - 2a)y = a + 2b 
1 | 1-0 a(x-2y-D bx y-2)-0 
Clearly, values of x, y for which х 
¥ + y-2 =0, satisfy (1) 


2 


les 


Z ga." Constant. Prove that the line always passes 


х-2у-1=0 
and x+y-2=0 
rrent lines be 


Qo 


Solving (2) and (3), y = 1 andx- 
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57 Let the variable line be 
А-а) у=тх+с 
тух = mx tc, іе, (т, – my = ¢ 
C=(-7,5) 
ri) c 
-122+ -1>0 т,-т 
у= т: ЕИ 
үнің ст? 
ГА 


[3 


int. Als 


^ (Dis a family of straight lines (being 0 
TE y) passing through the intersection 


Bet 


As m, mz, M3, ..., m, and К are fixed constants, the per 
Pisa fixed point. Hence, the variable line alway 


NL 


f first des" 


oft 


Ax 2923, My 4y +9 =0 


ill be concurrent if 


0-1 
1-3 -1 23 =0, Cy > С; + C, € 2 C2 + C; 
22913 9|. 
o 130-3) +А2+9=0 
or А2+134-30=0 


СЕЗІН 7+ 4.30 -13 + V289 
eS ا‎ 
2 2 


13417 


-2,-15. 


20. Let a given line L, intersect the x and y axes at P and 
Q respectively. Let another line L, perpendicular to 
L, cut the axes at R and S respectively. Find the locus 
of the point of intersection of the lines PS and QR. 


Let the equation of the given line be 


Иа=ах+ by+c=0 


Any line L, perpendicular to the line L, is 
OE be 
L;sbx-ayrX-0 


iof the line PS is 
ae 


Coordinates and Straight Lines 


С-15 
д E: с .0 
1.е., у-= [+3] 
The equation of the line ОК is 
c 
Ж) X 
у-0- X (4) р 
-%- 
[5 X 
or iie 
à -с с у _.. (2) 
le, у= тү : 
W is 


The locus of the point of intersection of (1) and 
obtained by eliminating А from (1) and (2). 


EL 
From (2), y *y =— 5% 


Multiplying (1) and this, we get 


сү Mf. yf) کے‎ 
Мөде z) А 


2,5 £ 
or y gre) 


2 2,45 с 
+у?+—х+ту=0 
or x ty t, БУ 


Note The locus is a circle passing through the origin. 


21. The ends A, B of a straight line segment of constant 
length c slide on the fixed rectangular axes Ox, OY 
respectively. If the rectangle OAPB be completed, 
show that the locus of the foot of the perpendicular 
drawn from P upon AB is x7. y= c”. [ 

Let ZBAO-8. Then ОА =ссоѕ 0, AP = ОВ = сыт Ө 

because AB - c. Let M be the foot of the perpendicular 

from P on AB. Let MN 1 OX. 


Y| 


--=---- 5 


> 
х! 


[9] N 
Let M = (а, В). 
Now, а = ОМ = ОА - NA 
=ccos 0 - МА. cos Ө 
= ccos Ө - РА · соѕ(90° — Ө). cos Ө 
= ссо 0 — csin Ө іп Ө - cos Ө 


а = ccos 0(1 - sin?0) = ссоз 30 а) 


i 
1 
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Next, В = MN = MA - sin Ө = PA - сов(90° — 6)sin Ө 


= csin Ө · sin 0۰ sin Ө 


0 


В = csin?e 
from (1) апа (2), 


е 


2з 
= sin 20 


25 22 
Adding these, (8 + б = cos 20 + sin 8 = 1. 


с 
+, the equation of the locus of the foot is 


28 (уу 
Е М9 21, ie, x y=”. 


22. If the image of the point (ху y1) with respect to the 
mirror ax + by + c = 0 be (xy уз), show that 
—2(ах ү + Буу * с) 


0-х У-У _ 
а-ы 


а b 


Clearly, the line PQ joining the points Р(х,у) and 
Q(x, уз) is perpendicular to the line ax + ру+с= 0; 
also the midpoint M of PQ is on ће line ax +by+c=0. 


5 (хау) 


аа i) 


4 
апа «із, с-0 2-2) 


From (2, a(x, + x2) + Ку: + у) + 2c =0 
or (аху + by, + e) + (ax, + bya +c) =0 ... (3) 


1733 Уі-У2 


х 
From (1), 3 РА! 


Ж a(x, = х) + Ку, - у) 
a? «b? 
by ratio and proportion 
_ (x + by +0) = (ах, + bya +c) 
а*+Ь° 


, 


2(ах + by, + c) 
S арты n В (3) 
X-X, yi-Wi 72x + by, +c) 


д. 


a b 42452 


23. The middle point of the line segment Е 
and (1, 1) is shifted by two units (in в Ba 
increasing y) perpendicular to the line ion Sense si 
the coordinates of the point in the new edu Б 

n. 


Let P be the middle point of the line segment 


tan 90° < (x - 2), ie, x-2-0. 


| е new position isx-2-0. 


Let P be shifted to Q where PQ - 2 and y-coordinate ij 


Qis greater than that of P (from question). Solving these, 


х-2у-3=0 


Now, ‘т of AB=— 3 2.7 


Coordinates of Q by distance formula S 
= (2+ 2cos 0, 0+ 2sin 0) where tan 0 =1 WES 


1 1 
[pe 0+2: |= 2± №). 


As y-coordinate of О is greater than that of P, 
Q = (2+ 2, 12). This is the required point. 


24. The line AB whose equation is х-у=2 cuts the 
x-axis at A, and B is (4, 2). The line segment ABS 
rotated about A through an angle 45° in the anti 
clockwise sense. Find the new position of B and the 
equation of AB in the new position. 


Solving x -y-2 and y = 0 (x-axis), we get A = (2,0) 


ZBAX = tan ! Е ipea = 45°. 


Bed 
-12 -1842 -4-9 


Vd РВ 


ио 
. &В'АХ = 45° + 45° =90° where B' is the new pos. 

; of B. So 0 =90° where AB' makes an angle  W! 
; Positive direction of the х-ахіз. 


Now АВ' = АВ = үа -2)7+ (20) = 4+4 = 26. 
В'=(2 + 232 cos 0, 0+ 2/25 Ө) 
= (2 +2\2соз 90°, 0 + 2V2sin 90°) 
= (2,2\2). 


we get x =1, y = -1. So А = (1, -1). 


15g 16. 


tion of B = (2, 2۷2) and the equation of 


AQ, -1) and B(1, 1). Joining T 
; Q zn TEN 
of light is sent along the line x - 2y - 3 =0. On 
reaching the line 3x -2y - 5-0 the ray is reflected 
from it. Find the equation of the line containing the 
MM iud reflected тау. | 
3:1 1+1) 50 Let A ге the point of incidence. 
p-f 2:2 к 41 „n Ais the point of intersection of 
^х-2у-3=0 and 3x-2y-5-0. 


Let P be any, point on the line of incidence 


(1) 


.. (2) 


.. (3) 


.. (4) 


т" К 1 Пе Containing the reflected ray is the line joining 


C-17 


Coordinates and Straight Lines 


or у+1= 8-0 


ог 2y42229x-29; 29x - 2y - 3120. 


26. A ray of light is sent along the line x - 2y = 8. After 
refracting across the line х+у= 1 it enters the 
opposite side after turning by 15° away from the line 
х+у=1. Find the equation of the line along which 
the refracted ray travels. 


The point of incidence A is the intersection of , 


-2y-8 o 0 
E + (2) 
Solving (1), (2) we get 
у=-7/3, x= 10/3; А = (10/3, =7/3). 
Let the refracted ray have the slope = m. 
ЕСЕ 
Then tan 15°= Е = enc 
14m a int? 
2 
1 
1--- 
ae anes? ogy = 
RE m2 
КЕ 
2m-1| Y3-1 
S ler “apie 
2m 71 53,2413 
m2 
до 2m-12t(2-33)- (m2) 
л \№т=5-2\3, (4-V3)m = 243 - 3 
s 598-6 543-6 
3 13. ` 
Let the angle between x + y 2 1 and the line through 
A(10/3, 7/3) with the slope m 6 еф. Then 
553-6 45 - 
کے‎ | |596, 
ы REO |= M 
М ӨЛЕН _ 53-6 
3 


К ЕЕ z3] _ (513 -3)9 + 5/3) 
9-543) 81—75 
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_ 30۷3 + 48 
= 6 =5\3+8. 


If the angle between x+ y=1 and the line through 


А(10/3, 7/3) with the slope 513—6 


13 be y then 
5453-6 Е 
Ta (1) 5۷3-6 
yel SG D E 
= 543-6 
AE mW ced 


7+5\3 | _ 74583 
19-543| 19-543 


_@+ 5N3)19 + 5V3) 208 + 1303 284583 
19?- (5⁄3 26  — d ` 


8+53 | 5513 + 88 - 8 - 5V3 


As 5\3+8-— T 
_ 80 + 5013 a 

Ра 

tan ф> tan V; ф>у 


543-6 


the slope of the refracted ray = 


the equation of the refracted ray is 


7 Ete) 


3 3 


or 3(5-2\3)х -3N3y + 1343 - 50 = 0. 


Exercises 


1. If a vertex of a triangle be (1, 1) and the middle points 
of two sides through it be (-2, 3) and (5, 2) then find 
the centroid and the incentre of the triangle. 

2. If two vertices of a parallelogram are (3, 2), (-1, 1) and 
the diagonals cut at (2, — 5), find the other vertices of 
the parallelogram. 

3. If a triangle has its orthocentre at (1,1) and 

Е 3 
circumcentre at С. 3) then find the centroid of the 
triangle. 

4. Prove that the line 2x — 3y + 6 = 0 does not cut the line 
segment joining the points (-2,-3) and (1, 2). 

5. АВС 15 a triangle and the internal bisector of the 
angle A cuts the side BC at D. If А-(3,-5), 
B= (-3, 3), С = (-1, -2) then find the length of AD. 


6. Find the point P if Q - (-2, 4) is the point on the line 
segment OP such that OQ = i OP, O being the origin. 


7. One end of a thin straight elastic string is fixed at 
A(4, -1) and the other end B is at (1,2) in the 
unstretched condition. If the string is stretched to 
triple its length, then find the new position of B. 

8. The coordinates of the extremities of a rod are A(1,2) 
and B(3, 4). S(0, 0) is a point source of light. The rod 
AB is parallel to the wall and is midway between the 
point source and the wall. CD is the shadow of AB on 
the wall. S, AB and CD are in the same horizontal 
plane. Find the ends C, D of the shadow. 

9. Find the circumcentre of the triangle whose vertices 
are (2, 1), (5, 2) and (3, 4). 

10. Find the centroid and the incentre of the triangle 
whose vertices are (2, 4), (6, 4) and (2, 0). 


11. The coordinates of the points А, B and C an 
respectively’ (6, 3), (-3, 5) and (4, 2) and th. 
coordinates of P are (x, y), prove that 

ar(APBC) : ar(AABC) = |х+у-2|:7. 

12. If the vertices of a triangle have integral coordinates 

prove that the triangle cannot be equilateral. 


13. Prove that the area of the triangle whose vertices are 
(acos 6,, bsin 0,); r = 1, 2, 3 is equal to 


>. Д s.l 1 
2ab sin 5 (6, — @2) - sin у (6,- 83) sin 5 (6, - 0) 


Hence or otherwise prove that no three distinct 
points of the above type can be collinear. 


14. Show that the equation of the locus of a point, whic h 
moves so that the difference of its distances from 
two given points (ae, 0) and (-ae, 0) is equal to 24. i* 


x? 2 


Fo a(e? - 1) г. 

15. Find the locus of the point at which the line segment 
joining the given points (о, B) and (y, 5) subtends a 
right angle. 

16. A rod of length | cm slides on two mutually 
perpendicular lines. Find the locus of the middle poin 


17. The position of a moving point in the х-у plane at 
time t is given by (ucos a - t, usin a. Ё- pt 2) where 
и, а, p are constants. Find the equation of the locus 
of the moving point. 


18. The straight line | is perpendicular to the lin" 
5x - y =1. The area of the A formed by the line | and 


sis Coordinate axes is 5. Find the equation of the 
ine. 


= 
PE 
£ 


C15 


Coordinates and Straight Lines 


49. Find the equations of straight lines passing through 

< (0/3) and having an intercept of length 2 units 
between the straight lines y + 2x 23, y+ 2x- 5 

20. Find the equation of the straight line through the 

Ч f intersection of lines х-3у+1 =0 and 


рош o ; ie 
2x*5y -9 =0, and whose distance from the origin 


js V5. 

21. Find the points on the line x + y = 4 that lie ata unit 
distance from the line 4x + Зу= 10. 

22. A line is such that its segment between the lines 
5х2у+4=0 and 3х+4у-4=0 is bisected at the 
point (1, 5). Obtain its equation. 

23. Lines Lı = 0X + by+c=0 and L,=lx+my+n=0 
“Intersect at the point P and make an angle 6 with 
each other. Find the equation of a line different from 
L, which passes through P and makes the same 
angle 0 with Lı: 

24. Straight lines 3x + 4y = 5 and 4x — Зу = 15 intersect at 
A. Points B and C are chosen on these lines such that 

_ АВ = АС. Determine the possible equations of the 
line BC passing through the point (1, 2). 

25. The equations of perpendicular bisectors of the 
sides AB and AC of a AABC are х-у+5=0 and 
x + 2y = 0 respectively. If the vertex A is (1, 2), find 
the equation of the line BC. 

26. The equations of the sides AB, BC and CA of a 

: AABC are respectively х+у=1, х-2у- 3 апа 

2x -y- 0. Dis the foot of the perpendicular from A 
to the side BC, and DE is drawn parallel to BA 
cutting AC at E. Find the point E. 

27. The coordinates of the foot of the perpendicular 
drawn from the point (х1, y1) on the line 

7 olx+ my + n = 0 are (h, К). Prove that 
xi-ch y-k іку%ту тп 


12+ т? 
28. Equations of two straight lines аге 
HU xcos a+ узш a =p and xcos В + ysin В =p’. 
Show that the area of the quadrilateral formed by 
© the two lines and the perpendiculars drawn from 
› the origin to the lines is 


ы NN = 12 Е 
6-9 {2рр'– (р? +р'?) cos(a- B)). 


29. The sides AB, BC, CD and DA of a quadrilateral 
have the equations x +2y =3, х=1, x -3y - 4 and 
77 5x * y +12 =0 respectively. Find the angle between 
: the diagonals AC and BD. 
30 Let P, Q and R be three collinear points on BC, CA 
__ ала AB of AABC. Show that 
""BP.CQ-AR«* PC- QA: RB-0, 
Proper sign for external section being taken into 
account. 


ж. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


Let АВС be a triangle with AB = AC. If e 
midpoint of BC, E the foot of the perpen $ t 
drawn from D to AC and Е the midpoint © , 
rove that AF 1 BE. 
i the line I, have intercepts 4 and b on Sie 
coordinate axes. Another line 1; passes through the 
middle point of the intercept on lı between к um 
If l cuts intercepts p, 9 on the axes respectively the 
prove that aq * bp = 2pq- 
Show that the lines 4 
х-2у+3=0 make equal intercepts on 
gradient 2. 
The equations of three lines are : 7х+у= 16, 
5х-у-8=0 and x-5y * 870. Any line through 
the point A = (c + 1,2c) meets the lines at E О, Е 
respectively. Prove that AP is the harmonic mean 
between AQ and AR. 
Prove that the lines y = mx;r- 1,2, 3 cut off equal 
intercepts on the transversal х+у=1 if 14m 


х+у-9=0,5х-у=6 апа 
апу line of 


1%т,1 + m are in HP. 

А straight line through А(-2,-3) cuts the lines 
x+3y=9 and х+у+1=0 at B and C respectively. 
Find the equation of the line if AB- AC = 20. 

A line through the point A(-5, —4) meets the lines 
х+3у+2=0, 2x «y 4470 and х-у-5=0 at the 
points B, C and D respectively. If i 


1552 (100) (6y 

fas] “(ес [ав]. 
find the equation of the line. 
In the ДАВС, the equations of AB and AC are 
2х + Зу = 29 and x + 2y = 16. If the median through A 
cuts BC at (5, 6), find the equation of the side BC. 
Find points equidistant from the lines 4x + Зу=0 
and 3x - 4y = 3, the points being ata distance 2 from 
the point of intersection of the given lines. 
Find the equations of the lines which pass through 
(4,5) and make equal angles with the lines 
5y = 12x + 6 and 3x = 4y +7. 
Find the equations of the bisectors of the angles 
between the lines x + y -3 =0and 7x - y 4 5 = 0, and 
indicate which of them bisects the acute angle 
between the lines. Р 
The bisectors of the angle between the lines 
у= УЗх + Запа V3y = x + 343 meet the x-axis at P and 
Q. Find the length PQ. 
Prove that the bisector of the angle containing the 
origin is also the bisector of the acute angle between 
Ше lines aix +bıy +c, =0 and ax + у+с›=0 
provided сү, c; are of the same sign and 

Maz + bb, < 0. 


C-20 


44. i 

No Mee whether the origin lies inside or outside 
е triangle whose sides have the equations 
7x -5y - 11 =0, 8x + 3y + 31 = 0 and x + 8y - 19 =0. 

45. Find the equation of the bisector of the angle 
between the lines х+2у-11=0, 3x-6y-5=0 
which contains the point (1, -3). 

46. Find the incentre of the triangle whose sides are 
7х-у+11=0, х+у- 15=0 and 7x+ 17y+65=0. 
Obtain the inradius of the triangle. 

47. Derive the conditions to be imposed on В so that 
(0, В) should lie on or inside the triangle having 
sides 

у+3х +2 = 0, Зу-2х-5=0апа 4y « x = 14=0. 

48. Given vertices А(1, 1), В(4,-2) and C(5, 5) ofa triangle, 
find the equation of the perpendicular dropped from 
C to the interior bisector of the angle A. 

49. The line 2x + y + 1 = 0 cuts the sides OA and OB of 
the AOAB internally where O is the origin, 
А = (a, 3) and В = (2, 5a - 1). If a is a parameter find 
the set of possible values of a. 

50. Find the centre of the excircle of the triangle whose 
sides are x -y +3 =0, y 27x €3 and х+у+1=0, 
corresponding to the side y = 7x + 3. 


51. Find the equations of the sides of a AABC with 
A(1,3) as a vertex and х – 2y + 1 =0, y-1 = 0 as the 
equations of two of its medians. 

52. Find the equations of the sides of a triangle having 
B(- 4, - 5) as a vertex and 

5x + 3у – 4 = 0, Зх + 8у + 13 =0 
as the equations of two of its altitudes. 

53. Find the equations of the legs of a right isosceles 
triangle if the equation of its hypotenuse is 
x -2y -3- 0 and the vertex at the right angle is 
(1, 6). 

54. АВС is an equilateral triangle. AD is the altitude 
through A. If A = (1, 2) and = (2, 6) then find the 
equations of the sides of the triangle. 

55. In a right-angled triangle the vertex at the right 
angle is (1, 1). One of the sides of the triangle is 
2x -y=1 and the midpoint of the hypotenuse is 
(5, -2). Find the equations of the other sides of the 
triangle. 

56. The altitudes of a AABC are respectively AD, BE and 
CE If the points A, D, E and F have the coordinates 


16 -23 
C4 5, f ; ae (4, D and 1, - 4) respectively, 


find the other vertices. 

57. The extremities of the base of an isosceles triangle 
are the points (24, 0) and (0, a). The equation of one 
of the sides is x = 24. Find the equations of the other 
two sides and the area of the triangle. 
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58. Two equal sides of an isosceles tri 
equations 7Х-у%3-0 and х+у з. ). s 


third side passes through the poini ч il; 


Determine the equation of the third side, ^^ 


59. An equilateral triangle has its centroid а 
and one.side is on the line х+ у=] 
equations of the other sides. à 


60. Find the equations of the lines passing through (5 
M 


and forming ‘isosceles triangles with pap | 
ines 


«12r -5y +3 =0 and 3x- 4y = 5 if the verti 
be the angle between the given lines. 


61. ABC is an isosceles triangle, the equation of th 

BC: being x+y=2 and vertex А =(3, 1). | 

' lengths of equal sides AB and AC be each equa 

find the the vertical angle A and the area à 
triangle. ‘ 


lto? 


62. The extremities of a diagonal of a Square are (1,1) 


and (2, -1). Find the other vertices and the equation 
„of the other diagonal. 


63. Find the equations of the two straight lines through 
(1, 2) forming the two sides of a square of which 
` 4x + 7y = 12 is a diagonal. 


64. A square has its centre at the origin and a успеха! 
(1, 2). Find the equations of its sides. 


65. The point (1, -1) is the centre of a square, one 04 
whose sides lie on the line x – 2y + 12 - 0. Find the 
equations of the straight lines which contain the 
remaining sides of the square. 


66. Two sides of a square lie on the lines 
5x - 12у - 65 =O and 5x – 12y + 26 =0. 
Find the area of the square. 


67. The equations of two sides of a square whose area > 
25 square units are 3x - 4y =0 and 4x + 3y =0. Find 
the possible equations of the other two sides 


68. Three sides оҒ- а: square has the equations 
2х-у-4=0,х+2у+3=0 and х+2у-7=0. Find 
¦ the equation of the fourth side. 

69. One side of "а rectangle lies along the № 
4х+7у+5=0. Two of its vertices are (-3, 1) and 
(1, 1). Find the equations of the other three side 

70. The equation of one side of a rectangle " 
3x - 4y - 10-0 and the coordinates of two of it 
vertices are (-2, 1) and (2, 4). Find the area of ™ 

rectangle and the equation of that diagonal of !" 

rectangle which passes through the point (2, 4): 


; +71. The diagonals of a trapezium cut each other at 0 ү 


in the ratio 2:1, The equation of the larger of! 
two parallel sides is x + у =3 and that of one oe 
Oblique sides is 2x — y = 3. Find the equations 
other two sides of the trapezium. 


of the 


7 


t the Origi 
- Find the 


Cal anole 


e base 
f the 


Of the 


- consecutive sides of a parallelogram are 
+5у=0 and 7x + 2y = 0. If the equation to one 
рога! is 11x + 7y =9, find the equation of the 
diagonal. 

equations of two sides of a parallelogram are 
7 2=0 and x - 3y + 11 = 0 and the point of 


ax 2у+1 
tersection of its diagonals is (2, 2). Find the 


— other 
dumis, 7. 


Y 6 о А $ 
pri tions of other two sides and its diagonals. 
equa’ 


ite sides of a rhombus are x+y=1 and 


5 x+y=5.]f one vertex is (2, —1) and the angle at that 


Vertex: 
„ A rhombus has two of its vertices at (2,3) and (-2, 6) 
“апа two of its sides are parallel to the line 
12x y= 1. Find the other vertices of the rhombus if 
` (0,3)із an interior point of the rhombus. 

76. Show that the diagonal of a parallelogram whose 
sides are u-p, “=q, ?v-r and 2-5 where 
"Uwmarrby*tc and vza'xeb'y*c', passing 
"through the point of intersection ofu=pandv=ris 


"s yu vl 

VE C 

wwgivenby pr | =0. 
7 EL 5 


77. А rhombus has two of its sides parallel to the lines 
22x + 3 and y - 7x + 2. If the diagonals cut at (1, 2) 
_ ап one vertex is on the y-axis, find the possible 
22 Values Of the ordinate of that vertex. 

078 . The area of a parallelogram is 12 square units. Two 
of its vertices are the points A(-1,3) and BC2, 4). 
кшй the other two vertices of the parallelogram if 
> the point of intersection of its diagonals lies on the 
ar Жақа у? 

ind the orthocentre of the triangle whose vertices 
е (6,1), 2, 3) and the origin. 


Find the centroid, orthocentre and circumcentre of 
^ es 


“origin then prove that 
ag + bib, = 131, + babs = 231 + bbs 
ca 
vertices of a triangle are (4, -3) and (-2,5). If the 
centre of the triangle is (1, 2), prove that the 
Vertex is (33, 26). 


% . The equations of two sides of a triangle are 


Эх = 2y +6=0 and 4x + 5y = 20 and the orthocentre 
Li is(1, 1), Find the equation of the third side. 

A and B are two fixed points (3, 2) and (5, 1) 
ectively. APAB is equilateral and situated on the 
‘Side of AB which is opposite to the origin. Find the 


Осепіте of the APAB. 


C21 
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85. Prove analytically that the ADEF has the Ra 
centroid as the AABC where D, E and F sos 
middle points of the sides of the latter triangle. р 
prove that the orthocentre of the ADEF coincides 


with the circumcentre of the AABC. 


i i iangle whose one side is along 
86. ABC is a variable triangle E lon Miei 


the x-axis and the other si * 
(1+ Dx = ty + (1 +) =0 for any two values of t € р 
Show that the orthocentre of ће triangle lies on а 
fixed line. Also find the equation of the line. 

three points on the curve whose 


87. If P, Q and Rare any г 
rove that the orthocentre of 


equation is xy = c? then p 
the APQR also lies on that curve. | 
88. If two vertices of а triangle are (0, 1 


= mou 
1542 A and its circumcentre is (> 2) find the 


4 
third vertex if it lies on the line y = 2x. 


) and 


89. In а AABC, the equation of the perpendicular 
bisector of АС is 3x - 2y + 8-0. If A= (1, -1) and 
B=(3,1), find the equation of BC and the 
coordinates of the circumcentre. ` 


90. Prove that the orthocentre of the triangle whose 
angular points are (acos Œr, asin œ); r=1, 2,3 is the 
point (a Z cos Qy, A Esin 0). 

91. A straight line moves so that the sum of the 
reciprocals of its intercepts on the axes of 
coordinates is constant. Show that it will always 
pass through a fixed point. 

92. The vertices of a triangle lie on three concurrent 
lines y = rx; r = 1, 2, 3. Two of the sides of the triangle 
pass through the fixed points (1, 0) (0, -1) 

respectively. Prove that the third side will also pass 
through a fixed point. 


93. If al + bm + cn = 0 then prove that the family of lines 
Ix + my + n = 0 always passes through a fixed point 
ifa, b, c are constants. Also find the fixed point. 


94. A straight line is such that the algebraic sum of the 
lengths of the perpendiculars drawn on it from any 
number of fixed points is zero. Show that the line 
always passes through a fixed point. 


95. A and B are two fixed points on the x-axis where 
OA = a, OB = 2a and О is the origin. P is any point in 
the х-у plane. AP and BP meet the y-axis at C and D 
respectively. AD cuts OP at Q. Prove that CQ passes | 
through a fixed point for all positions of P. 


96. ABC isa given triangle in which AB = AC. The sides 
AB and AC are produced to P and Q respectively 
such that ВР. СО = AB?. Prove that the line PO 
always passes through a fixed point. 
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Answers 
file 
1. centroid = (2. 3 4 22 224 3x — 4y + 4a = 0; Уа 
incentee = 2—5 +903 5 +5117 + 34/13) : 583х%у%7-0 OF х-3у-31-0 
542417 «N13. ' SRT aN | : 59. (2443 -y * 3+1=0, (2 13)х-у ү, 
== 7х + 9у = 44 
2. (1, -12), (5, -11) "T 60. 9x - 7y = 38, 7x y 
82% 61. 1/2; 2 square units 
14۷2 ; 
* { 1 -39) (239.3). 
3 6. (— 6, 12) : 62. е il 2|:65%4у%3-0 
7. (-5,8) 8.С-(2,4), D = (6, 8) : 63. 3x - 11y + 19 =0, 11x + 3y - 17 =0 
aia : 64. 3х%у%5-0,х-3у%5-0 
: 65. x -2y – 18 =0, 2x y 14 0,2x «y - 16.4 
ar off Ki 
ow centroid = (^. 5), incentie- (6 - 24 2\2) : 66. 49 square units 
| |: 67. 3x - 4y £25 = 0, 4x + Зу £25 =0 


15. x^ + y? (a + yx - - 
y - (а + yx - (B + Sy + ay + B5 =0 68. 2x -y - 14 20, 2x - y +6 =0 


^" 


2 ^ l = : 
16. xo ey? (2 where the given lines are axes : 69. Ax + 7y - 11 2 0,7x — 4y -320,7x - Ay +25 =0 
ps? : 70. 20 square units, 31x - 8y – 30 = 0 
17. = xt SS 5 + == : mE 225 = 
Кер и “COS "a 18. х+5у+52=0 71. х+у=9,7х-5у+3=0 
19. Зх + 4у = 18, x -2 : 72. у-х=0 | 
20. 2x+y=5 21. (3,1), (-7, 11) : 73. X- 3y = 3, 3x – 2y = 16 and 
: х+4у= 10; 5х -8у+6=0 
22. 107x -3y - 92 =0 . 
53. Эба Боаз +b Ж” у : 74. (6+2\2, -1 – 2V2) or (2-2\2,3+2\2) 
- 2(al+ bm)(ax + by + c) - (a^ z = : 
sito АВО وی‎ 1: 75. (-2 + N5, 6 - 2V5), (2 + V5, 3 - 275) 


24. x – 7у + 1320,7x £y 9-0 


5 
25. 14x + 23y = 40 77. 5 (1 £ V10) 


26, (4s 2 29, 7/2 | : 78. (-7,-3),(-6 ,-4) ог (17, -3), (18, -4) 
„Ж ; 15 15 
36. x-y=1,3x-y+3=0 7$] 
37. 2x + 3y +22 =0 38. х+у= 1l. 1: gg 1.47.92) (3 22) (-78 83 
зо (933570: -512%5У2 (52 -12 + 35\2 35755) (567 зв) rere 
| 25 25 | 25 25 | 83. 26х — 122у = 1675 
40. 9x – 7у =1,7x + 9у = 73 - 1 31 
: 84. 4+23, =+ Аға 
41.Х-3у%10-0,6х%2у-5-0 : | 6 13,2+3 13) 86. х+у=0 
(bisector of acute angle) 3 ۱ 
88. 25.6 s a Е 
42. 6 units 44.inside 45.3х-19 (0, 0) orf 4 5) 89. x + 4y - 7, [s 5| 
' Е 5.7 : a b 
46. incentre - (5, 1); 2 47.Вє Б ! 93. ti 4 97. (-1,-2) 
48.х-5 49.(-«,-2) 50. (4, 1) : 101. х?+у? - 30x - 30y + 281 =0 
51. x+2y-7=0,x-4y-1=0,x-y+2=0 : 102 20231008 1 01.03 
! : : et у= > 103.— *—--; 
52. Зх – 5у -1320,8x - 3y + 17 = 0, 5х 42y- 1-0 x угір 2 у? р 
53. 3х-у+3=0,х+3у-19=0 : ТРЕ А” 
3=4\3 Е. 
54. 3x -4у+30=0,у-2= (x-1 2 ; axe 
: 4 + 33 айыы + 36y? = 4I? with perpendicular lines 254 
55. х + 2у = 3,7х+ 24у + 13 =0 106. 9х2 +10у2 - 6xy 912 0 


56. В = (0, 7), C =(8,-1) ал ai Cd 
: ED. 


Coordinates and Straight Lines 


Chapter Test 


Time: 120 minutes 


1. In the following, each question has four options of which one or more options are correct. 
Indicate the correct option(s): 


(a) P(m, n) where m, n are natural numbers, is any point in the interior of the quadrilateral 


formed by the pair of lines xy = 0 and the two lines 2x + y -2- 0 and 4x + 5y = 20. The 
possible number of positions of the point P is 


А. six B. four C. five D. none of these 
(b) If (a, о 2) falls inside the angle made by the lines 2y = x, x > 0 and y = 3x, x» 0 then the 

set of values of a is 

1 1 

А. (-«, 3) B. E , з) С. (0, 3) D. (-=,0) U G Я =) 
(c) The image of the point A(1, 2) by the line mirror y = x is the point B and the image of 

B by the line mirror у = 0 is the point (a, В). Then 

A.a=1,B=-2 B.a=0,B=0 С.а=2,В=-1 D. none of these 


(d) A= (N1- t? &t,0) and B-(N1-t7 —1,2t) are two variable points where t is а 
parameter. The locus of the middle point of AB is 
A. a straight line B. a pair of lines C. a circle D. none of these 
2. Fill in the following incomplete statements so that the statements become true. 
(a) The line through (0, 4) which together with the lines у = (2 + УЗ)х form an equilateral 
triangle, has the equation 


3 
(b) The set of real values of a for which the line segment AB where A = ( 2+1, 0+ ч апа 
В = (5 — a, a? + 2) is divided into two segments by the line 2x € 7y 29 is 


(c) A square is made with the segment on the line “+05 1 cut off by the axes as a 


diagonal. The vertices of the square, not on this diagonal, are and 


(d) The intercepts made on the line x + y = 5V2 by the lines y = xtan 0; 0 =0, Т "о, 2 are in 


AP. Then @ is 


3. Pisa point on the level ground. C isa point south-east of Pata distance 3/2 m from P. Find 
a point A bearing north of P and a point B bearing west of P such that P is located at the 
centroid of the AABC. | 

4. ABC is a triangle and D, E are the feet of the perpendiculars from A and B to the opposite 

(20, 25), E = (8, 16) and C = (10, 15) then find the orthocentre of the 


sides respectively. If D = 
triangle ABC. 
5. О is any point on the line x = а. If A - (a, 0) and the bisector QR of the angle OQA, meets 
the x-axis at R, find the locus of the foot of the perpendicular from R to OQ, O being the 
origin. 

6. Two fixed lines have the equations y = 1 and y = 4. The line segment OB whose equation is 


y = x, is rotated about a point on it so that B reaches the lines after rotating through an angle 


à ' . (3+Х2 з+у2\ . | 
45°, once anticlockwise and the other time clockwise. If Bis mcg | find the point 


about which OB must be rotated. 


C-29 


C-30 


10. 


11. 


12. 


- AB is a line joining the points (-1, 3) and (4, 1), 


. Two mutually perpendicular lines are drawn through t 


. AOAB has the vertices О = (0, 0), А = 


R^ (x, y), x 20, y 20 such that R is equidistant from the points 


ARNA DA SANN "ow. Л 
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Да, 
and Ср is a line whose slope is 74 and its 


distance from the origin is 1. Find А so that the point P(0,À) when translated parallel to 
Q of the lines AB and CD. Also 


the line x - y = 1 passes through the point of intersection 
reach Q. 


find the distance through which P mustbe translated to | т 
he point of intersection А of the 


lines y- x =0 and x+y=1 to cut the line 2x-y=0 at two points B and C. Find the 


equation of the locus of the centroid of the triangle ABC. 


3 gy2 
5 and B= , 2 E 


Find 0 such that 0 < 0 x 2л and P = (sin 0, cos 0) is an interior p pint of he AONE. 
and the centroid G = (1, 1). 


For the AABC, the vertex A = (4, 3), its orthocentre H = (3, 3 
Find the equations of the sides of the AABC. | 
АВС is ап isosceles triangle in which АВ = AC. The images of the т се А, B, C by the 
lines, BC, CA, AB are respectively A’, В” and С”. If the triangle A‘B’C’ is equilateral then 
find the angle A. | Ау 
Let a new distance d(P, О) between the points P = (х,у) and Q= (Xz уҙ) be defined as 
аР. Q) = |x- x4] + |A- |. Let O - (0, 0) and A-(3,2) be two fixed points. Let 
O and A in the sense of the 
t of finite length and an 


new distance. Prove that the locus of R consists of a line segmen 
infinite ray. Also, sketch a labelled diagram to show the locus. 


О 
Answers ` 
1. (a) A (b)B (ӘС (9С 
1 a+b a+b) (a—b b-a 

2. (а) £x * y 7-4 6 [4 2) of es |, 3 5 | (d) tan 15 
3. each at 3 m from P Ea 1 4,(15,30) 
5. (x2 « y? - ax)! 2 ye? * y?) 6. (1, 1) 

2742 үлі 
7. 428,18; 75 7 11/2 8.12Х-6у-1 
DERI CN OL RES 10.2 +1 =0, (Vl x 2x £3y = 4۷11 +1 

к ! 
и.т 12. 


TADA 


з. Joint equation of two lines (Pair of lines) 


IL zax ру +c =0 апа 1 = ах + by +c =0 be 
the equations of two straight lines then their joint 
equation 154%] 

14-15 = (aux + biy + с!) (ах + bay + с) = 0, 
which is an equation of the second degree in x and y. 

„If Ssax?«2hxy + by? + 2ex+2fy+c=0 be the 
equation of a pair of lines then S can be factorized into 
two linear factors and each factor equated to zero 
gives the separate equation of a line belonging to the 
pair. | 

‚ The second degree homogeneous equation 

| ax? + 2hxy + by? =0 

| ‘represents а pair of straight lines passing through the 

origin. | 


‚ Ifthe joint equation of a pair of lines be 


| ax? + 2hxy + by? =0 
then their separate equations are 


y=m,x and y = mx 


2; ñ -2һ а 
varemi =- and тут = 5 


+ Ifthe joint equation of a pair of lines be 
b. ax? + 2hxy + by? + 2gx + 2fy+c=0 
then their separate equations are 
lx + mıy + nı =0 and lx + туу + 570 
Where lil, = a, тут) = b, пп = С, 
lm; + ти = 2h, түп; + ти! = 2f, 
"e dn, ln = 2g. 


| 
| Condition for the general equation of the second 
| кесе to represent a pair of lines 
) The genera] equation of the second degree 
*: Ax? + 2hxy + by? + 2gx +2 +с=0 
vet Tepresent a pair of straight lines if 
А = abc + 2fgh - af* = bg? —-ch?=0. 


_ 2. Pair of Straight Lines and Transformation о Axes 


Recap of Facts and Formulae 


3. Formulae for the pair ax? + 2hxy + by?^-0 


. For the pair of straight lines whose joint equation is 


ax? + 2hxy + by? - 0, 
2Nn? - ab 
a+b 


(i) the angle between the lines = tan + 


(ii) the lines are perpendicular if a + b = 0 
(iii) the lines are coincident if h* = ab 
(iv) the joint equation of the bisectors of the angles 
between the lines is 


x?-y^ ху! 
a-b h 


e The angle between the pair of lines 
ax? + 2hxy + by? =0 
and that between the pair of lines 
ax? + 2hxy + by? + 2gx + 2fy+c=0 


are equal. 


4. To fined the point of intersection of the pair of lines 


ах? + 2һху + by! + 2gx + 2fy + c- 0 


. Denoting the equation by $=0, the point of 
intersection is obtained by solving 
95 95 


5. Pair of lines through the origin and intersection of а 
line with a second degree curve 


• The equation of the pair of lines, passing through the 
origin and the points of intersection of the line L = 0 
and the curve 5-0, is obtained by making $=0 
second degree homogeneous with the help of L = 0 


(0.0) 


C-32 
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6. Transformation of equation due to a change of axes 


-If Pe (х,у) and the axes are shifted parallel to the 
Original axes so that the new origin is (а, В) and the 
new coordinates of P are (x ’, y ^) then the equations of 


transformation (i.e., relations between the old and the 
new coordinates) will be 


x=x +0, у=у/+ В. 


+ If P = (x, y) and the axes are rotated about the origin : : 


by an angle 6 in the anticlockwise sense such that the 
new coordinates of P become (x,y) then the 
equations of transformation will be 

x = x ‘cos $ — y'sin$ 

y 7 x ‘sin ф + y ‘cos ф. 


* If P=(x,y) and the axes are shifted parallel to the 
original axes so that the new origin is (a, В) and then 


Selected Solved Examples 


1. Show that the four lines given by 
12x74 7xy —12y? - 0 and 
12х?+7ху-12у?-х+7у-1=0 
lie along sides of a square. 
1213 + 7xy - 12y? - 12x? + 1&xy - 9xy - 12y? 
=4х(3х + 4y) - 3y(3x + 4y) 
= (3x + 4y)(4x - 3y) 
> the pair of lines given by the first equation has their 
separate equations Зх + 4y = 0 and 4x - Зу = 0 which are 
at right angle. 
Again 12x? + 7xy - 12у2-х+7у-1 
= (3х + 4у)(4х -3y) - x 7y - 1 


(factorized as above) 
= (3x + 4y - 1)(4х - 3y + 1), by trial’ 
л the pair of lines given by the second equation has 
their separate equations 3х+4у-1=0 ` and 
4х -3y + 1 =0 which are at right angle. 


the axes are rotated about the new origin (orn 
Lp 


3 n 2 E 
angle ф in the anticlockwise sense such that MIT an X pairs of lines represented by ах? + 2lixy + by^ =0 
coordinates of P become (x ’, y ") then the ес the Dey and ах + 2inxy + b,y? =0 have one line in common 
transformation will be quation. o № 0 the other lines represented by them be 


х= a+ x ‘cos фу '5їпф 


erpendicular, prove that 
yz B* x sin $ +y ‘cos 9. 


Tab, nab 1 


the first pair be y - mix =0, y – mx = 0 
с * -2h : 
where пи + m27," i . (1) 


.. (2) 


y Y^ 


ge 
Let the lines of 


S а 
and = ини = 


[s] ? X Let the common line be y — nx = 0. Then the other line 


„+ If P=(x,y) and two mutually Perpendicular lines 
ax+by+c=0 and bx—ay+d=0 are taken as new 
axes such that new coordinates of P are (x, V^) then 
the equations of transformation will be 


десе арта, a 
of thesecond pairisy + a = 0, itbeing perpendicular to 


«Уча 


the other line of the first pair. 


apy + by? = ty - ma) [y+ = 


semi m 
=b lem) 
Ex т, 3 
uhi ... (3) 
.. (4) 
vise Y Ew у р 1-4 
ER А ТЕРІ i 1- тут b 
From (4) and (2), 2h, = b,- БУ йе 
M E bb- 
bubs) ‘2hyab = бел) 
mı 
.. (5) 
Thus the four lines are 3x+4y=0, 4x-3y-0 -2h 
3x +4y -1 =0 and 4x -3y + 1 = ( of which the first and uL = 
the third are parallel while the second and the fourth are 
also parallel. Moreover the first and the second are а! "m -2hb, 
right angle, Hence, the lines form a rectangle. b(b, = а) 
The distance between 3x + 4y =0 and 3х +4у-1*05 NE Ne e" 
given by b-a 
d= distance of (0, 0) from Зх + 4y = 1=0 
; = ; ca 
(0,0) being a point on эх +4 0 n= 
i 121 1 1 : | (cléàrly ab, and a,b are of opposite signs) 
SEDED | 
The distance between 4х — Зу = 0 and 4x - 34+10 тара 
given by MEE ud T 1 
E ! m 
4'= BR | 21 H 5, а-а” ( > 
3 +4 5: vun сар =$ Van bh: 
x > 


Pair of Straight Lines and Transformation of Axes 


cn 
1 I 
From (6), Jub Nn 23 (amb) m2 
b-a 2- 
Leaf ay. rte. = Vam bb. 
“2 про ОЦУ" 
3. Show that the straight lines лы 
2_3b2)x? b!-3a?)y =0 
(a? —-3b^x + 8abxy  ( yy spe 


form with the line ax+by+ c=0, an equi 
2i 7 i 


triangle of area 89 я 


Here a?x? + 2abxy + 02у2 — 3(b x? — 2abxy + а?у?у=0 

or (ах + by)? —3(bx - ay)? =0 

or {ax + by + V3(bx — ay)l (ках + by) — Y3(bx = av) -0 
or [0а + bv3)x + (b= aN3yy] Ka = bN3)x + (b + азуу] = 0 


the three lines are 


(a + 643) + (Б — a3) 20. EMO 
(a — bY3)x + (b + aV3)y =0 vi 2) 
vax + by cz0 -- (3) 
"at bv3 
m of (1) = =" 
у bN3-a 
m ОЁ (2) = m = TAS | 


~il 
‘т’ of (3) = m; = = . 


(0.0) 


ах + Бу+с=0 


Ifthe angle between (1) and (2) be0 and that between (2) 
and (3) be ф then 


a*bN3 bi3-a 
m3-b  b+av3 
1474843 03-а 
аУЗ-Ь Ь+пу3 


tan Ө = 


(а + УЗУ + aV3) – (043 — a(a3 — b) 
(а + ЗФ + a3) - (043 = a)(a¥3 ~ b) 
(a3 — b)(b + aV3) + (a + bN3y(DNS — о) 


ab + Зар + N3(a? + b?) - 4ab + Уза? + Ьу 
За? = 02а? +зр? | 


ax 23) *+ 1| озу 
= ис {+ т 
баъ |21 3: e 
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bY3-a -a : Ж 2 
and tan ۾‎ btas v < [263 — a) + a(b + дЗ) : 14 +b + (2h)" — 24 
4 8-a ZA] dibeav3)-a(b43-a)| : с М 
b+av3 b у” (а - b) * + 4h 
113(2? +b? d 
sE و‎ фел е 
| a^ b? | 3 5. Show that the straight lines joining t 


: В б he Origin lo th, 
points of intersection of the two curves d 


ax? + 2hxy + by? + 29x =0 
and a'x?+2h'xy+b'y?+2¢'y =0 


the triangle formed is equilateral, each angle being 
equal to T * Now, the sides (1) and (2) meet at (0, 0). 


The altitude through (0, 0) is : will be at right angles to one another if 
2 : : g (a4 b) - g(a'  b*). 
h= A : Any curve passing through the intersection of the giv 
curves is ш 


the area of the equilateral triangle 
ax? + 2hxy + by? + 29x 
+ Ma'x? + 2h'xy +b y^ +2g "x)= 


ear res) Күш, 
This will be a pair of straight lines through the o 


+ base 0) 


ripin if 


e : itis second degree homogeneous in x and у.Рог this the 
Lh EIE : condition on (1) is 
УЗ V3-(@ +b?) 
: coefficient of x = 2g + ,-2¢'=9; S à. 
4. If the equation ax? + 2hxy + by + 2gx +2fy +c=0 : Putting in (1), | 


represents two straight lines, prove that the product of 


the perpendiculars drawn from the origin to the lines 8 '(ах®+ 2hxy + by?) - g(a "х? +2һ 'ху+Ь'у?у=0, 


T c : The pair of lines through the origin will be at right 
p d : 
V(a—b)?+4h? ; angles if coefficient of x? + coefficient of у1-0. 
Let ax! + 2hry + Бу? + 29x 526 +c i or G 2-82) t (g'b- gb) =0 


= (hx + my + n(x + may + n). : Or 8 '4+g'b=ga'+ gb’ 
Then the separate lines are : ог g'(a-b)-s(a' e br), 
hx + my + nı = 0 and hx + may + = 0 d ; 
: Ha У 27% 6. Show that the lines joining the origin to the points of 
intersection of the line fx-gy=2- and the cure 


x ehyy- y! egy ify e c- 0 are at right angles for all 
AeRifc=0. 


where lla =a, тут, = b, nn, = с, 
Im; + bim = 2h, myn, + mn, = 2f, 
nil; + nalı = 2g. 


The equation of i ine is fr -gy =À 
Lengths of perpendiculars from (0, 0) to the lines are qution of the given line is fx — gy 


respectively or Е 
X ө 4 
Hi пз х 
теті 18 ууу Making the equation х? y = у + gx +fy c0 


Second de, homi ith the help of the 
the required product of Perpendiculars drawn Бе vers sut the һер 


equation of the line, we get 
from the origin | 
5% 0) 20 
ы л Wey as Gr ipp EL, e 628) 
ОУ ут М + mg Poen aget Д 
} (х *hxy-y )*XGx + fyy(fx — gy) 
== == ИЛЛ emi ; di 
à : “Pair of lines will be at right angles if 
ee = жг ee с, : ... сыла, 
a +b + (lmz Dm) = 21 -mm $ х ma dent ofat + of y? «0 


or АН 


OL P+y (а +23) 


on 
Pair of Straight Lines and Transformation of Axes 
80a + 82x, 
EE c0 с жете ца t ш Дош 
ог df +8 ) = 9 9 
9В-40а 
e base BC of a triangle passes through a fixed point ог 98=40а+41у LX; о 
7. a and its sides AB and AC are bisected at right 
r р ; ; 2_ - 9% =0. x,-a 
angles by the pair of "Pu Ый, y -8ху-9хі-0 y бөлгі ев 2 
Determine the locus of its vertex A. : 
= 2_ Bry 9х? = : 1|98-40а _ 
Let A = (a, В). Herey у 9x" =0 : = ES a} 
-9x?- ы 
or e xy B -0 1 1 9В- 81а 
or М(у-99%%у-9х)- : 2825" aa 
or (y-9x(y +х)=0 : B-9a 408 + 9а 
a НЫЙ 2f 2 gne PSU 
Cx cr i bisectors of AC an : 
Let them be perpendicular bisector: : E T 
respectively. sS С= [uw t7 M ; 
add As the points B, (f, g) and C are collinear 
4 -p -a 1 
f $ 1/20 
^u 
А 9B-40a 408 +90 1 
B (9) СОооу) : 4 AL 2. 
EA (уі) E M х 
Xy. eni С = (x, y2). Clearly B is the image of A for : 
thelney+x=0,, . г or f*p 8+а 01-0 
: - Oa 
Ву : 508-404 400 +508 | 
Тен T е : 41 41 
m [SEDEM ew) : ог’ (fe В)(40В + 50a) - (g +а)(508 — 40a) = 0. 
PX : So the locus of A(a, В) has the equation 
and Ben ele 5: Sy - 4x) =0 
E 24 no f+ yay + 5x) (g + x)5y - 4х) = 
а Bay ta +x =0 eO 1 ог ау) + (4g + Sfx + (4F - Spy =0, - 
Again, С is the image of A for the line y — 9x = 0. So which is a circle. 
Беу, :(9)--1 : 8. Prove that two of the four lines represented by the 
ord 3 joint equation 
xou VN IEE (3) ax + bry + ex! y + dry? + ay =0 
Sp 5 Ну 79” {2 : will bisect the angles between the Other two if 
pe Bay : c+6a=Oandb+d=0, 
а + х. * 
MC 25-9. 2 2-0 : Using c + 6a =0, b + 4 =0, we get the joint equation as 


(4) : follows. 
: 4 ym n2. 3 42. 
Бот (1) and Q,x,- yy sa - p and xy € y; 2 - o - f. B i 22 NER, js Mes P 
Adding and Subtracting,x,-- and y,--o; : ог a(x" бх^у ty ) + bxy(x?~y%y 29 
z z д ۹-2 و‎ "ty + bayt- узу - 4 g 
a(x? - y + bxy? у dax *y* — 0 
2 


or =] ө =). 


ху. 
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Problems Plus in IIT Mathematics 
Pair of Straight Lines and Transformation of Axes 
€ : ETRAS Wt! 
o [ХУ] و‎ с cy» 1 y а 
| ху | Al xy }-4=0 ог 2 4 2 тіз sequat on will not contain xy if $ smallerangle of rotation = tan in 2) 
2. 2 3432 03 "2-х"? 1 е asin 26 + 2hcos 2b =0 : y { 
© =) о e 2 4*5 € HY’ -y'a coefficient of x 
P n. : d£ = 2Bacos ф - 4(asin ф + Dcos $) 
4 ll 6 + 48sin $ =0 
where түт, =- 4, m +m =È : не JT joa + 22fsin ф — 36cos ф К 
p» 3 2 $^ yl cos $. (28а — 4p - 36) - sin ¢ - (49 — 22p - 48) = 
и i | 1 i D 
e two pairs of lines will have the equations or lue syyg'-x) RE = eel 
x? -у?-тду=0 NI) 2 = а 208-48 2 
; 1 Я 2490-8362 - 1p +24 
and x!-y*!-myxyz0 eQ0: +25 -x'-x'-y!) » “Transform the equation : ог 28а - 4B -36 = 2a + ПВ + 
"st ay + 1y сауа 0 1 ог a qe 


The equation of bisectors of the pai i : » 
ед! e pair (1) is : | form ax? + ы =1by suitable change of axes. : , -p-4-0 +}. (2) 


coefficient of y ' 


1-(-1) -m i р , i 
= or х'2+у'2- 2х + 3y? - 3'2 + 32 =2 =-28asin ф- 4(acos ф- Lect um 
ME Poor 4j ?-2x 22 90x-2 + 36sin ф + 48cos ф=0 
ог x - = . 
ym { ог х'?-2у'®—42х'+1=0 cos $(-4a.- 228 + 48) – sin ф(28а – 4B - 36) = 0 


" _ 4+228 +48 1 
an = 30-40-36 2 


or -4а +228 + 48 = 4а + 28 + 18 
or 10a +208 +30 =0 


7. the changed equation of the locus is 

: (obtained by dropping dashes 
"E НЕ р Г } 5 dashes) 
or x'"-y'-ms;xy-0 which is the second pair. 2 х2-2у2--40х+1=0. 


ог х?-у?=тыу (7 mm,--4) 


9. Find the changed. equation of E i 
х? + бху+у? =1 eee оң ү ecl on ; 10. The equation of a pair of straight lines is 9.20 43-0 5 su eae 
х-у+1=0 are taken as the new x and y axes) m, Pise by? = 0: By what angle must the axes be Solving (2) and (3),5a-5=0; 2 а-1 5 


Totated so that the term containing xy іп the equation 


may be removed? from 2,8 22a -4=2х1-4=-2 


(a, В) = (1, 2). 


respectively. 


Here the lines х+у=0 and х-у+1=0 are Е Here the origin remains fixed. Let the axes be turned 


erpendicular to each other. $ 
рер = : about the fixed origin through an angle ¢ in the Adtran Le ee d TENES 
ИЕ Е ЗВ : anticlockwise sense and new coordinates of the point Sta фо у e rotation is clockwise. 
Ac» EH Doy) become (x ', у”). Е í 
and y= 5 ot (2) : Then the equations of transformation will be т 
Мат pw : х=х'сов фу віп ф too 
From (1), x - y «12 N2x* NC Я J ‘ein ¢ + y 'cos ф N5 
From (2), x + y = V2y' > Е aD : ^ the change Чеш йок See from (1), the new equation is 
B+) > 2x«12 J'y?) оя : a(x cos 6 — y ‘sin à)? (14cos ^à — 4cos $ - sin ф + lsin 2ф)х '? 
+ Est y pL pu. : + 2h(x 'cos ф — y'sin ф)(х ‘sin ф + y ‘cos ф) + (Hsin + 4sin ф- cos ¢ + Lcos фу”? 
ү 2 5 p ‹ 
қ s : + b(x 'si ‘cos 6) 20 + 14а? - 4af + ПВ? — 360 + 488 + 41 = 0, 
(0-0) ә 2y-1e yx). Дек" буз Y or (144-444-2402) 
tags 3 : acos “$ + 2hsin фсов ф + bsin?$)x '? ( e gg 
y- +2 : + (-asi 5 у 
№ 2 £ : ; (Casin 26 + 2hcos 2¢ + bsin 24)x 'y (5-765? | 
~ putting these in the equation of the locus, we get i "i ‚+ (asin?$ — 2hsin dcos ¢ + bcos фу 7% 5 
ER. +6 af 1 : i i +14+8+П.-22-36-48.2+41=0 
222 2 ( № +3) : ps е ог 15x'?+10y’?~25=0 
= 1% gus $ + hsin 2¢ + bin 9x2 ; у or 3к'2+2у'2-5 
2 +3] Ж +1®-ауїп 2 ; ‘ 
$ + 2hcos 2ф}ху “s = the new equation is За 2у2 


+ (авіл2ф — hsin 2 + bcos Фу 20 


TEL, 


. Find 


Problems Plus іп IIT Mathematics 


Exercises 


1 are bisectors of the angles between the lines 


represented by ax? + 2hxy + by? = 0 then find the joint 
equation of the bisectors of the angle between the 
lines L, and L. 


- Prove that the pairs of lines ax? + acxy + cy * =0 and 


1)y2 incli‏ .34 ا3 

5 %ху + * P = 0 are equally inclined for 
all real a 2 0, c #0. 
the condition that 


ах? + 2hxy by? -0 and  a'x?42h ‘xy +b’y?=0 
should have one line in common. 


. Find the condition that one of the lines given by 


ах? + 2hxy + by? - 0 may be perpendicular to one of 
the lines given by ax? + 2h ‘xy +b y? —- 0. 


. Prove that the equation 


(a+ 2h + b)x? - 2(a - b)xy + (a - 2h + Hy? =0 
denotes a pair of lines each inclined at 45° to one or 
other of the lines given by ax? + 2hxy + by? — 0. 


. Prove that the sum of the squares of the 


perpendiculars drawn from the point (x ’, y ^) on the 
lines given by ах? + 2hxy + by? = 0 is 
2 1 ; Mut 
b sai Rh? (x? ey?) + 2h(a + Бух y 
+ (a—b)(ax’? = by’), 


Prove that the length of the straight line joining the 


feet of the perpendiculars let fall from the point (p, q) 
on the pair of lines ax? + 2hxy + by? = 015 
2- Үр? +а?у(? — ab) ү 
Ма – b)? 4h? 


. Find the area of the triangle formed by the pair of 


lines ax? + 2hxy + by? - 0 and the line Ix + my =1. 
Prove that the lines x? + 4xy + y? - 0 andx- y -4are 
sides of an equilateral triangle. Find its area. 


10. A pair of mutually perpendicular lines is drawn 


11. 


through the origin forming an isosceles triangle 
with the line 2x + Зу = 6, right angled at the origin, 
Find the pair of lines and the area of the triangle. 
If (о, В) be the centroid of the triangle whose sides 
are the lines ax? + 2hxy + by? =0 and Ix + my =1 then 
show that 

a В 2 1 


bl-hm - am—h| 3 Ы?—-2Ыт+ат*` 


12. A triangle has the lines ax? + 2hxy + by? = 0 for two 


> 


of its sides and the pcint (I, т) for Из orthocentre, 
Prove that the third side has: the equation 
(a + b) (Ix + my) = am? - 2hlm + bl? 


the pairs of lines 


13. Prove that the pairs of straight lines 
(y—mx)? = a*(1 + m?) and (у- nx)? , " 
form a rhombus. 

14. The sides of a triangle are given by x? 
and x+y +46 =0. Find the internal 
triangle. 

15. If 12+ may + 2y + Их > 5y + 2= 0 repre 
pair of lines then find the angle be 
lines... saat en 

16. If 4х2+2(3 + т)ху +3my? - 4x + (m - Ny -3 
represents a pair of parallel lines then | 
distance between the lines. 

17. If the straight lines represented by 

ax? + 2hxy + by? + 2gx + 2fy +c =0 
are equidistant from the origin then prove that 
f'-g*=c(bf? — ag). 

18. Find the pair of straight lines passing throu gh( 
and parallel to the lines represented by 

x!-5xy e Ay? ex 2y -2- 0. | 

19. Find the equation of the pair of lines both of whic: 
pass through the point (1, 2) and are parallel to tv 

bisectors of the angles between the lines given by 
x! «xy -2y^ e Ax -y - 3 - 0. 
20. If the equation ax? + 2hxy + by? + 2gx + 2f + с! 
represents a pair of parallel lines then prove that 


=й. 


angles (a 


Sent, 
tween the 


= 
ind the 


a h 


iyab-h? 2-192 a 
@ ab= A", af =bg* and ED 


(ii) the distance between the lines = 2 


а(а +b) 


21. The line 3x + 4y -5 = 0 cuts the curve 2x” +3y =s 
at Aand B. Find ZAOB where O is the origin. 


22. The line Iz + my +n = 0 cuts the parabola y* = 1^ ^ 
Pand Q. Find the condition for OP 1 OQ where ^ 
the origin. 

23. Find the equation of the pair of straight [^ 
through the’ origin which passes through НМ 
intersection of the curves whose equations are 

x'ey!-2y-3y-2-0 
and xy? éx Gy + 14-0. 

. The circle x24. y^ za? cuts off an intercept ой | 
straight line lx + my = 1, which subtends ал ang!" 
7/4 at the origin. Show that 

4049012 mh 1) = (422+ m?) - 277. 


у A t 
25. The Pair of lines ax? + 2hxy + by? = Vis rotated abou 


47% p pall 
the origin through 90°. Find the equation of the P?! 
in the new Position, 


Puir of Straight Lines and Transformalion of Axes 


The lines x?-3xy * 2y? - 0 are shifted parallel to 
26. с 8 so that their point of intersection comes 


eet 1). Find the combined equation of the lines in 
,1)- 


the new position. 


‘ "s 
12x? + 2y? - 10xy + 11x - 5y +2 | 

into а homogeneous equation of the second scd 

by changing the origin but keeping axes par 

the original axes. Also find the new origin. КЕ 

Find the angle through which the axes mus 


ите "HRS dad RO dH Up x turned about the origin so that the equation x = 
a of 24 possible lines from which the curve x? + 2V3xy - y? = 2 may change into the for 
cident ray has reflected. ax? + by?=1. 
À| #1 then prove that one of the lines represented 31. Find the new equation of the curve 
а езп x* + Ax y + hay? +y?=0 will bisect A(x -2y +1)? 49Qx + y +2)? = 25 А mt 
iie angle between other two. if the lines 2x + y + 2 = 0 and pe +1=0аге 
29. Reduce the equation of the pair of lines as the new x and y axes respectively. 
Answers 
1. (а b) - y^) + 4hxy - 0 18. x? - 5xy +4y? + 3x - 3y =0 
3. (a'b = ab )^ - 4(hb ' -h 'b)(ah’ -a ^h) 19. x°- éxy - y? + 10x + 10у – 15 =0 
4, (bb aa")? + ай “a + b ‘h)(ha " bh 'у=0 21. п/2 
h*=ab : 22. 41 + n =0 
Omnem are units 23. 3x?—10xy + 3y = 0 
83 f 25. bx? — 2hxy + ay * =0 
9. => square units м ee 
27. Зх? + 18ху – 3y? + 8x + 4y +2 =0 


36 5 
10. 5x? - 24xy - 5y? - 0, 33 Square units 


al 129 

14. 60° each 15tan" > or tan 28 
4 
16. == 
Үз 


3 5 


30. 
31. 


. 30? anticlockwise 
. 4x? 4 9y? 55 


3. Circles 


1. Equation of a circle 
‚ The equation of a circle whose centre =(h,k) and 
radius = a, is 
x-h)? (y - 9? =a’. 
. The equation of a circle whose centre is the origin and 
radius is a, is 
x+y? =a. 
» The general equation of a circle is 
x+y + 2gx + 2fy+c=0 ; 
whose centre = (-g, – f) and radius = Ag? +f - c. ‘ 
|» Theequation of a circle whose one diameter is the line 
| segment joining the points (хі, y1) and (xz у), is 
(x -x)(x — x2) + (у - WY - y2 =0. 


2. Condition for a circle 
(i) The equation 
$=х? +y? + 29х + 2fy + с = 0 represents 
* areal circle if g? +f? 2c 
* a point circle (i.e., a circle of zero radius) if 
gf’ =c 
* noreal circle if g 7+ f « c 
(ii) The general equation of the second degree in x 
and y, ie., ax? + 2hxy + by? + 2gx + 2fy + с=0 
represents a circle if a = b, h = 0 


3. Location of a point in relation to a circle 


(i) If P= (xı, yı) and the circle is Sag +g =a O 
then (here O is the origin) 
* Pisinside the circle if PO < a, 
Le, x? y2- 2? «0, ie, S(, y) «0 
* Pison the circle if PO = a, 
le, x? +y?-a?=0, ie, S(x,y) =0 - 4 
* Pisoutside the circle if PO >а, 
Le, x? + y2 42 >0, ie, 5(х, y) > O 


Recap of Facts and Formulae | 


(ii) If P = (ху, y1) and the circle is 
$ =x? + y^ + 2gx + 2fyt+c=0 then 
. Pis inside the circle if S(x;, y1) < 0 
. Pis оп the circle if S(x;, yi) = 0 
e Pis outside the circle if S(x;, уу) > 0 


4. Location of a circle in relation to another circle 
Let 5; =х2+у2+ 291 + 2fy +c = 0 and ` 
S = x+y + 2g x + 2ђу+ с = 0 
be two circles. Let D be the discriminant for the 


quadratic equation in x (or y) obtained by eliminating y 
(or x) from the two equations of the circle. Then 


е they are two intersecting circles if D » 0 
• they are nonintersecting (по common points) if D < 0 


: E" they touch each other if D = 0 


e If D «0, i.e.. the circles are nonintersecting then 
(а) S,-0isoutside 5, = 0 if 
52-81 fi) >0 or 5,(-9;,-/) > 0; 
equivalently, АВ > т; + r; where A, B are centres 
and ту, ғ; are radii respectively. 
(b) 5,-0isinside $, = 0 if S,(-g,, -f,) < 0; 
equivalently, AB < г; – ri 
e If D =0, i.e., the circles touch then 
(a) they touch externally if AB =r, + г, 
(b) they touch internally if AB = 1r, -х,| 


5. Aline in relation to a circle 
Let L = ax + by +c=0 bea line and 
S = x? y^ + 2gx + 2fy + c = 0 be a circle. 8 
e The points of intersection is obtained b р N 
Y бей, | Y solving 
e The line cuts the circle at two disti 
ғ Inct real poi : 
D » 0 where D is the discriminant of he лн 2 
ratic 
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equation in x (or 


) obtained by eliminati 
from L= 0, $ =0; 7 y eliminating y (or x) 


equivalently, the length of the Perpendicular from the 
centre to the line is less than the radius. 


* The line touches the circle at a point if D=0; - 


equivalently, the length of the Perpendicular from the 
centre to the line is equal to the radius. 

. Тһе line does not cut or touch the circle if D «0; 
equivalently, the length of the perpendicular from the 
centre to the line is greater than the radius. 


6. Tangents and tangency 


+ The equation of the tangent to a curve y = f(x) at the 
- point (x, yı) is 


y-n*(2 


e The equation of the tangent to the circlex? + y? =a? at 
the point (ху, yi) is 
xx, + yy, =a. 
+ The equation of the tangent. to the circle 
x? + y? «2gx + 2fy+c=0 at the point (x, y) is 
xxi + уу t got x) + Ду *y)tcz0. 
Note In writing the equation of the tangent at (Xj, у) 
we replace 
x» x (i.e, х?) by xx, уу (ie, у?) by уу, 
x + x (Le., 2x) by x + x, y *y(ie,2y)byy*yiin 
the equation of the circle. The same is true for 
other second degree curves together with the 
replacement of 2xy by x,y + ху. 
+ The line y = mx + c touches the circle x? + y?- a? if 
c-taYlem?. 
* Aline L = 0 touches the circle ifp =r 
where p = length of the perpendicular from the centre 
of the circle to the line and г = radius of the circle. 
» The equation of the pair of tangents to the circle S = 0 
from the point (ху, yı) is S - 5, 2 T? 3 
where $, = value of S at (x;, y) and 
Т = 0 is the equation of tangent at (xi, уу) 
when the point is on the circle. 


7. Normal 

- The normal to a circle S = 0 ata point (ху, y,) is the line 
joining the point and the centre of the circle. 

+ The equation of the normal to a curve y = f(x) at the 
point (xi, yı) is { 


21 xxm) 


У ayy 
FM 


„ Theequation of the normal to the circle INN 
the point а, is Vs, з jb Equation of line/circles through intersection of a line/ 
x y. circle and a circle 
X и The equation of circles passing through the 
t intersection of the line L = 0 and the circle 5 = 0 is 
5+ 21-0 


8. Any point on a circle, any tangent to а cirele 


+ Any point on the circle x? + y= 2 can be M 
(ху) where x? + y =a, ог (acos Ө, asin " Shy 
+. Any tangent to the circle x^ + y* = д? can be 
у= mx + a\1 +m”. 


М 


ta ken Ж 
L-0 


- "d 
5+1=0 
Here + indicates that we can take two tan 
circle in any direction. 

+ Any tangent to the circle (х-#)*+(у- hy? xq! 
given Буу k= m(x - h) taN1 +m”. à 


BENS to the where 2. is an arbitrary constant whose value is 
obtained using’ a given additional geometrical 
condition, 

. The equation \ of circles passing through the 
intersection of the two circles 

5, =0 and $,=0 is 
$14 A8, 20, (A#-1) 
where À is an arbitrary constant whose value is 
obtained using a given additional geometrical 
condition. 


9. Length of tangent, chord of contact, polar and pole 
+ The length of tangent from (ху, уз) to the circle 
Sex?«y* 3 2gx & 2fy +с=0 is 


NS = Nx? yi + 2вху + 2fy, * c. 


-= 


£ 
N, 

e The chord of contact of the tangents from the poin 51-0 X 

(х1, у) to the circle S20) 
(i) x? «y? =a? is xx, +yy, =a? Мы 4 
S1 A$5-0 


(ii) x? + y? + 2gx + 2fy+c=0 is 
хх; + YY, + Q(X +51) +flyt уу) +с=0. 
* The polar of the point (хи, уу) with respect to the circle 
2 


+ The equation of the common chord of the circles 

5ı =0 and S,=0 is given by $, -5.=0 when the 

6) x+y? =a? is xx, + yy a? circles are intersecting. 

(5) x? + y? + 2gx + 2fy+c=0 is 1 

xx + YY F g(x + x1) +f +41) +€ =0. 

* The pole of the line 1,- 0 with respect to the circle 

5 =0 is the point (a, В) whose polar with respect to the 
circle is L = 0. . 


52-0 


51-5ҙ- 0 


10. Chord with given middle point 


* The chord of the circle 5 = 0 whose middle poit! 
foo es Ше От EAE the equation of the circle circumscribing the 
Quadrilateral whose sides are 
734 24, 3x y -22, x-3y - 14 and 3x+y=62. 
Also find the centre and radius of the circumscribing 
— circle, | 


11. Orthogonal circles 


Let $ 2x! «y* 4 2g,x + 2f +c =0 and 
Spex? ey + 2е,х + 2fy + c2 = 0 
be two circles Whose céntres аге A, B and га 


Clearly, lines, Х-3у-4,х-3у-14 are parallel and 
2, 3х%у-62 are parallel. Also the line 
: [EM is perpendicular to the line 3x + y = 22. So the 
n lines form a rectangle. 


dii гу? 
respectively. MERAS P 
P үн; ы 2-АВ! 
* The two circles cut orthogonally if rf +? =” 


equivalently, 25,6, + 2f f, = c, + су. 


€45 
Circles 5 


13. Radical axis, radical centre and coaxal circles 

+ The locus of the point, from which the lengths of 
tangents to the circles 5, =0 and $, = 0 are equal, is a 
straight line. It is called the radical axis of the two 
circles and its equation is $; — $2 =0. 


52-0 


Note The equation of the common chord of two 
circles and their radical axis is the same when 


the circles are intersecting. 

« The radical centre of three circles S, -0,5:-0 and 
S, - 0 is the point of intersection of the radical axes of 
the circles, taken in pairs. 

So, the radical centre is the point of intersection of the 
radical axes à 
S, = 5,2 0 and 5 - 5; =0. у в 

e Three or more circles are called coaxal (or coaxial) 

circles if each pair has the same radical axis. 

+ The form of equation of a family of coaxal circles is 

х®+у%*+2Ах+с=0, ч 

where À is a parameter (c being fixed) 
and х= 0 (i.e. y-axis) is the common radical axis for 
each pair and the line joining centres of any two 
circles of the sysiem is taken as the x-axis. 

* The limiting point of a coaxal system is the circle 
belonging to the family whose radius is 0. 
So the limiting points of the coaxal system | 


x? + y? + 22x + c = 0 are (+ Vc, 0). 


Selected Solved Examples 


Зх +у = 22 Зх + у = 62 


А х-3у= 14 


Let two ends of a diagonal be A, B as shown in the 
figure. Clearly, the circle circumscribing the rectangle is 
the circle whose one diameter has the ends A and 5 
The point A is the intersection of d 


x-3y- M and Зх + y = 22, 
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Solving these, 10x = 80 
^ x=8; soy-22-3x-22-3x8--2. 
А=(8, -2). 
The point B is the intersection of 
x -3y =4 and 3x + y = 62. 
Solving these, 10x = 190 
х=19; soy=62-3x=62-3x19=5 
^ В= (19, 5) 
the required circle has the equation 
(x-8)—19) + (y +2)(у -5) =0 
x! -27x +152 4 y? -3y -10 =0 
x+y -27x - 5y +142 =0. 


or 


or 
Hereg 2, уы 8, с=142. 
“септе = № =|= 3) ава 
cenre «cs 0-0: 
radius = Vg? « f? с 


Е E 


2. Prove that the equation of the circumciccle of the 
triangle formed by the lines L= a,x + by +c, =0, 
І, = ax + boy +c, =0 and L; = a,x + Бу +c, =0 is 


1 1 1 

төне Lett no +00) ТЕ 
44 а, а, А 
b, bz b, 


Any second degree curve passing through the points of 
intersection of L, = 0, L, = 0, L, = 0, two by two, is 


LL; + ALL, + Lgl, =0 
(ax + biy + eaux + bay + сз) 
+ A(aox + boy + су)(азх + bay + су) 


+ p(agx + bay + cy ax + biy + су)=0 


ог 


.. (1 
It will be the equation of the circumcircle if (1) isa e 
For this the conditions are the following. 

coefficient of x? = coefficient of y? ; 
and coefficient of xy - 0 : 


= Aya + Мазаз + paza; = bib, + Ababa + УЬ, 


RR‏ س 


Problems Plus in IIT Mathematics 


ie, aa,- Ub, + Мазаз — bbs) + (аа, — 
and ab + a,b + Маз + ау) + (asb, + a,b.) 


Eliminating A, р from (1), (2) and (3) we get 


bbo tof intersection of 


5y=1 
at ex + 5c =1 
ned by solving (1) and (2). 


--(1) 
«+ (2) 


=0 


(ux + у + су)(д;х + bay + c2) 
ааз — b,b 
ауу» + eb, 


(ax + box + су)(азх + bay + суу -3x 


=1 


1345 — baby 5 
a,b; + аз, 
(asx + bay сх + biy +c, Slee 
азау — bab, E 
abi + a,b; 
11 113 ГАТА (1+001-0 
ог |аа:— 610. паз bab пуду – bb, | =0 =m (2 ұзсХ1-с) 
арақ аҙ ғау аур, + a,b, en 
frc PUER 
23 L; L Lz e 
ааз — b,b, ay—bb, азд — bsb, | ~ 
ata, a,b3+azb, ‘azb, + a,b; 
L :1- 1 
ог 1 Lz 1 =0 
азаз b,b; азд – Бзр а) – bib; 
айыға» азб + a,b; abad, 
de 
etas Vasa, — bsb: )(abz + аг) 
ar ыла жа)! radius = distance between g 5'35 = | and (2, 0) 
+1 (а,4,- b,b2)(a2b3 + 52) : 2v rd 64 
h 6-36) "NS = 
— (пла; – bbs) (a,b; + a25)] 
1 1 
EN =. (1601 
+T; ts = babes жар) E 
2 т = bb anb; +96021 t а the required equation of the circle is 
TI 2 
1 62 а 
о она UM Û f 9 ТЫЗ ШЕШ 
4 T3)? (25y +1)" 1601 
+ m (až + bp) (arbi - abs) 25) 25? 7252 
E CLEAN 
арыса alebl E 72)? + (25y + 1)* = 1601 
o | М 1, Ls |20 m 500x + 100  625y ? + 50у + 1 = 1601 
а a a3 
bi obh b, 
Which is the required equation. 


AFi 
Я E Ind th te equation of а‹ сие passing through the 


3. Fi ough" 
nd the equation of a circle which passes thr Point 2) and (3, 4) and touching the line 


Point (2,0) and whose centre is the limit of the 2" 
intersection of the lines M 


Эх +5у = land (2+ сух se'y -1asc T -0) 


Ж 
Circles e 
Here, centre = (-g, -f) and radius = Vg +f- °° 
(1) passes through (1,2) and (3, 4). 
1?42? 42g & 4f 4 C70, 
ie, 2g dfe c4 5-0 -- (2) 
and 374+47+6¢+8f+c=0, 
2.43) 


ie, 6g + 8+ с+ 25 =0 
As the line 3x + y — 3 = 0 touches the circle (1), 


radius = distance of the centre (-8, -f ) from the line 


Зх+у-3=0 
-8g-f-3 
_ g++ 
or g +f - 10 
or EO 
| 
or g?+9f?—6gf- 18g – 6f- 10с=9 A \ 
From (3) - (2), 48 + 4f +20 =0 \ 
or $+/+5=0 {| 
g=-(/+5) peo | 
Putting in (4), | 
(5)? + 9f? + 6f(F+ 5) 
+18(f+5)-6f-10c=9  ...(6) 
From (2) and (5),-2(f +5) + 4f+e+5=0 | 
or 2/+с-5=0 с=5-2/ + (7) 
from (6), (7) we get Y | 
(+ 5)2 + 9/® + 6f(f + 5) + 18(/ + 5) 
-6/-10(5-2/)=9 
ог 16f? + 72f+56=0 
ог 2f?+9f+7=0 
ог (2f+7)(f+1)=0 /=-1,-5 | 
7 3 
fi ,5--(С1%5)-|--ж5|--4,-5 
rom (5), g = -(-1 +5) (2*5) 4-2. 
from (0,с-5-2(ауз-2(-4) 
=7, 12 
wegetf--1,g--4, c-7 
7 -3 
or fa gere 
the required circle (1) is 
хну? -8х-2у+7=0 
` or x*ey?-3x -7y 12 - 0. 
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5. If two lines a,x + buy * A20 and 
ax + ba +). = 0, (A^ 0) 
cut the coordinate axes in concyclic points then prove 
that ауа, = b,b. Also, find the equation of the circle. 


Let the lines be AB and CD. Clearly, 


From the question, the points A, B, C and D are 
concyclic. (Note To prove па, = b,b, one can use the 
property that OA - OC = OB - OD.) 

Letthecircle through A, B, Cand Dbe 


ы ا‎ —@) 
тһе P Sue g, 
f 
ie., ON ... (2) 
2 Ay 
and ~= *2f|-7-|*c-0, 
b; д bi] 


ie, A3 -2fAb, ch? =0 ... (3) 


and spe 
4% ay 


ie, А2- 2924, + сп2=0 ... (4) 

and А-х +c=0, 

ie, A?-2fAb;*cb2 =0 + (5) 
(2)-(4) = 2gMa-4)*c(a? -a2)-0 

or 25А – с(пу + a2) =0 + + (6) 
Q)-( = 220-0) + (bP -b2)-0 

or 2fA—c(b, + ba) =0 - (7) 


Also, a; x (2) - a, x (4) 
= Ла, – а) +с(айа, - адад) =0 

or А?-саа,=0 ... (8) 
Again, b x (3) - b, x (5) 

= А, - 6) + (2 - bib) =0 


ог А?- сь, =0 ... (9) 


From (8) and (9), 0 = bis. 


2 
Also c= ay: 
clay +a) A? aa, 
from (6), 28 = =a; 2g Mita 
(ды) A? by +b, А 
from (7), у= kbs рузу 


the equation of the circle, from (1) is 


Хау + a ХЫ + b. 2 
4ر‎ (ay 2 (bı E 
21012 05 7C па, 


or aga +7) + (а: + ax Ay by +2 = 


6. The point (1, 4) is inside the circle S whose equation iy 
of ihe form х?+у*—6х-10у+К=0,К being an 
arbitrary constant. Find the possible values of k if the 
circle S neither touches the axes nor cuts them. 


As (1, 4) is interior point of the circle S, 
1?44?-6.1-10-4 € k «0; k«29. 
Solving у= and x? + y? — 6x —10у + k =0, we gel 
x?-6x+k=0 
The circle 5 will neither cut the x-axis nor touch il i 
disc. < 0, ie.,36 -4k <0; г. К>9. 
Solving x = 0 and x? + y? - 6x – 10y + k = 0, we get 
y^-10y*k-0 
The circle 5 will neither cut the y-axis nor touch it if 
disc. « 0, ie., 10? -4k« 0; к> 25 
k should satisfy k < 29, k > 9, k > 25 
25 «k«29, i.e., k € (25, 29). 


7. Find the values of 0, for which the point (20, + D ^ 
an inlerior point of the larger segment of the circle 


xtey!-2x- -2y-8=0 made by the chord whose 
equation is x- y+1=0. 
The point Qa, o. + 1) must be an interior point o the 
circle 1*«y?-2y 5, 820 


(202? * (1 1)? 2-20 2(a + 1) -8«0 
ог 507-404-9<0 


ог (5а-9)о4%1)<0 


by sign-scheme we have -1< a < 9/5 alll 


Also, the entre ' (1, 1) of the circle and- ‘the’ point 
Оа, +1) must’ be on the same side of the line 
х-у+1=0. 


Clearly, 1-141. bs {6 


Circles 


та-(а%1)%1>0; - о>0 sae (2) 
50, 


the set of values of a satisfying (1) and (2) is (0, 9/5). 


he еа of values of a for which the line 


ind t 
pus 0 bisects two chords drawn from a point 


у+х= 


IT +24 , anc ay to the circle whose equation is 
2 | 
22+ 2y2- (1 632a - (1- N24) у=0. 


cit Boy 
Ho ott y+x=0 
1+24 1- N20). E e, 
The point P| MS x] lies on the circle because 


1+20) 1-120) _ d 
[=> = | (1+ V2a) - 
2 
=й - 2(3 =0 
Уа 1- “зау. 
Any chord PA through senis, 2 "4 ] is 
jæ; N20 
ji inp " .Q) 
Let M be the point of intersection of (1) and the line 
CPR Ss 0 vee (2) 
кі " 
Solving (1) and 0), ee с. ре) 
таа 1-а \ 
ог CR 2 ot a =С eus 


=1) + V2a(m +1) > 


2(т+1) 
-1 а 
SMS (e ТЕСЕ а 
(a, ~a) where о. 2+ 1) * V2 
d 1-9 
Now, C = centre = 1 tem, 1 я £ 2 


As Mis the middle point of PA, CM L PA 


1- 32а 1 + N20 
ог n эта 2 


а : 
| =0, putting for а. 
im neg j E 


1-72а 1+V2a_4 
or m-t, "e n UNT. 
2( + 1) bes 
or (т = 1)* + aV2(m? - 1) 
Е 1+ 24 Ж 
al 25 mque 1) +g +0 
1- Ҹа 1-\2а 1+ 2a 
or pene | m? qM oot 
1 + 2a 
«rome 5 | -о 


3 oan ary (mg, 
or Ғы «| т%-т 4% x) 
For two chords like PA, the equation must have two real 
and unequal roots. 50 D » 0 


ays а 
Us 4+ sex)? mna 
or 1-4 ы 
or -8+202>0 
or a!»4 
(а + 2(4 – 2) > 0 


-. bysign-scheme for quadratic expression, we get 


а<-2 or а>2. 


© ae (-ж,-2) (2, +=). 


9. Let a circle be given by 2x(x- a) + y(2y – b) =0, a +0, 
b #0. Find the condition on a and b if two chords, each 
bisected by the x-axis, can be drawn to the circle from 


" b 
the point (= 2) E 
Here, the equation of the circle is 


Xx? + y*) -2ax - by =0 


2 b 
2 ^7-0x--wyz 
or x"*y'-ax 5У=0 


Its centre = % 4 


ELE Tft ea 


radius - Ea: OTTA 


50 Problems Plus іп HT Mathematics 
Va centre = d 2) and 
(A 3 
(ag) 4 radius г= e» -0 =2 
2 
у-0 
Any line through Ё 4 has the equation 
b 
у-у=т(х-а) wee (2) 


(2) cuts the x-axis, i.e., y=Oat ( ый Ji 
2m 
b 05 Бала: 
Ав (в 2) satisfies (1), Ё 2) lies оп the circle. 
ri 


The centre is Е. 4) 


As the chord along (2) is bisected at ( - i , 0) , the line 


OILS b a b Е 
joining (e-z?) and the centre (е 1) will be 
perpendicular to the line (2). 
bo 
с =-1 
НИ. 
z "ga 
mb ЁК e 
т 74 27-37)" 
ог bm? + 2am – (4am - 2b) = 0 
or bm?-2am+2b=0 Же) 


Two chords аге possible if (3) has two real and unequal 
roots, i.e., 4a7-4-b-2b>0 


or а?-2Ь?>0 
or a*>2b? 


а>72 ог а<-Ү25. 


10. Find the equation of the circle having the pair of lines 


x? + 2xy +3x+ 6y =0 as its normals and having the 
size just sufficient to contain the circle 


x(x - 4) + y(y - 3) - 0. 
Here the pair is x(x +3) + 2y(x +3) =0 
ог (х+3)(х+2у)=0 


". two normals of the circle are x + 3 =0, х%2у-0, 
. their intersection Е 3) is the centre of the circle, 


The given circle is x? +y? 2 4x - 3y =0 ; 


If the required circle has the radius a then 


a - т = distance between the centres (a 3) and 


Be 83-3) _ 
а-2- Үсз-> *(-3) 5 
5 15 
25547: 
the required circle is 


or 46494? ay + 2= 


or x?+y?+6x-3y=45, 


225. 
4 


| 
2| 


11. If the curves ах? + 2hxy + by? + 2gx + 2fy + с= 0 and 
Ax? + 2Hzy + By? +2Gx & 2Fy +c = 0 intersect at four 


В 2 - -B 
concyclic points then prove that i = а-в. 


H 


Any second degree’ curve passing through the 
intersections of the given curves is 


ax? + hry + by? + 29x + рус 


+MAx? +2Нху + By? + 2Gx + 2Fy +C)=0 2-0) 
As the points of intersection of the two curves 1% 


concyclic, 


Coefficient of x? = coefficient of y? and 


Coefficient of xy = 0. 


(1) must bea circle for some 2. 


4+AA=b +B and 2h+2-2H=0 


or 


4-8 _ (B-4) <. 
ho; 


AH Í ve 


ab =МВ - Ay nd lec асо 


Circles 


о circles have the equations 
Ds xl y! +x +e=0and x* +y? o ux e c-0. 
prove that one of the circles will be within the other 


jf Ap» 0 and c» 0. 
Here the circles are x? + y! +x +с=0 e 
х?+у?+их+с=0 ... (2) 


The points of intersection of the circles are obtained by 
solving (1) and (2). 


@-@ > A-r} 2 x=0 (Ue) 
Putting x =0 in (1), 
yi+c=0; no yi ee 


5 ifc» 0, the points of intersection will be imaginary 
and hence the circles will be nonintersecting. 


i i ithin the other or fully 
Hence, one circle will be within 
сібе the other. If (1) is within (2) then any chord 


Р n X 7 5 
through the centre E 2” 0} of the circle (1) will cut the 


circle (2) at real points. 


kel 
Now, any chord through Е 2! 4) is 


у") BI 


Solving (2) and (3), 
А 2 
жат (ге) +их+с=0 


242 


or (L+m?)x? + (Am? + рух + +e =0, 


‚ Both roots must be real and unequal. So D > 0 


JE А 242 
y Отт апт. ко 


АРТЫН оти тА + т?) 


х Ж —4с А + m2)» 0 
or мл А2 aos р?-4с>0 / NI 
This is truefor all real т. / 
Also, the circle (2) is real if Z Á 


Tadius =NG 1/2)? - c is real, ie, p? E 4с> 0. 


Hence, (4) is true for ай теат. 2%. A? = 4с >0 
ог 23 Ae 4c; butc» 0 => pA «4050 


>01 м 


Hence, one circle is within the other if 
c»0,Àn > 0. 


13. Find the equation of the circle whose radius is 5 i 
which touches the circle x^ у? -2х-4;/-20- 
the point (5, 5). 


For the given circle, centre = (1, 2) and 
radius = V1? « 27 — (-20) =5. 


So, the required circle of radius 5 must touch the given 


circle externally. 


Let the centre of the required circle be (о, В). 


0+1 B+2_ 
2 =5 and = 


а =9,В=8 


5 


for the circle, centre = (9, 8) and radius =5. 
the equation of the required circle is 
(х-9)2+(у – 8) =5 

ог х?+у?- 18х - 16у +120 =0. 


14. Find the equation of the circle whose centre is (3, -1) 
and which cuts off a chord of length 6 on the line 
2x-5y 4 18-0. 


The length of the perpendicular from the centre (3, -1) 
to the chord 


2х3-5(-1) +18 
N27 + (75)? 


radius = V3? + (429)? = 438. 


“Ур, 


2x-5y «1850 


29 
=D 


the required equation of the circle is 
(«-3) "+ ( 1? = (38)? 

or х?-6х+9+у®%+2у+1538 

or x?+y?-6xt2y-28=0. 


C-52 


15. A circle touches the line y =x at a point P such that 
OP = 42 where О is the origin. The circle contains 
the point (-10, 2) in its interior and the length of its 
chord on the line x + y = 0 is 612. Find the equation of 
the circle. 


Clearly y =x and x + y = 0 are two perpendicular lines 
passing through the origin O. 


Let P = (К, k) as itis on the line y = x. 
OP-VkTeki-4 2l 
+ ү2к = 4ү2 
k=+4 


P=(4,4) 


or. (-4,-4). 


у=х 


Let the centre Q of the circle = (a, В). 
Taking P = (4,4), 


QP LOP => 


or а+В=8 .. (1) 
The length of perpendicular from О (o, В) to the chord 


x+y=0is 


$ | 


2 2 
ex «(5 = (radius) = ОР? = EA 


1 E d 
or 18 +5 (+8) =2 а p 


18«3-8'- (9 р)? using (D 
or (а – В)? = 100; а-В=+10 ... (2) 
From (1) and (2), 2a = 8 + 10; a=9,-1 
В=8-а=-1, 9. 
Hence, (a, В) = (9, -1) or (-1,9), 
radius = Ре -251 =5\. 


If the centre = (9, -1) then the distance between the : 
points (-10, 2) and (9, -1) is 5197437 » 542. : 


So (-10, 2) will not be an interior point. _ 
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If the centre = (71,9) then the distance bets. 
points (-10,2) and (1, 9) is 7+7 5 0” 


So (-10, 2) will not be an interior point. 
Taking P = (4, -4) as before, we get 
а+В+8=0 and a-B=+10 
2а=-8+10 
а-1,-9 and В=-9,1 
(а,В)=(1,-9) ог (9,1). 


If the centre = (1,-9) then the distance Беру, 
points (-10,2) and (1, -9) is VI17 + 112 > 54. 


Vn thy 


So (-10, 2) will not be an interior point. 


If the centre = (-9, 1) then the distance between i 


points (-10, 2) and (-9, 1) is V17 & 17 < 52. 
So (-10, 2) will be an interior point. 
:. the required circle has centre = (-9, 1), radius = 5,7 
7. the equation of the required circle is 
(х+9)?+(у-1)?= (542)? 
ог х2+у2+18х-2у+32=0. 


Second Method Here x+y=0 and у=х are two 
perpendicular lines. 


Y=0 
о 
442 P : x 


So, take the following equations of transformation: 


Xa Td ys at E 
17+17 Ac) 


Then we have to find a circle touching X-axis а" 

cutting off 62 from Y-axis, | 

Clearly, radius = V(4v2)? + (332)? = 52: 

Also, when x = 10, y = 2 we get 
x- -10+2 -10-2 

КД № 

2. in the new coordinates the point (-4V2, 6v2) тіз 

bean interior point ) 

"the required circle will be in the new third quad"? 

" the centre = (-4V2, -5y2) and radius z52 | 

* the equation of the circle, іп the new coordinates" 
(ад Y +500)2-(540)2 


2-642 


2-42, Y = 


B 


Circles 
| 
t the equation of the circle, in the original coordinates, 
is 3 Е 
х+у , ар) + +542) = (52) 
( V2 v2 
ae ب‎ + +8)7+ Gy +10)" = 100 
or px? +2y? + 36x - 4y + 64 =0 
or xt e y! + 18x — 2y +32 =0. 
16. Let Abe the centre of the circle whose equation is 
ху? - 2x - 4y - 20-0. 4 
Suppose that the tangents at the points В(1, 7) ала 
D(4, -2) on the circle meet at the point C. Find the 
area of the quadrilateral ABCD. 
The equation of the tangents at B, D are respectively 
х:1%у:7-(х%1)-2(у%7)-20-0) 
ie, 5у-35-0 у-7-0 -0) 
and x:A&yC2) - (64) - 2( - 2) -20 = 0, 
ie, 3x-4y-20-0 sss 2). 
NU X 
с 
D 


Solving (1) and (2, y =7 and 
4y*20 _4х7+20 _ 


UE] 3 i 
C- (16,7). 
Now, BC - length of the tangent from C(16, 7) 
to the circle 
-NS(16,7) -7167:77-2.16-4.7-20 
[225 -15. 


So, ar(ABCD) = 2 ar(AACB) =2- ^ BC. AB 


= 15 x radius 


215 x 4174 27 - (220) = 75. 


17. AP and BQ are fixed parallel tangents to a circle, and 
ғ за tangent at апу point C cuts them at P and Q 
respectively. Show that CP. CQ is independent of the 

; Position of € оп thé Circle and РОО is a right angle. 
Let the parallel "tangents touch the ‘circle at M and М 
respectively. Then MN is a diameter through the centre О. 


Taking the centre O as the origin and MN as the y-axis 
we can take the equation of the circle as 
E 
ху? 2a? ( 
and the parallel tangents as y = жа 


Any point C on the circle is (acos Ө, asin 0). 


The tangent to the circle at Cis 


x-acos Ө + y asin 0 =a? 
.Q 


or 
Solving Q) and (3), . 
а — asin Ө 


xcos Ө + ysin Ө =a 


у=а and х= cos 0 


a + asin Ө 
этерек” ORE 
cos 0 


4), ага 


cos Ө 


у=-а and х= 


‚-) апа 


а — asin Ө 
=|———, 
( cos 0 


С = (acos Ө, asin 0) 


r 2 
аат 3 + (asin в-а 


2. 2- = 
CP*.CQ [< e Vos 


а + asin Ө 


x (res e- 6 


| + (asin Ө+а) | 


= (a? +4? 2a(a -asin Ө) - 2a sin Ө 


2 
1-sin 0 

"aieo ) | x{a?+0?—20(a-+asin 0) 
cos 0 


ШАЛЫН ЕСТЕ | 
cos 0 


1-sin бү 
=a? [2-20 -sin 0) - зто + (527) | 
cos Ө 


2 1+вшөү 
ха {2—2@ + sin 0) + 2sin 0 + жағамын 
cos Ө 


E 1-sin Өү? (1+sin Ө\? 

| cos 0 ) ( cos Ө ) 

-a1 ہاو‎ 9, 4 
cos 10 


СР. .:) =а? = constant. 
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Also ‘т’ of PO = ту = 5-0 ___ cos0 
a—asinð _ 1-sin6 
cos 0 
‘m' of QO = m Lc ir ue cos 6 
arasinð 1+sin Ө 
cos 0 


hence ZPOQ = 2 . 


18. From a point on the line 4x —3y =6 tangents are 
drawn to the circle х?+у?-6х-4у+4=0 which 
make an angle of tan AR between them. Find the 


coordinates of all such points and the equations of 
tangents. 


Let P(x, уз) bea point on the line 4x — 3y = 6 having the 
given property. 
Let the angle between the tangents be 0. 


Then tan 9 = 2. 


4х-3у =6 


Now, centre C = (3, 2) and 
radius = CA = 437427 -4 =3 
and PA - length of tangent - Му 6x - dy 44 
ШЕ АС Т See se 
2 PA EE An 


9 
x? +y? - 6x,-4y, +4 


e 
20 
бк а +49 


ог = 
14tan?2 xi +y? -6x — 4y 4449 
2 
on coss xi + yi -6x - 4y, -5 


х + y2 - 6x, -4y, +13 


7. хізуі-бх-4у,-5 (е tn 0-24 


25^ x2 + y?-6x, - 4y, +13 
ог 7х2 + 7y? -42x - 28y, +91 
= 25x} + 25у2 — 150x, — 100y, — 125 


or 18x? + 18y; - 108x, — 72y; - 216 =0 
or хў+у{—6ху-4уу-12=0 | 
As (ху, уу) is on the line 4x – 3y = 6, we Bet 


4x, 7391 7 6 Я 
Solving (1) and (2), е 
41, 6}? 41-6 
x 765 -4.——- 1220 


or 9x7 + (4x, 6)? - 54x — 12(4x, 6) - 108 - 0 
or 25x? -150x,=0 


or х(х-6)-0 


120,6 
En $,18 2 
ч лез TET E NE 


Gy y) = (0, -2), (6, 6). 
The equation of the pair of tangents from (x, vp is 
S-S,-T? 
where S = x? + y? 6x- 4у +4 
S; =x? + y2 -6x у +4 
Ty = xx + yy – 3(x +1) = 2(y + y) +1 
> the equation of the pair of tangents from (0, - 2) is 
(x? *y*-éx-4y-4)-(0 44-0484) 
={х-0 +у(—2)—3(х 40) - 2(y - 2) +4)? 
or 16(х®+у?-6х-4у+4) 
= (3x - 4y + 8)? 
79x? + 16y? + 64 + 24ху — 48x — 64y 
or 7x? -24xy - 48x =0 
or х(7х-24у-48)=0 


tangents from (0, -2) are x = 0, 7x — 24y - 48 =0. 
Similarly, the equation of the pair of tangents from (6, 6) 
is 


G^ y^ -6x-4y + 4). (36 +36 -6-6-4-6+4) 
={х.6+у-6—3(х + б) - 246) + 41? 
9: 166^ + y?— бх—4у+4) 
= (3+ 4y - 26)? 
7915 + 16y £676 + 24xy = 156x - 208 
ог 715 - 20x + 60x + 144y -612 =0 
p Ox- 24y &102)—6) = 0. PON 
the tangents are x- 6 = 0, 7x — 24y + 102 = 0 


w that the circles х*+у?+2х-8у+8=0 and 
19. gno 2+10х—2у +22 =0 touch each other. Do they 
M internally? Also obtain the equations of circles 
of radius 1 which cut both the circles orthogonally. 


For the first circle, 
centre = C1, 4) and radius r; = 412+47-8 =3. 


For the second circle, 
centre = (—5, 1) and radius r= №7+12-22 =2. 
The distance between the centres 
d=VC1+5)"+ 4-1)? = N16 +9 =5 
=" +r 
the circles touch externally, not internally. 
Let the required circle of radius 1 be 
(хв)? + (y-8)? =1 
or x+y? = 20x = 28y «a? + B?-1=0 0) 
(1) cuts the first circle orthogonally if 
2: (-a)- 14 2(-B)- (-4)=(a?+B?-1)+8 
{using 25,9, + 2/5 = сү + с) 


or а?+82+2а- 88+7=0 2: @) 
(1) cuts the second circle orthogonally if 
2. (0)۰5 + 2(-8)(-1) = a2 + B-1 +2 


or «?*+р?+10%-2р+21=0 ... 8) 
(3) - (2) => 8а+68+14=0 

4a +3B+7=0 ... (4) 
Putting in (2) from (4), 


EST 2-8) (7-0 
3 3 

or 90 (4a +7)? + 18a + 24(4а + 7) + 63 =0 
Or 2507+ 170a + 280 =0 

Or 50+340 + 56 =0 


Or 502+200 + 140 +56 =0 
Ga +14)(a + 4) = 0 
4--4,-14/5 
(4) gives 3p = ~(4a +7) 


=~ ©1647) -(4- $7} 


537/5, 2 саны 
from (1); the equations of required circles are 


X ry 8x 6424-0 


^ 
[o 
a 


28 14 44 
and хук х-ту+520, 


ie., 5(x? + y!) + 28x - 14y + 44 =0. 


20. Find the equation of the circle of minimum radius 
which contains the three circles 
x + y*-4y- 5-0, 
х?+у2+12х+4у+31=0апа - 
x^ y^ «6x + 12y 4 36 =0. 
For the first circle, 
centre = (0, 2) and radius = ҮС2) 7+5 =3. 
For the second circle, 
centre = (-6, —2) and radius = 6+ 22-31 =3. 
For the third circle, 
centre = (-3, -6) and radius = N37 + 67 - 36 =3. 


Ра N 

N, 
е Ие “ 
/ \ \ 
| 
1 
/ 


[ Н Prap) ! 
\ 
\ 
556 е” 


——-— 


Let P(a, В) be the centre of the circle passing through the 
centres of the three given circles. Then ` 


a? + (B- 2)?! = (a +3) + (B. 6)? 
=(a+6)?+ (B +2)?, fr} 
or 4-48 = 60 +9 + 128 +36 = 12а +36 + 4p +4 


ба + 168 + 41-0 ... (1) 
and 6a-88-5-0 о) 
(1)- (2) = 248 +46-0 
23 
В--% 
-23 
2 -8.----5- 
0) = бо-в 12 75-9 
46 -31 
ог 6а+—-5=0; . -—— 
3 ode 


the centre of the circle Passing through centres of 
given circles is 


-31 -23 
(5 Um Jana 


radius г = Va? + (B— 2)? 


C-56 
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12 
= 3 a7? 4х312+9х472 
18? 122 _ 36? 


-- pape 5 uu 
Ero V23725 = че (949. 


the radius of the required circle = 3 + x Y949 and 


centre (= zm 


28 33] 


the equation of the required circle is 


31? 234: 5 2 
(“| +3] "px. 


36 
In similar situations if the radii of the circles 
are different then add the largest radius to the 


radius of the circle passing through, the 
centres. | 


21. If A? 5m? + 61+1 =0 then show that the line 


Ix + my +1=0 touches a fixed circle. Find the radius 
, and centre of the circle, 


Let the circle be (x - a)? + (y - p)? = a7. 
The line Ix ту+ 1 = 0 touches the circle if 
la + mB +1 


NP em? 


or a*(? +m?) = (la + m +1)? 


or (12-92)? + (a? -В2)т? 

= 2аВт – 210 - 2f - 1-0 + (1) 
But 412 - 512+ 6/+1=0 “(2 
It is possible to find a, В, a if (1) and (2) are identical. 


The condition is i 


22-92 п-в? -20B -20 -28-1 
а ©) в т o O1 O) 

B=0,a=3 

2 2 


апа =-1 which implies 


а? 32 2-4, ie, a = v5. 
Also a = 3, B =0, а = \5 satisfies (3) 
the line touches the fixed circle, * 
(x = 3)? + (у 0)? = (05)? 
or х?+у2-6х+4=0 


whose centre = (©, В) = (3, 0) and radius =a = ¥5, 


22. Show that the common tangents to t 


x? 4+y?-6x=0 and x? + y+ 2= 0 
form an equilateral triangle. 


Elog 


Here the circle x? + y^— 6x = 0 has the 
centre = (3, 0) and radius - 3. 
The circle x? + y? + 2x = 0 has the 
centre = (-1, 0) and radius = 1. 
the distance between (3, 0) and (-1, 0) 
= VG+) +07 =4 
and sum of radiiz 3+1=4 


. the circles touch externally. 


Obviously, the point of contact = (0, 0). 


Let y = mx + cbe a common tangent to the circles еі 
at the point of contact. 


Then, the length of the perpendicular from (-1,0) to 
J = mx + cis equal to the radius of the second circle 
-т+с 
ҰЯТТЫ 
or (-т+е)2=1+т2.  ..() 


and the length of the perpendicular from (3, W 
J = тх + cis equal to the radius of the first circle 


Wem : 
or (3m +c)? = 91 tm?) ... (2) 
() = c! -2mc21 ... (3) 
Q = бтс+с?=9 2, (4) 


(бте + c?) – (c? -2mc) -9-1-8 
or 8тс=8; м с]. 
(3) gives c? =3; 


When c = 


с=+ УЗ. 
УЗ, from (3) we get 
3- 213 =1; 


m - 1/3. 
When с = N3, from (3) we get 
342n3z1; m -—1/3 


two common tahigerits are 


1 i 
Ya grt 3 and ух № 


т tangent at the point of contact (0, 0) is 


x:0*y:0* (x +0) =0; х=0. 
N Es i have to prove that the lines 
д 


1 x cR. 
2 x20 7573 and у= 


form ап equilateral triangle. 


7 г. cy қ ы; 
Clearly, the inclination of y= Ta 13 with the x-axis is 
55 and that of y= + Уз is as shown in the figure. 


Also, their point of intersection is (- 3,0). 
5 we get from the figure that the triangle is equilateral. 


23. Tangents PQ, PR are drawn to the circle x+y =a? 
from the point P(x, уу) touching the circle at О, R 
respectively. Find the equation of the circumcircle of 
the APOR. 


QR is the chord of contact of the tangents to the circle 


xi.y?-a?-0 eO 
from the point Р(х, y1). 
7. the equation of QR is xx; + yy; -a? =0 ... (2) 


The circumcircle of ДРОВ is а circle passing through the 
intersection of the circle (1) and the line (2), and the 
point Р(х), ул). 


Any circle through the intersection of (1) and (2), is 
S'opE ATTORE 03-0 ... 3) 
It will pass through (ху, yı) if 
typ -a* e AG y? -2))-0 
or Gt ey? а?) 3) - 0. 
Butr? + y? za, for (x,, yı) is not on the circle. 


© 11 


from (3), the circumcircle of APQR is 


Circles 


ху? а? - Axx, + yi 270 
or ху? xx ууу 0. 
ine E 
24. Prove that, for all c є R, the pole of the line 7 * 


2 2%; іхей 
with respect to the circle x7 - y^—c' lies оп a fix 
line. 


Let the pole be (x, yı). Then the polar of (xy, у) with 
respect to the circle x? + у= с? is 


2 atl) 
хх, + yyy =c 


Now, the line (1) and 2+ m = 1 must be the same line. 
5 а 


i ideas Soon. б= 
. comparing coefficients, та ipni 
ог ax,-by-c a ax, = by; 


(xy, y) always lies on the line ax = by which is a fixed 
line. 


25. Find the equation of the circle described on the 
common chord of the circles x? + y^ -4x -5- 0 and 
x! + y+ 8y +7 =0 as a diameter. 


Here the circles are S, 2 x? + y? - 4x - 5-0 0 
and S,=x7+y7+8y+7=0 >. 

Ж AY 

\ 

\ 

1 

/ 

Й 

Зе =” 


Any circle through the intersection of the circles (1) and 
(2) is given by 5; + AS; 20 (A#-1) 


or x+y? -4x-5 +(x? +y? + 8y 4 7)-0 e9 
or (eX) y?) - 4х + 81y € 7۸-5 =0 


8. 70-5_ 


4 
HL. К 
а ее 


.. (4) 

The equation of the common chord of (1) and (2) is 
$,-$,-0 

ie. (+y? -4x - 5) - (x? + y+ 8y & 7) 0 

or 4x+8y+12=0 

or x+2y+3=0 


The centre will lie on the common cho 
a circle described on the common cho 


EG 
rd, i.e., (3) will be 
rd as a diameter if 


Css 
2 A 
тах Tg =0 {from (4) and (5)) 
ог 2-8. +3(1 +۸) =0; А=1 


putting this value in (3), the equation of the required 
circle is 


x! «y? - ax - 5e (x3 + y* o 8y +7) =0 
or 2(х?+у2)-4х+8у+2=0 
or x!«y? -2x + 4y 41-0. 


26. A fixed circle is cut by circles passing through two 
fixed points A(x, уу) and B(x» y;). Show that the 
chord of intersection of the fixed circle with any one 
of the circles, passes through a fixed point. 

Let Sax? +у2 + 2gx + 2fy « c-0 

be the fixed circle, and А = (xy, y1), В = (x; Уз). 


-0) 


\А (хуз) 


S= 0 SKS (xaz) 


The equation of the circle with AB as a diameter, is 


(x x) 723) + (y И) - 2 = 0 
The equation of the line AB is 


.Q 


x y 1 
хи 1 
x у 1 
any circle passing through A and B (the points of 
intersection of the circle (2) and the line (3) is given by 
(= xix 722) + (у – WX - Y2) 
x y 1 
x у 1 
ху 1 
The chord of intersection of the fixed circle 5 =0 and 
any one of the circles (4) is given by 


=0 ~ (3) 


+1 =0 ..(5 


vetere pen 


Toda 
а у 1 
x у; 1 


%(у-у0%-у) +А 


or (x + X2)X + Qn + Y2)Y – XiXxi - Vwa 


xoc 1 
-2gx*2Dfyj«c-A|x3; yy 1 =0 
x; у, 1 
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or (Qux) *29x + Yi + уг + Ady 

x 
“MR = уу +с- | y 
хз у 1 
This represents a family of lines passing throy | 
intersection of the two fixed straight lines Bh the 


(x + x + 28)х + Yr + уз + 2Dy — xu - уу, жег 
x y 1 
ayl 
nyl 
Hence, their point of intersection is also a fixeq point 
This proves the result. 


and =0. 


27. A variable circle. passes through the point of 
intersection O of two given straight lines and cuts off 
from them portions OP and OQ such tha 
m:OP+n:OQ=1; prove that the circle always 
passes through a fixed point other than O. | 

Let O be selected as the origin and the lines be у = 0 and 

у= ах where P is on y = 0 and Q is on y= ax. 


Now, P=(OP,0)and ! 
О = (OQcos Ө, OQsin Ө) 


1 а 
-|00:----,О0. “> tan 0= 
Б eat 22 тт) р 
у= ах 
ГАЙ 
< УР уто 
Let the equation of the сие be 
x? + y? + 2gx + 2fy «c0 ... 
As it passes through О, P and О, we get 
= 0 
OP? 42g. OP =0; OP --2g .0 
og а? 
00*.— 
FR 1+а 
а 
Ж. = 
+28 09. 1f 00 ru 
28+ 
or 00?+0 жаа, 
у Vita? 
2(g + fa) 
og -2&*fo 
1+ a 


But т.ОР+п.ОО=1°' 


EE =f Ды 
Vità? 


= kg + p where Капа p are constants. 

< from (1) and (2), the circle has the equation 
x+y’ + 2gx + (kg + py =0 

or x+y? + py + gQx & ky) =0 

which is of the form S + AL = 0. 

^ this circle passes through the intersection of the 

circle x2 y? + py = Oand the line 2x + ky = 0,both being 

fixed. + 

But the line 2x + ky = 0 and the circle x? +y?+py=Ocut 

attwo fixed points, one of thembeing the origin О. 

Hence, the circles pass through a fixed point other 

thanO. 


28. If two circles cut a third circle orthogonally, prove 
that their common chord will pass through the centre 
_ of the third circle. 
Let us take the equations of the two circles as 


х2+у2+2х+а=0 .. (1) 


.. (2) 


For a general statement in geometry 
concerning two circles we can select axes 
suitably (the line of centres as x-axis and the 
point midway between the centres as origin) to get the 
above form of equations. 


and x+y? + 22x +4 =0 


Let the third circle be x? +y? + 2gx + 2fy +c =0 - 09) 
Тһе circles (1) and (3) cut orthogonally 
3 Agaat+c .. @ 
The circles (2) and (3) cut orthogonally 
> Dg =а+с 4) 


* from (4) and (5), 280, — №) =0. But Ay #2 
^M ^ &= 0. 


Hence, the centre of the third circle = (0, - f). 
The common chord of (1) and (2) has the equation 


City? ezux +а)-(хЁ+у?+2Мх+а)=0 
204-22х-0 
=f) satisfies the equation x = 0. 
the problem. 


х=0 


2 
"7 
z 


У м 


Circles 
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29. Find the equation of the circle which cuts each of m 
circles х?+у?=4, ah ey! - 6x- 8y+10=0 an 
x'«y'42x-4y-2-0 at the | extremities of a 


diameter. 
Here the circles are 
5у=х2+у2-4=0 ;. а) 
5, =х?+у? - 6x - 8y + 10 =0 .. (2) 
$,2x! «y! + 2-4-2 =0 .. (3) 
Let the required circle be 
S5 =x? ку? + 2gx + 2f +° =0 .. (4) 


The,circle (4) will cut the circle (1) at extremities of a 
diameter if the common chord of (4) and (1) passes 
through the centre of (1). 


The equation of the common chord of (1) and (4) is 
5-8: =0, 

ie, 2gx+2fy+c+4=0 

It has to pass through the centre (0, 0) of the circle (1). 
с+4=0 .. (5) 

The equation of the common chord of (2) and (4) is 
S-$,-0, 

ie, (2g + 6)x + (2f + 8)у+с- 10 =0. 

It has to pass through the centre (3, 4) of the circle (2) 
(2g + 6)3 + (2f + 8)4 +с– 10-0 

or 6g+8f+c+40=0 

The equation of the common chord of (3) and (4) is 
$-$,-0, 

ie, (25 – 2)х + (27+ 4)у+с+2=0. 

Ithas to pass through the centre (-1, 2) of the circle (3) 
(2g – 20-1) + (2f + 4)2 +c +2 =0 


.. (6) 


ог -2g+4f+c+12=0 


(7 

Now, (5) = с=- so, (6) and (7) give 
6g + 8f + 36 =0, ie,3g + 4f + 18 =0 ... (8) 
and -2g +4f+8=0 (9) 


(8)-(9) = 5g+10=0 
&=-2 andso f=-3. 
the required circle is x + y?_ абу 0 


C-60 


30. For what values of | and m the circle 
S(x? +y?) + ly-m=0 belongs to the coaxal system 
determined by the circles x? +y? + 2x + 4y 6 = 0 and 
2(x? + y?) - x20? 


If the radical axis for each pair of the three given circles 
is the same then the result is established. 


Let the circles be 
SiEx*« y! «2x «4y-6-0 


S, ex ey! - =0 
bbb me 
S3=x°+y +5У 5 =0. 


The equation of the radical axis of circles 5; = 0, S; = 0 is 
5,-5,-0, 


ie, xy + ахз дув (уза) но 


5 
ог 7х+4У-6=0 


ог 5x+8y-12=0 „.. (1) 
The equation of the radical axis of circles 5; = 0, 53 = 015 
5$›-5у=0, 
i 2 3 1 m ri 2 1 QUE 
ie, хочу -3x f +y +59 579 
quta md 
or о -ух-сту+т= 
or 5x«2ly-2m-0 ... (2) 
(1) and (2) must be identical. So, comparing them, 
5,8 -12 
5 21 -2m 
or dote 
l m 
l=4,m=6. 


Note The system of circles coaxal with the circles 
5; =0 and $,=0 has the equation of the form 
S, «45; = 0, 9. 5-1). 
If we can find a A е К such that $, +25, = 0 and 
5; =0 are identical equations then we can say 


S; = 0, is a circle belonging to the coaxal system. : 


determined by $, = 0, $ = 0. 


31. Find the locus of the middle points of the chords of : 


the circle x? + y* =a? which pass through a given 
point (х1, уу). 


Let Ра, В) be the middle point of any chord АВ through í 


the given point (xj, yi). 


Problems Plus in ШТ Mathematics 


The centre of the circle is O(0, 0). Clear] 
perpendicular to AB. 
m of AB = PA 


Now, а-қ 


a-n а с. 

or a(u-x)*B(p-y)-0 

2. theequation of the locus of P(a, В) is 
x(x x) + (у-у) = 0. 


ы) 


32. Find the locus of the middle points of chords of a 
given circle x? + y?= a? which subtend a right angle 


at the fixed point (p, 4). 
Change the origin to the point P(p, q). 


P (p.a) 


\ 


A B 


x2 ky? = a2 
- in new (X, Y) coordinates, P = (0, 0) 
and equations of transformation are 
х-р%Х,у-4%Ү. 
7. the equation of the circle becomes 
(+X)? «(Y *-a? 
whose centre is C = Cp, ay 


Let the middle point M of the chord AB be (а, В 
New coordinates, 


Then т” of CM 8+4. 


а+р 


i ABis perpendicular to МС, the equation of MC 


У PO is 


soi (Ol! 


yin the 


will 


2-22 (x-a) 
У +4 
а Е (a+p)X=a(a+p)+BB+4) O 


pair of lines through the origin and the intersection 

Е TO) is found by making (1), second degree 
homogeneous with the help of (2). 

| the equation of the pair PA, PB is 
1 (В+ Y + (a + р)Х 

a(a + p) + B(B + 4) 

2 
: 2222 Gene | 
ро [асру мр») 

The pair has a right angle between the lines if 


x^3 Y^ 4 2X * 4Y)- 


coefficient of X? + coefficient of ¥? - 0 
2р(о + p. 
E! [1+ша+р+рф+Ф 


(a+p)? | 


252102 
DG ср “aa +p)+ DO i 


24(В + 4) 
VOTED 


2 
- (a? - p?- 4?) (В +4) E 


lala + p) + BB +9)}? 
or 2{a(a +p) + В(В +q)} 2 
+2{р(а +p) + «(B + )На(а + p) + B(B + 4)} 
+(p? +42 -a° +p)? + (B + 4)} =0 
*. the equation of the locus in X, Y coordinates is 
2{X(X + p) + Y(Y + 4? 
+2{р(Х + p)  q(Y + ИХ + p)  Y(Y + q)} 
4 *(p?«q?-a*((X +p)? «(Y + 4)} =0 


Using equations of transformation (0), we get the 
equation of the locus of M in old coordinates x, yas 


2((х = рух + (y - gy? + 2{рх + qyll(x—p)x + (y - yi : 


; +(р®+4°%-а?у(х?+у?у=0 
ОГ 2il? +y?) - (px + дуу)? 
+ 2px + qy(x? + y?) - (рх + ау) 

у +(2+92-а?2)х?+у2)=0 
X 267 +у2)2 Apr + qy)ix? y?) 

cus +(02+92-а2)(х2+у2)=0 

2+2) - 2x + gy) (p? q?- a?) 20 


( x+y? #0) 


or 


E: 
X *y!- px- gy + Lip? «4^ -a)-0. 


C-61 
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33. Find the locus of the feet of the perpendiculars from 
the point (h,k) to the tangents to the cirde 
x^ y? - 2ax. 

Let (x,, уу) be any point on the circle. The equation of the 

tangent to the circle at (xy, yi) is 

хх + уу, = a(x + ху) 


ie, (хү-а)х+ууу-аху=0 DU 


Let Р(о, B) be the foot of the perpendicular to (1) from 
(h, k). Then (а, В) satisfies (1), 


ie, (м -а)а+уВ – ах =0 w+ (2) 
апа фер Жай. -1 (using perpendicularity) 

х-а h-a 
ог (у – B)(k - В) + (x - a)(h - a) -0 ... (3) 


From (2), (a – ax, + By, – aa = 0. 
From (3), (h - ах, + (k - Ву, - alh – a) - B(k - В) =0 
bil 
aa(k — B) – Bla. (t — a) + B(k — B)} 


E Yı 
` -aa(h - a) + (a – a)(a(h — a) + B(k — B)} 


1 
7 (а ак В) Ва) 
Вш x? + yt -2ax, 
Шын í 
(a - aXk - B) - Bi — o) ] 
+ Ce lod p - pr 4 
(а - ak — B) - B(h — a) 
= оа. 48 = В) - Blath - a) + Bik- py 
(a - ak - B) - B(h — a) 
or (аа – B?)k В) - а(н - a)? 
+ {(-aa + a? — aa)y(h - e) + В(а — ayk — £»? 
=2д{(аа — B^yk - В) - а(н - a) 
x {Ка — a) - Bih а) 
. the equation of the locus of the feet is 
Ках - ук - у) ~ xy(h - x? 


+I 24h - x) + yix ак ya 
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= Qal(ax — у?ук - y) - xy(h - x)Hk(x - a) - y(h - a}. 


34. Show that the locus of the point, the tangents from 
which to the circle x? y?- a? include a constant 
angle a is 

(x? e y! - 223)! tan?a = 4a" (x? + y? - 4), 


Let P(h, К) be a point from which the tangents drawn to 
the circle 


x’ +y?’ =a? ...(( 
be inclined at an angle a. 
(hk) А 
Any line through P(E, k) is y - k = m(x – h) ... (2) 
(2) will touch (1) if 
radius of (1) = length of the perpendicular from (0, 0) 
2 to the line (2) 
3 ЖЕ k- mh 
z ` | М +т? 


ог a*14«m?)-(k- mh)? 
or (a?- h?yn? + 2hkm «a? - k? Z0 ET 


This is quadratic equation in m whose roots ту, m; are 
the slopes of the two tangents. As the angle between the 
two tangents is a, 


m = mz 
апа-|---- 
1%-тт; 
2 _ бту тз)? 
or tan °a =———— 
(1 + mm) 


or (1+ rim)? tan 2а = (ту + m)? - 4mm, 


о 


aa 
T 
[55 
Nn 
E 
ر‎ 
Ni 
в 
1 
—— 
n 

S 
Р 
mj 
‘a 
و‎ 
> ja 
|. 
ШЕ 
a баз 
S" 


{from (3)) 
ог Qa?-h? - К?) tan а = 4h*k? – 4a? — а? 2) 
74a*(h* +k? а?) 
. theequation of the locus is 
2 ну? - 225)? дап о = 4a ий y! 13) 
Second Method 
Any tangent to x? + y? - a^ is y = mx «aN1 «m? 
It passes through P(h, К) if k= mh a V1 +m? 


or (k- mh)? = a7(1 + m?) which is the same as (3), 


i Clearly, (52, 4) is a point on x? + y? = 18. 


Then proceed as above. 


35. Find the equation of the system of Coaxal cir 
are tangent at (2, 4) to the locus of is tha 
intersection of mutually perpendicular Ed si 
the circle x? y? =9. 8% 
At first we find the locus of point of inter, 
mutually perpendicular tangents. 
Let (x,, у) be the point of intersection of Perpend, 
tangents. lla; 


Section y 


. the equation of the pair of tangents is 5. SiT 


ie, G^ «y*-9)i + yf -9) = (хх + yy, -9: 
ог (92-9) + (x7 - Dy? - 9(2 + у?) 
= 2хууху — 18xx, - 18у, 
As the pair is at right angle, a + b = 0, 
ie, sum of coefficients of x? and y? is zero 
y2-94x2-9-0 
or x +y? =18 
- Ње equation of the locus of point of intersection of 
perpendicular tangents is 
х?+у?=18 3 mu 


the tangent at (V2, 4) to the circle x? + y^ = 18 is 
x-N24 y-4- 18 wall) 
The equation of circles passing through the intersection 
of (1) and (2) is 
x? +y?— 18 + A(2x + 4y — 18) =0 
ог x+y? + 21x + day — 18. +1) =0 8 
As Q) touches (1), 
(3) is the family of circles touching (1) at (v2, 4). 
Also any two circles of (3) have the same radical 2X5 
V2x + 4y - 18-0 


> the required equation of coaxal circles is (3). 


36. A ball moving around the circle 
ху? -2x-4y 20-9 the 
in anticlockwise direction leaves it tangentially" 
Point (-2, -2). After getting reflected from 2 ші не 
line it passes through the centre of the circle. Р" uli 
equation of the straight line if its perpe?" 


distance from P is i 3 


Here, centre C = (1,2 


pall 
i here the 
ТЕЕ ) апа Һе point w. 


es the circle is P = C2, 2). 


AB be the required line and N be the point of 
E PN is the line of incidence and NC is the line 
in 
of reflection. 
Let NM be the normal to the line AB at N. 


m РММ = ZCNM = 0 (say). 


ке 
Now, PN LPC and PL 1 AB. 
бо ZNPL = ZPNM =. 
From the right-angled APLN, 
^ PN - PLsec 9-2 sec ө. 


оын 


From the right-angled ACPN, 


= cos(90° = Ө) 
20=90°-0; . 0=30°. 
Now,^m' of PC = 2-C2 4 


Circles 


Let ‘n’ of MN = т 


4 
Bina 4-3m 

tan (180° - 90° + 30°) | 7,4 |7 |34 4m 
1+5: 

> |4-3m 

tan 60° = TET 

4-3m | 5 

3+4т 


or 4-3m =+ (3 + 4т) 
or 4F3N3=3m + 43m 


_ 43 
33 
_4-33 44353. 
“34413 3-3 


1 34443 43-3 


m 


т —— کے‎ 


or 8+68-8\3+6+с(4+3\3) 
— V16 + 27 + 2433 + 48 + 9 — 2443 


or 14-243 + (4+303) «2-10 225 


253-14 £25 
(0044383 


As the ball is projected from a point in the third 
quadrant while moving in the anticlockwise sense, 
clearly the slope of the AB will be positive and it should 
cut negative intercept on the y-axis. 


2213-39 
ETE 
. the equation of the line is = 353-3, 213-39 
4+33 ^ 443437 


Similarly, we can obtain the equation of the line wh 
i en 
*m' of AB is 


а 
aed which is also Positive, 


Ce 
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Exercises 


1. Find the equation of a circle whose diameter has the 
length 20 and the equations of two of its diameters 
are 2x + y=6 and 3x 4 2y - 4. 

2. Find the equations of circles touching the y-axis at 
(0, 3) and making an intercept of 8 units on the x-axis. 

3. Find the equation of the circle passing through the 
points (1,-2) and (4, 23), and whose centre lies on the 
line Зх + 4y - 7. 

4. Find the equation of the circle passing through the 
intersection of the lines 3x + y = 4 and х-3у%2-0 
and concentric with the circle 

2(x? + y?) - 3x +8у-1=0. 

5. The abscissa of two points A and B are the roots of the 
equation x? + 2ax — b? = 0 and their ordinates are the 
roots of the equation x?«2px-4?-0. Find the 
equation and radius of the circle with AB as diameter. 


6. Let A = (0, 1) and в-(-6,4 te two fixed points 
in a plane. Let C denote a circle with centre B and 
passing through A. Prove that the real roots of the 
equation x? + px + 4 = 0 are given by the abscissae of 
the points of intersection of C with the x-axis. 

7. Find the equation of the circumcircle of the triangle 
formed by the lines y = x, y = 2x and y = 3x 4 2. 

8. Prove that the equation of the circle passing through 
the noncollinear points (х,, yir-1,2,3is 


‚ш ы сй O Ее 
X +y Xity; ї;+у; AZ жу; 


х xı X; X3 50 
у У У Уз ` 
1 H 1 1 


9. Of the two concentric circles the smaller опе has the 
equation x? + y? = 4. If each of the two intercepts on 
the line x + y =2 made between the two circles is 1, 
find the equation of the larger circle. 


10. If the four distinct points My = 21-1,2,3,4 are 
r 


concyclic then prove that the product of their 
ordinates is equal to 1. 

11. Find the angle that the chord of the circle 
x? + y? - 4y =0 along the line х+У=1 subtends at 
the circumference of the larger segment. 

12. Prove that the circles x? + y? - 9 = 472; т=1,2,3 cut 
off equal intercepts between the circles on the line 
Зх + 4у +15 =0. 

13. Сап the four lines 4х-3у=5, х-2у-10, 
7x « y 240 and х+3у+10=0 form the sides of 4 
cyclic quadrilateral? Justify your answer, 


14. Find the range of values of r for which the 


è 2 Poing, 
the line 4(%-2)-2(у- Ц-, lie bor, | 


ween 
circles x? t y! = 1and x? * y? - 2, 
15. Find the equation of the largest circle With th. 
on the line 2x * y =3 and lying between |. | 
х-у=1апах-у+3=0. ТЕ 
16. Find the possible values of m such that th, 

: 25.2 м. 
у= mx + 4 cuts the circle x? + y? — 4y = 32 but not: 
circle x? + y?=4. | 

17. Determine all those values of рє R for which s. 
chords can be drawn from the point (Pip) to r 
circle (xp)? + y? = p? both of which are bisected, 
the line x - 2y +2 = 0. 

18. Examine whether the circles x?+y?- 2-4, 
and x*+ y? - 8y = 4 = 0 touch each other externally 
or internally. Also find the point of tangency. 

19. A circle of radius 2 lies in the first quadrant an 
touches both the axes of coordinates. Find th 
equation of the circle with centre at (6, 5) м 
touching the above circle. 

20. Show that the circles x? + y?— 10x + 4y - 20 = 0 and 
x? +y?+ 14x — бу + 22 =0 touch each other. Find tre 
equation of the common tangent at the point 
contact. 

21. Two circles, each of radius 5, touch each other at 
(1, 2). If the equation of the common tangent : 
4х + 3y=10, find the equation of the circles. 

22. Prove that x*+y?=a? and (x—-2a)?+y7=a" ar 
two equal circles touching each other. Find the 
equation of the circle(s) of equal radius touching 
both the circles. 

23. Find the equation of the circle which touches the 
circle х?+у?-6х+бу 417-0 externally and № 
which the lines x? — 3xy - 3x + 9y =O are normals 

24. Find the area of an equilateral triangle inscribed її 
the circle 

x5 + y! 42974 2fy 40=0, 
25. Find the area of a square circumscribing the circle 
367 y?) - 64 8y =0. 

26. Show that the area of the triangle for med » 
tangents from the point (4,3) to the C" | 
X^* y^ -9 and the line segment joining their рї 


of ci 6717. д 
ontact is 7 25 Square units. 


" 4% h 
27. Find the equations of the circles passing jos T | 
(4,3) and touching the lines x + y = 2and x 9^7 


28. Find ‘the equation of the family of circles which 
touch the pair of lines x? - y* + 2y - 1-0. 


29. Lines 5x %12у-10-0 and 5х-12/-40-0 touch, 


the circle C, of diameter 6. If the centre of C, lies in 
the first quadrant, find the equation of the circle C; 
which is concentric with C, and cuts intercepts of 
'Jength 8 on these lines. 

30. Find the equation of the circle passing through the 
points A(4, 3) and В(2, 5), and touching the y-axis. 
Also find the point P on the y-axis such that ZAPB 
has the greatest magnitude. 

31. А circle touches both the x-axis and the line 
Ax - 3y + 4 = 0. Its centre is in the third quadrant and 
lies on the line x — y - 1 = 0. Find the equation of the 

агае. 

32. Obtain the equations of the straight lines passing 
through the point A(2, 0) and making an angle 45° 
with the tangent at А to the circle 
(%2)2%(у-3)1-25. Find the equations of the 
circles, each of radius 3 whose centres are on these 
straight lines at a distance 5V2 from A. 


33. The extremities of a diagonal of a rectangle are 
(74, 4) and (6, -1) А circle circumscribes the 
“rectangle and cuts an intercept AB on the y-axis. 
Find the area of the triangle formed by АВ and the 
tangents to the circle at A and B. 


34. Tangents are drawn to the circle x? + у? = 12 at the 
points where it is met by the circle whose equation 
isx^- y! - 5x 3y - 2 =0; find the point of inter- 
Section of these tangents. 

35. Find the equation of the tangent to the circle 

, z+ y? 80x — 60у +2100 = 0 at the point nearest to 
the origin. 

36. Prove that the line x+y=2V2 touches the circle 
x+y =4. Also, if the point of contact be P then 
find the equations of the tangents to this circle 
which are at a distance 2 – V2 from the point P. 


37. Prove that the tangent to the circle x? + y?=5 at the 
Point (1, -2) also touches the circle 
х2+у? 8x + 6y + 20 =0 
and find its point of contact. 

38. AB is a diameter of a circle. CD is a chord parallel to 
К AB. and 2CD = АВ. The tangent at B meets AC 
: Produced at E. Prove that AE = 2AB. 

39. From the point P(1, 0), a tangent PA is drawn to the 

2) Circle х?+у2-8х+12=0, A being the point of 
contact. Find the equations of the tangents to the 
“circle from the middle point of PA if A is in the first 

quadrant, 


CH 
Circles 


40. A tangent drawn from the point (4, 0) te the eee 
x?4y?=8 touches it at a point A іп е 
quadrant. Find the coordinates of another poin 
the circle such that AB = 4. MA 

41. A tangent is drawn to the circle (x-a)? +y e 
and a perpendicular tangent to the circle 


(x+a)?+y?=c?; find the locus of their vet 
i i that the bisectors of the 
1... one or other of 


angles between them always touch 
two other fixed circles. 

42. Find the coordinates of the point at which the circles 
х?+у?-4х-2у=4 and х?+у? - 12x - 8y + 48 -0 
touch each other. Also find equations of common 
tangents touching the circles in distinct points. 

43. A circle C, of radius 5 has its centre at the origin A. 
Circles С, and Су with centres at В and C, and of 
radii 3 and 4 metres respectively touch the circle C, 
and also touch the x-axis to the right of A, C; being 
in the first quadrant and C; in the fourth quadrant. 
Find the equations of the common tangents to the 
circles С, and С; except the x-axis. 

44. A line segment AB is divided at C so that AC = 3CB. 
Circles are described on AC and CB as diameters 
and a common tangent meets AB produced at D. 
Show that BD is equal to the radius of the smaller 
circle. 

45. Find the equations of common tangents to the 
circles 

x? «y?z1and (x-1)? « (y - 3)? 4. 
46. From any point on the circle 
х®+у?+2вх+2/у+с=0 
tangents are drawn to the circle 
x? e y? + 2gx + 2fy + csin’a + (g? + f?)cos 2a = 0. 
Prove that the angle between the tangents is 2a. 

47. The chord of contact of tangents from a point on the 
circle х?+у? - a? to the circle x? + y?— 5? touches 
the circle x? + y? = с? Show that a, b, c are in СР. 

48. Show that the polar of the origin with respect to the 
circle x? + y? + 29x + 2fy +с - 0. touches the circle 
х?+у?=а? ifc?*-a*(f? + g2). 

49. If the pole of a straight line with respect to the circle 
x? + y! = с? lies оп the circle х2 + у? = 9c? then prove 
that the line is a tangent to the circle 9x2 4. ду? = c2 


50. Tangents are drawn to the circle x24 уі-а? from 
the point (h, К). Prove that the area of the triangle 
formed by them and their chord of contact is 

alh? +k? 2 a2 
th? +k? 
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- LetC be the centre of a circle. Lines L, and L, are the 
Polars of the points A and B with respect to the circle 

respectively. Perpendiculars AM and BN are 

dropped from A to the line L, and from B to the line 

L, respectively. Prove that CA : CB = АМ : BN. 

Find the pole of the chord of the circle x? + у?=81, 

the chord being bisected at the point (-2, 3). 

53. Find the equation of the circle which has for its 

diameter the chord cut off on the line рх%4у-1-0 

by the circle x? + y? - 42-0. 


52. 


54. If y = mx be the equation of a chord of the circle 
2 
х?+у? - 2ах=0, prove that the circle of which this 
chord is a diameter has the equation 
(1+т I(x? жу? — 2а(х + my) = 0. 
55. Prove that the equation 
x! +y?42(3 + px + 28- py 420 
represents a circle for all values of p, passing 
through two fixed points. Find the fixed points. 

56. Prove that the circle x? + y? – 6x – 4y +9 = Obisects 

the circumference of the circle 
x! + y! - 8х -6y 423 =0. 

57. The polar lines of a point P with respect to two given 
intersecting circles meet in Q. Show that the 
common chord of the circles bisects PQ. 

58. Find the equation to the circle whose diameter is the 
common chord of the circles (x - a)? y? =a? and 
x?+(y-b)?=b?. Also find the, length of the 
common chord. 

59. Prove that the length of the common chord of the 
circles 

x+y? «2hx «a? -0 
and x?^y?-2ky-a?-0is 
(h? -a*yk? + 43) № 
А, 
h? +k? 

60. Find the equation of the circle passing through the 
points of intersection of the circles x? + y? = 4a? and 
x*+y?-2x-4y+4=0 and touching the line 
x+2y=0. 

61. Find the equation of the circle which passes through 
the points of intersection of the circles 

x?+y?-6x+2y+4=0 
and x?*y?42x-4y- 6-0 
and whose centre lies on the line y = x. 

62. Find the equation of the circle whose diameter is the 
common chord of the circles 
x? ++ 2x +3 +1 =0andx*+y?+4r+3y+2 =0. 

63. Do the circles x? + y?- 6x - 4y+9 =0 and 
х?+у?-8х- 6y +23 =0 intersect each other? If 
they intersect, find the length of the common chord. 
If they touch, find the common tangent at the point 


of contact. If they do not intersect or touch, ; 
radius of the smallest circle touching у "dt. 
circles. 
64. The line Ax + By + C = 0 cuts the circle 
x!«y?^ cax by tc 0 
in P and Q. Another line Ax + B'y + C; 
circle x? + y+ a'x & b'y +c’ =0 їп Кап 


8 both ы 


=0 Cuts th 
dS: Ире 


Капа $ are concyclic then show that 9, 
а-а” b-b' c-c’ 
А В С |-о. 
А” в” c^ 
65. Prove that x?+y?+A(y—x-2V2) -4 repré 
circles touching each other at a common point je 


real A. Also find the common point. 


66. Prove that the equation x+y 2x 5j, ¢ С 
represents a circle passing through two fixed points 
A, B for all real А. If the tangents at A, B to the circle 
meet on the line x + 2y +5 = 0 then find the equation 
of that particular circle. 

67. Find the equations of circles passing through the 

intersection of the circles x? + y? = 4 and 
х?+у2-2х-2у+1=0 
Whose centre is at a distance 2V2 from the origin. 

68. Prove that the common chord of the Girdle 
x? +y? + 6x + 8y £7 =0 and the circle which always 
touches the line y = x and passes through (0, 0), will 
always pass through a fixed point. 

69. Consider a family of circles passing through two 
fixed points A(3, 7) and B(6, 5). Show that the chords 
in which the circle x? + y? - 4x - 6y - 3 = 0 cuts the 
members of the family are concurrent. Find the 
coordinates of the point of concurrency. 


70. If the circle x? + y? = 16 intersects another circle C 0! 
radius 5 in such a manner that the common chord is 


г 3 5 
of the maximum length and has a slope vi show 


that the coordinates of the centre of the circle Са" 

3 9 -12 9 12 

either j2, | orf- 2,34 
НЕЕ 

71. Find the equation of the circle passing through th? 
ogn and cutting the circles 
x*+y’-4x+6y+10=0andx?+y?+12y+6=0 
at right angles. 

72, Find the equation of the circle which passes through 
the origin, has its centre on the line x + y + 4 7 02" 
cuts the circle x? & y? 4Y 2y + 4 = 0 orthogonally 

73. Prove that the two circles which pass through the 
points (0, 4) and (0, =a) and touch the lin? 


y= mx +c, will cut each other orthogonally d 
с =a 2 + т?), 7 


Circles 


Т Circles $-0,5'-0have radii r and r ' respectively. 
74. Cire 


> 5.9’ А 
Prove that the circles vt ni =0 will cut each other 


orthogonally. 
ргоуе that the family of circles whose centres lie on 
Е dis line 2x -2y * 9-0 and each of which cuts the 
circle x? + y! =4 orthogonally, passes through two 
fixed points. Find the fixed points. 
76. Prove that the general equation of circles cutting the 
two circles x? + y3 «2g + By c 70; г= 1,2 
orthogonally is 


xXey! тх -у ps M. 
e & + Л 1|=0. 
с, & № & f 1 


77. Prove, that a common tangent to two circles is 
bisected by the radical axis of the circles. 


78. Find the equation of the circle coaxal with the circles 
2x24 2y?- 2x + 6y-3=0 
and x? y? +4x € 2y £170, 
“and whose centre is on the radical axis of the circles. 


79. Three circles are given: 
ху =1, чу? -8х+15=0 
cand х?+у2+10у+24 - 0. 
Determine the radical centre (i.e., the point such that 
| ше tangents drawn from it to three circles are equal 
~ in length). 


ù 


rom a point D, tangents drawn to the circles 
x+y 2+ -3 =0, 31? 4 3y! - 5x & 3y =0 
i : and 4x7+ 4y + 8x + 7y +9 =0 are equal. Find the 
` equation of the circle through P which touches the 


Wiine x + y - 5 at the point (6, -1). 


81. Prove that a common tangent to two circles of a 
L,coaxal system subtends a right angle at either 
^i limiting point of the system. 

82. Let A = (22, 0) and В = (1, 0) and P is a variable point 
_ such that ZAPB = 60°. Prove analytically that the 
__ locus of P is a circle. Find its radius and centre. 


83 A circle passes through the origin O and cuts two 


К _Шпезх+у=0 and x - y = Oin Pand Qrespectively. If 


the straight line PQ always passes through a fixed 
—— point, find the locus of the centre of the circle. 


84. A point moves such that the sum of the squares of its 
7 distances from the sides of a square of side unity is 
Qual to 9. Show that the locus of the point is a circle. 
» Find its centre and radius. 


85. Two rods of lengths a and b slide along the 


3 | Coordinate axes in a manner that their ends are 
__ always concyclic. Find the locus of the centre of the 
_ circle passing through these ends. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


“= 


C-67 


i irc} 
The point A(1, 5) is joined to any point of the ped 
x? + y2 = 4. Find the locus of the middle point о 
as P moves on the circle. 


i ircle passes throu 
aS TT Show that the locus o 
end of the diameter through P is (x - 1)? = 8y. 
From the point A(0, 3) on the circle 

x2 + 4x + (y-3)? =0, 
a chord AB is drawn and exten: 
that AM =2АВ. Find the equatioi 
From the origin, chords are drawn to the SE 
(x — 1)? + y? - 1. Find the locus of the middle points 
of the chords. 
The base of a triangle passes through a fixed point 
(a, b) and its sides are respectively bisected at right 
angles by the lines y? – 8xy – 9х? = 0. Prove that the 
locus of the vertex is a circle. Find its equation. 
A circle of radius r passes through the origin O and 
cuts the axes at A and B. Find the locus of the 
centroid of AOAB. 
A circle of radius r passes through the origin O and 
cuts the axes at A and B. Let P be the foot of the 
perpendicular from the origin to the line AB. Find 
the locus of P. ‘ ; 
Find the locus of the middle points of the chords of 
the circle x? + y? = a? subtending a right angle at the 
point (о, 0). | 


gh the point P(1,2) and 
f the other 


ded to a point M such 
n of the locus of M. 


Through a fixed point P, a line is drawn 
perpendicular to any diameter | of a given circle to 
meet the diameter т at the point О where m makes 
45° with І in anticlockwise sense. Prove that the 
locus of Q is a circle passing through the centre of 
the given circle. 


The point A is one of the points of intersection of 
two given intersecting circles. Any line is drawn 
through A to cut the circles again at P and Q. Prove 
that the locus of the middle point of PQ is a circle. 


Prove that the locus of a point which moves such 
that the sum of the squares of its distances from 
three vertices of a triangle is constant, is a circle 
whose centre is at the centroid of the triangle. 


The tangent at any point P on the circle x* + y?=2 
cuts the axes in L and M. Find the locus of the 
middle point of LM. 


A triangle has two of its sides along the axes; its third 
side touches the circle х? + y? – 2ах — 2ay +a? =0. 
Find the equation of the locus of the circumcentre of 
the triangle. 

Find the locus of the foot of the 
drawn from a fixed point on the 
tangent to the circle х2 + у? = q2, 


Perpendicular 
x-axis to any 


C-68 


Problems Plus in ИТ Mathematics 


100. Let S=x?+y?+ 2014 2fy +c =0 bea given circle, 
Find the locus of the foot of the perpendicular 
drawn from the origin upon any chord which 
subtends a right angle at the origin. 

101. Show that the locus of points from which the 


tangents drawn to a circle are orthogonal, isa 
concentric circle. 


102. Find the locus of the point of intersection of 
tangents to the circle x = acos Ө, y = asin 0 at two 


points whose parametric angles 0 differ by B š 


103. The circle x? + y? - 4x — 4y + 4 = 0 is inscribed ina 
triangle which has two of itssides alongtheaxes of 
coordinates. If the locus of the circumcentre of the 
triangleisx + y — xy + AVx + y? = 0, find À. 

104. A system of circles is drawn through two fixed 
points. Tangents are drawn to these circles parallel 


to a given line. Find the equation of the locus of the 
points of contact. 


105. Find the locus of centres of the circles which touch 
the two circles х?+у?=а? and x?«y?-4ax 
externally. 

106. A line through the origin O cuts the circle 
x^ « y? = 2(x + y) at A. Prove that the locus of the 
centre of the circle drawn on OA as diameter is also 
a circle which touches the given circle internally. 

107. Find the locus of the point from which the chord of 
contact of tangents drawn to the circle x? + y? = 16 
subtends a right angle at the centre of the circle. 

108. Find the locus of a point whose polar with respect 
to the circle x? + v? = a? touches the circle 

(х-а)?+(у- В)?=Ь?. 

109. Two equal circles touch one another Find the locus 
of a point which moves so that the sum of the 
tangents from it to the two circles is the constant k. 

110. Find the locus of the centres of circles which cut the 
two circles 

x +y?+4x-6y4+9=0 
and x*+y?~4x+6y+4=0 orthogonally. 

111. Find the locus of the point of contact of parallel 
tangents which are drawn to each of a series of 
coaxal circles. 

112. Prove that the circle (x — a)? + (y — a)? =a? touches 
the x-axis. If the circle is rolled on the x-axis in the 
positive direction through a complete revolution, 
find the equation of the circle in the new Position. 


113. The circle x? + y? - 4x -8y * 16-0 rolls up the 
tangent to it at (2 + ¥3, 3) by 2 units in the direction 
of increasing x. Find the equation of the circle in the 
new position. 


— мэ НДЫ 


114. The centre of a circle is (1, 1) and its , 
units. If the centre is shifted along the lir 
through a distance ¥2 units, find the édu 
circlein the new position. 
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Objective Questions 


Fill in the blanks. 

115. The point on a circle nearest to the exterior pur, 
P(1, 2), is 4 units away from P while the M 
farthest is (~3, ~2). Then the equation of the circ), 


116, The equation of the circle which touches the с, 
х2+у2+2х+2у-7=0 at (2, -1) апа Biss 
through (1, 0), is 

117. The point of intersection of the lines ах + by - , - 
and bx - ay t b =0 is P. A circle with the cent, 4i 
(1,0) passes through P. The tangent to the circle ai p 
meets the x-axis at (k, 0). Then К = 


118. The equation of the circle which is concentric with 
the circle x? + y? — 5x -4у-1=0 and touches the 
straightline4x-3y-6-0is ^ . 

119. A circle touches the x-axis at (2, 0) and has an 


intercept of 4 units on y-axis. Then the equation of 
the circle is d 

120. The line L passes through the points of intersection 
of the circles x?+y?=25 and x?+ y?- 8+7 =1 
The length of perpendicular from the centre of the 
second circle on the line L is 

121. The equation of the locus of midpoints of the 
chords of the circle 4x? + 4y? — 12x + 4y + 1 = Û that 


subtend an angle of = at its centre is 


122. The sides of а square are х=4, x-7, y- 1 and 
y = 4. The equation of the circumcircle of the square 
is 


123. If (4, 1) bean extremity of a diameter of the circle 
x^ ey? -2x + бу 15-0 then the other extremity 
Of the diameter is j 

124. The length of the chord 4x - 3y =5 of the circle 
x^ ey! e3x s +10 is 


125. The line 3x + 4y = k touches the circle x? + у? = 1" 
Thenkz and the point of contact = —— 

126. The line 7у-х=5 is a tangent to the СЇ 
1^ £y! - 5x 5у-0. The other parallel tangen! ^ 


—— 4 


11 The length of the tangent to the circle 
X" y + 6x-4y 320 


эъ” 


| 
| 
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Circles 


drawn from the point (5, 1) is 4 
The equations of tangents to the circle x? * у? = 4 
E which are inclined at 60* with the positive direction 
of the x-axis are and 
129. The pole of the line 3x + 5y + 17 =0 with respect to 
the circle x? + y? + 4x + 6y +9 =0 is 
ircles 
E De КЫГА, and (x-b)?+(y-a)?=c? 
will touch each other if 5 
i asses through the points of intersection of 
E MEI. axes wth he lines bx -у+1=0апа 
х-2у+3=0 then the value of À is 
iangle formed by the positive 
ге I. а ind the Шо to i circle 
x? +y? =4 at (1, V3) is 
133. The equation of the circle passing through @, 0) 
and (0, 4), and having the minimum radius is 


134. Т equation of the diameter of the circle 
(x - 2) (y + 1)? = 16 which bisects the chord cut 
off by the circle on the line x – 2y - 3 = 0, is р 

135. The equation of the line passing through the points of 
intersection of the circles 

3x143y?- 2x + 12y -9 =0 

and x? y? + 6x «2y - 15 =0 is 

136. The area bounded by the circles x? + y? 2 1 and 
x^ry!-4 and the rays given Бу 
2x-3xy -2y* =0, y» 0 is 

137. The set of values of A for which the circles 
x?ry!-22 and х?+у?-4х -4у+А=0 have 
exactly three real common tangents is 

138. If the distances between the origin and centres of 
the three circles x^ y?-2A,x-a?=0; r=1,2,3 
are in GP then the lengths of tangents to the circles 
from any point on the circle x? y?- a? are in 


139, If lines 4x-3y*2-0 and 8x=6y+5 are two 
tangents of the same circle then the radius of the 
- Circle will be ; 
140, The limiting points of the coaxal circles 
ху x Ax +9 =0 are а 
141. (а) The circle x? +y? – 2ах -2ay ca? =0 touches 
° the axes of coordinates at and 
(b) The line (х – 1)соѕ 0 + (y- )вілб-1 touches 
~ the circle whose equation is ‚ for all 
values of 6. 
142. The equation of the circle passing through the 
1 Points of intersection of the circles x? + y? = 6 and 
| x7 * y! — 6x 4 8 - 0, and the point (1, 1) is : 
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143. The point on the circle 
16(x? + y?) + 48x - By - 43 70 à 
nearest to the line 8x – 4y + 73 = 0 is p 
144. The chord of contact of the pair of xs ini de 
from each point on the line 2x тут 4 to 
x? + y* = 1 passes through the point 
145. The chord whose equation is y — x 79,5 ee 
angle 30° in the major segment of the ci 
x!«y*-k*ifkz 


ubtends an 


Choose the correct option(s). 


146. The radius of the circle 4x? + 4у? - 10x + 5y + 5 =0 
is 


35 


аз” dd 


b) эв (0385 


147. The line 3x – 4y =k will cut the circle 
x! y! - Ax - 8y - 5 = 0 at distinct points if 
(a) к < -35 ork > 15 (b) -35 <k < 15 
(c) k» 15 (d) none of these 

148. The line xsina—ycosa=a touches the circle 
x* & y? z a?. Then 
9ae|-5- z] 
(c) ae [-r, n] (d) a is any angle 

149. The equation of a tangent to the circle 

x? +y? -6х+4у-3=0 

which is perpendicular to the line y = 2x — 1, is 
(а)х+2у+1=0 (b) х+2у+1+4\5 =0 
(Ox +2y + 415 =0 (d) none of these 

150. The equation of a tangent drawn to the circle 
x? + y? - 2x + 4y = 0 from the point (0, 1) is 
(а)2х-у+1=0 (b) 2x-y-2=0 
(c)x+2y-2=0 (9) х+2у+1=0 

151. The centre of the circle passing through the origin 
and cutting off intercepts a and b on the x and y 


(b)a e [0,7] 


axes, is 
ЕКЕН 
a - 


(d) (a, b) e(-2- 5) 


152. A square is inscribed in the circle 
xj!ey*-2x £4y 43-20 
and its sides are parallel to coordinate axes. Then 
one vertex of the square is 
(а) (1+ V2, -2) (b) (1 - V2, -2) 
(с) a, -2 + V2) (d) none of these 
153. Two circles (x - 1)? 4. (у- 3)? 


=r” and 
x!«y*-8x42y 48-0 
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154. 


155. 


156. 


157. 


158. 


159. 


160. 


161. 


162. 
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intersect in two distinct points if 

(а) 2 <г<8 (b)r <2 

(c)r=2 (d)r>2 

The centre of a circle passing through the points 
(0, 0), (1,0) and touching the circle x? + y?=9 is 


ebd ө 
NM 


If exactly two real common tangents can be drawn 
to the circles x? + y? -2x - 2y =0 and 
x? + y? - 8x - 8y +A =0 then 
(a) A < 32 (b) 24 <А <32 
(с) «24 (d)0«2 «24 
If a circle passes through the point (a, b) and cuts 


the circle x? +у?=к? orthogonally, the equation of 
the locus of its centre is 


(a) 2ax + 2by - (a? +b? +k?) =0 
(b) 2ax + 2by - (a? - b? +k) =0 
(с) x? +y? - Зах - 4by + (a? + b? 3) - 0 
(d) x^ + y? - 2ax - 3by + (a? - b? -k3) =0 
For апу Ae К, the locus 
x!ey!-2Ax-2Ay & A? =0 
touches the line 
()х-0 (bx-y (о)х+у=0 (d)y=0 
The equation of a circle which touches the line 
2x—y=1 at (1, 1) and also touches the line 
2х+у=415 
(а) х2+у2-3у+1=0 
(b) х2+у2+3у+1=0 
(© 4(x? + y?) + 10x  7y-9-0 
(d) 4(x? + y?) - 10x - 7y 49-0 
The cirde for which the line joining the points 


a 2a 


(am?,2am) and rA is a diameter, is 


touched, for all values of т, by the line 
(b)x+a=0 ()x-22a  (d)x42a-0 
The radius of the circle passing through the point 


(6, 2) and having x*y-6 as a normal and 
x * 2y = 4 as a diameter is 


(a) x 2a 


(а) 10 (b) 2۷5 (с) 5/2 (d) 4У5 
А circle passing through the point (3, A) touches 


the pair of lines x?— y* - 2x +1 =0. The centre of 
the circle is 

(а) (4,0) (b) (6,0) (0 (0,4) (а)(5,0) 

AB is the diameter of the circle along the x-axis 
whose centre is the origin and A- (a, 0). 


P(acos а, asin &) and Q(acos В, asin B) are 

points on the circle such thata = В + 5. s н 

the locus of the point of intersection of АР | ШЙ 
a 


(a) x? - y* - 2aytan ya? “0 
(b) x? - y? -2aycot y 2 a? 
(c) x? + y* * Zaytan y 2 a? 
(d) x? +y?+ 2aycot y = a? 


163. The angle between a pair of tangents q rawn | 
point P to the circle "uis 


x? y? + 4x — 6y + 9sin ? + 13соѕ u = () 
is 2a. The equation of the locus of the Point p 


(a) х2+у2+ 4x -6y 44-0 
(b) x+y? + 4x - 6y =9 =0 
(с) х?2+у2+4х-6у-4=0 
(9) х2+у?+4х-6у+9=0 
164. Let AB bea line segment of length 4 with A on hy 


line y = 2x and B on the line y = x. The locus vi the 


middle point of the line segment is 
(а) a line (b) a pair of lines 
(c) a circle (d) none of these 


165. The locus of the centre of a circle which touches the 


circle x? «y? - éx- 6y +14 =0 externally and als 

touches the y-axis, is given by the equation 

(a) x?-6x-10y+14=0 

(6) x= 10x - 6y+14=0 

(Оу? -6х-10у+14=0 

(A) y? - 10x - 6y +14 =0 
166. The circles x? + у? + 2ux + 2vy =0 and 

x? + y+ 2x + 23у =0 touch each other if 

(a) uu; = vv, (b) uo = що 
(d) none of these 
167. The centres of the circles x? + y? - 1, 

x? +y?+6x-2y 2120 
and x?+y?_12x+4y=1 аге 
(a) vertices of an equilateral A 


(b) vertices of a right-angled triangle 
(c) collinear 


(d) none of these 
168. The line y = mx + с touches the circle 
&-0) + (у - B)? -a?if 
(а) В = та + C+ аута mE 
(b mB = a. + c + a1 тт 
(© B+ a1 +т? = mate 
(d c= + aN + mE 


169. A circle Passing through the origin and cutting [ 
equal chords of length N2 from the straight i^^ 


(c) uv = цур, 


vt 


у= 12115 
fax? жу? +2у=0 
r+ -2у=0 
(gx t y? - 2x -2y =0 


(b) х?+у2-2х=0 
(а) x+y? 42x =0 


state whether the statements are true or false. 
170. The line х+3у=0 is a diameter of the circle 


xix y? - 6x + 2y =0. 


Circles 


E 
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171. There are two real tangents from the point (2, 1) to 


the circle x? y? = 8. 
172. The length of the tangent fro 
circle 2(x? + y?) +х+2у-1= 


m the point (3, 4) to the 
015 2015. 


cuts the circle 


173. The straight line у=тх+с 
x! y! - a? 20 in real points if aY1 + т > lel- 


-17- t 
174. The lines 2х + 3y + 19 -0 and 9х+ 6y - 17=0 cu 
the coordinate axes in concyclic points. 


Answers 


T x2+ y2 16x + 20y + 64 = 0 


2. (х+5)2+ -3* 725 

3. 15(x24 y?) - 94x + 18y + 55 =0 

429363) -3х+8у-9=0 z 

5. Ау 2х + py) =? +q, уп + epa eq? 

7. x2-+y?— 6x + 8j =0 9.3* «y! 254282 
af: 

11. cos Еа) 


“[ 1+2\3 + Va3 +1 сыш 


13. уез 


2 2 


| 1+2\3- \4\3-3 — 142Y3- Үз «1 
"An 2 %% 2 | 


15. 9х2+у2) – 12х-30у+11=0 
16, —{3 < m < V3 


En 
75): (NS 
18. internally, (2,0) ' 
19. х?+ y? —12x - 10y + (52 or 12) =0 
20. 12x -5y 4 21-0 
21. x3 +y?—10x 2 10y + 25 - 0, 
х?+у?+6х+2у-15=0 
22. x £y? = Jax + 2V3ay + 3a? =0 
23, x7 + y?— 6x —2y+1=0 


1 
25. 11 = unit? 
Tig unit 


27. x? + y* —2(—10 + 36) + (55 + 246) = 0 
28, х?+у?+2]дух-2у+т?+1=0 апа 
12+ y2 2(1+г)у+т?+1&#2{2г=0 
where r is a parameter 


29. x+y 19x 4y + 4 =0 
3035. y2- 20x- 22y + 121 =0, 
1+1 Ax 6y +9 =0; (0, 11), (0,3) 


31. 9(x^« y?) + 6х + 24y «1-70 
32. 7x4 y 214, x -Ty 22, x* + y? - 2x - My +41 =0, 
x? + y? -6х+14у+ 49 =0, 
x+y? - 18x - 2y * 73 =0, 
x! y^ + 10x + 2y +17 =0 
33. 166.375 unit? 
-18 
34. 6 2 ] 
36. у=2,х=2 37. (3, -1) 
39. 2x - N5y = 2, 62x + 5V5y = 122 
40. (2, -2), (2,2) 
41. (x? y? - a! = (D? + c?) x? y? +a?) 
+ 2a(b? — c?)x — 4abcy 


42. (5 тупее) аи 


35.4x + 3y — 150 =0 


D^ 
21646 #1) 


where 15 


m- 


43. у= т(х – N55) +3а+\1+т?) where 
_ 146165 -/55) -7(N65 - N55) + V168 - 10/143 


7413-72 119 - 104143 
45. Зу=4х-5, 3x + 4y =5, y s 1, x 2-1 
162 243 
Cm) 


53. (p^ + q(x? + y? - a) -2(px + qy - 1) =0 
55. (-3 + V7, -3 + V7), (-3 - V7, -3 - V7) 
22.5 0% 4% 2ab 
58. (a + b(x +y урка В 
60. (1 ax? + y?) - 2a?x - 40y =0 
61. 7(x2« y?) -10x-10y- 12 =0 
62. 2x? y?) «2x + 6y+1=0 
63. intersect, 2/2. 
65. (-V2, V2) 
66. x? «y? -2xy -éóy - 8-0 
1.6 xi ty? dx dy +6 =0, x + y+ 4 ду 14-0 
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3 
71. 2) у?) - 7r + 2) =0 
72. (x? + y?) + 4× + 20y =0 
lal 
75. [- 2, =) (- 
5 ( 5 2) Co 


78. 4x? +?) «6x « 10y- 1-0 


69. e =) 


5 
7. (2-3) 80.x* + y! -7x 4 7y +12 =0 
82. radius = ҮЗ, entre = (- 7, zd 
2 


2222 
83. x - y^ - ax « yB =0 where (о, В) is the fixed point 
84. centre is the centre of the Square, radius = 2 
85. A(x? - у?) =а2 2 
86. 2(x7 + y?) - 2x - 10y +11 - 0 
88. x! +y? + 8x 6y +9 =0 
89. the circle x? + y? = x 
90. A(x? + y?) + (5a  4b)x + (4a -5Му-0 
91. 9(х2+у2) =4r? 


1 
92. ава 


93. 2x?« y?) -20x +a? -a?=0 
97. ОРЕ ag 
х, у 

99. (x? + y? - bx)? za? (y? + (Ь- x)?] 
where the fixed point = (b, 0) 


98.26 + y) =a = ШИ 


100. 33 «y! eg efy + c-0 
2,22 24 
102. x? «y! та 103.1 


104. x1 -y!- xy- ах + y = 0 where fixed points 
are (0, 0),( a, 0) and slope of the given line is m 

105. 12x? - 4y? - 24ax + 94 =0 

107. x?«y?- 32 

108. b*(x?* y?) = (ax + By - a3)? 

109. (k? - Aat! + y -0 


where radius = a and the line joining the centres is 
the x-axis and the point of contact is the origin 


110. 8x - 12y +5 =0 
111. x°- y? + 2mxy - с = 0 where slope of tan 
112. [x- a(1 +2л)]®+ (y - a)? =a? 

113. х?+у®- 6х-2(4 + V3)y + 8V3(V3 + 1) 0 
14. х?+у?=25,х®%+у?-4х-4у-17=0 
115. (x +3)(х-1 +242) + (у 209 2242). 
116. x^«y? -2x «2y «1-0 

117. -1 118. x? + y* -5x - 4y + 1009 _ 0 
119. x? + y? - 4x - 42y +4 =0 


120. 0 atey!-3eey لھ‎ 


122. x^ x y? - Пх-5у+32 =0 
123. (-2,-7) 1245 
125. 40, -10; (8, 4), (2,-4) 126. 7У-х%45-0 


127.7 128. 3x -y +4=0, x -y 4.0 
129. (1,2) 130. a = b £v2c 

1 
11.2, = 132. 2V3 unit? 


133. x? + y? -2x -4y -0 
134. 2х+у-3=0 135. 10x = 3y + 18 


3 
136. A unit? 137. 6 


9 
138. GP 139.55 143,0) 
141. (a) (a, 0), (0, a) respectively 
0) x^«y*-2x -2y 41-20 


142. x? +y?-3x+1=0 145. (2. 3). 


11 
144. (i3) 145.+\6 146. (а) 147. (b) 


148. (9) 149. (b) 150. (a), (c) 
151. (a), (b), (c), (e) 152. (d) 
153. (a) 154. (d) 155. (d) 156. (a) 


157. (а), (d) 158. (a), (d) 159.6) 160. (b) 
161. (а), (b) 162. (©) 163.(d) 164.(4) 
165. (d) 166. (b) 167. (c) 168. (a), (9 
169, (c) 170. true 171. false 

172. false 173, true ^ 174 true 
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Chapter Test 


Time: 120 minutes 


1. In each of the following, fill in the blanks so that the resulting statement becomes correct. 

(а) The coordinates of the points on the circle x? + у? = 4 which аге at a distance 5 from 
the line 4x - 3y = 25 are and Е 

(b) The equation to the circle оп the other side of the line x + y =2 similarly situated as the 


circle x? +у? -2х=05 2 
(© The sum of the squares of the lengths of the chords intercepted by the lines 
y=x+n,ne N on the circle x? + y? = 100 is equal to 
(d) The equation of the circle of radius 2 containing the point (1,-2) and touching the lines 
|x| = ly] is . 
2. In each of the following one or more options are correct. Choose the correct op tion(s). 
` (a) The straight line mx — y = 1 + 2m cuts the circle x? y? - 1 at one point at least. Then 
the set of values of m is 
4 44 4 
A. Fz , 0] B. [- 3' 3] c. fo, sl D. none of these 
(b) If (2, 5) is an interior point of the circle x? + y? – 8x – 12y + p = 0 and the circle neither 
cuts nor touches any one of the axes of coordinates then 
A. p € (36, 47) В.ре (16, 47) C. (16, 36) D. none of these 
(c) Therange of values of a such that the angle 0 between the pair of tangents drawn from 


OE: : 
(a, 0) to the circle x? + y? = 1 satisfies > < 0 < r, is 


A. (1,2) B. (1, ¥2) С.(-У2,-1) D. (-V2, -1) u (1, V2) 
(d) The circle of radius 1, touching the pair of lines 12x? - 25xy + 12y? =0, x > 0 has the 
equation 


A.x^« y! + 10x + 10y + 49 =0 B.x?«y?- 10x - 10y + 49 =0 


C.x?« y! + 10x - 10y + 49 =0 
(е) The number of points (a + 1, а), where a is an integer, lying inside the region bounded 

by the circles x? + y?-2x- 12 0 and x? « y? - 2x - 17 = 0, is 

А.2 В.4 ел D. none of these 

3. Find the equations of the sides of a square inscribed in the circle 3(x? + у?) =4, one of 
whose sides is parallel to the line x - y +7 =0. 

4. Let А = (-1, 0), В = (3, 0) and PQ be any line passing through (4, 1). Find the range of 
values of the slope of PQ for which there are two points on PQ at which AB subtends a 
right angle. 

5. Three concentric circles of which the biggest is x?+y?=1, have their radii in AP. If 
the line y = x * 1 cuts all the circles in real and distinct points then find the interval 


in which the common difference of the AP will lie. 

6. The equation of the common chord of two circles is x + y - 1. One of the circles has the 
ends of a diameter at the points (1, -3) and (4, 1), and the other passes through the point 
(1, 2). Find the equations of the two circles. 

7. Prove that one-third of the circumference of the circle x? + y? – 2x = 0 falls inside the ainis 
УЗ(х? +y?) - 2V3x + 2y +1 =0. 

8. Find the locus of the centres of the circles х? + y? —2Ax - 2uy + 2 =0 if the tangents from 

the origin to each of the circles are orthogonal. 


D. none of these 
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9. Let ax? + 2hxy + Бу? = 1 be the equation of a conic section and P be a point not on the 
curve. Any line through P cuts the conic section at Qand Rsuch that PQ - PR is a constant, 
Show that the conic Section is a circle. 

10. Find the range of values of à for which the variable line y = 2x + 4 lies between the circles 
x?.y?-2y- 2y +1=0 and x? y? - 16x - 2y + 61 =0 without intercepting a chord on 
either circle. 

11. Find the equation of the circle touching the pair of lines 7x? - 18xy + 7у? = 0 and the Circle 
x? +y? - 8x — 8y = 0, and contained in the given circle. 

12. If a vertex of an equilateral triangle is (22, -1) and its centroid is (0, 0) then find the 
equation of its incircle. 


13. P( 2, 2) is a point on a circle x? + y? - 2x — 2y = 0. If P travels on the circle and reaches Q 
such that are PQ = z X circumference of the circle then find the coordinates of Q. 
14. A regular hexagon is inscribed in the circle x? + y^- 2(x* y * 1)- 0 with one vertex at 


(3, 1). Find the coordinates of the two vertices of the hexagon consecutive to the vertex 
(3, 1). 

15. Let C; bea circle lying inside the circle C,. The circle C is inside C; but outside С; such that 
C touches C, internally but C, externally. Identify the locus of the centre of C. 


а 


Answers 


6 8 6 8 
1. (5:5) (5-5) (b) x^ y!- Ax -2y 44-0 (c) 3570 (d)x y? + 42x +4 =0 


2. (a A (Ы/А (c)D (d)B (e) A 


)5,5% جد ,2( > 


6 x5 vy* - 5x +2, «1-0, 26? y 15x -y 475g 


2 > ak 
8. x+y“ =4 10. (-15 + 245, -1 45) 
11. x?«y?- 12x - 12y + 64 =0 12.4+ y2)29 


3_3 з. үз 
(> if) 14.0135) 


15. circle if concentric; ellipse if not concentric 


1. Intersection of a right circular cone and a plane 


‚ The curve/ lines of intersection of a right circular cone 
and a plane is a сопїс section. Conic sections are of 
different varieties for different orientation of the 
plane. £ 

‚ The intersection of a right circular cone and a plane 
passing through the axis of the cone is a pair of lines. 

+ The intersection of a right circular cone and a plane 
perpendicular to the axis of the cone is a circle. 

D The intersection of a right circular cone and a plane 
parallel to a generator of the cone is a parabola. 

+ The intersection of a right circular cone and a plane 


cutting the axis at an angle а. fo «a« 2) is an ellipse. 


- The intersection of a right circular cone and a plane 
parallel to the axis of the cone is a hyperbola. 


ection as a locus of a point 


tmoves ina plane such that its distances from 

fixed point and a fixed line always bear a constant 

Tatio е then the locus of the point is a conic section of 

the ес centricity e (focus-directrix property). The fixed 

point; he focus and the fixed line is the directrix. 
Net 


L P 


focus із (a, В) and the directrix is ax + by +c=0 


ES 
the. equation of the conic section whose 


City =e, is 
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4. Parabola 


Recap of Facts and Formulae 


2 (ax+by+c)* | 


(r-a)?+(y-B)?=e? taa 
e If the focus is (a, B) and the directrix is ax + by +c =0 
then the equation of the parabola is 


(ax +b +c)? 
ies кдын Ca 


4. Standard equation of a parabola and its parts 

The standard equation of a parabola is y?=4ax for 
which 

• vertex V = (0, 0), focus 5 = (a, 0). 


e the equation of the directrix LM is x + a = 0 
and that of the axis (or axis of symmetry) VS of the 
parabola is у= 0. 

+ latus rectum Q5Q' = 4a(- 4V5). 

e VS- VN =a. 


5. Location of a point in relation to a parabola 
If S =y?-4ax=0 bea parabola and P(x, у) be a point 
then 
+ Pis in the interior of the parabola if 
51<0, ie, ур - 4ax, « 0. 
* Pison the parabola if 
$1=0, ie, y? -4ax, =0, 


Szy?-4ax- 0 


exterior interior 


* Pisin the exterior of the parabola if 
$1>0, ie, y?-42x,»0. 


$. Condition for general equation of the second degree to 
represent a parabola 


* The equation 
ax? + 2hxy + by? + 29x + 2fy c- 0 
represents a parabola if h? = ab, 


i.e., the second degree terms form a perfect square 
provided 


A =abc+ 2fgh — af? — bg? — ch? #0. 


7. Reduction of equation of a parabola into standard 
form 


+ The equation (y - В)? = 4a(x — o) can be reduced to the 

standard form by the transformations 
x-a=X, у-В=У. 

The equation becomes Y?=4aX. which is the 
standard form in X, Y coordinates. 
(y-B)?=4a(x—a) is the form of equation of a 
parabola whose axis of symmetry is parallel to the 
x-axis. 

e The equation (ax+by+c)?=bx—ay+c’ сап be 
reduced to the standard form by the transformations 


ах + Бу+с | bx -ay +c’ 
АТЫРҒЫ ТҰРҒЫ 
[Note The lines ax + by + c = 0 and bx - ay + c'z 0 are 
perpendicular to each other.] 
1 2 
The equation becomes Y? - X which is the -: 
xil Ya? p? 


standard form in X, Y coordinates. 


8. Parametric equations of a parabola 

„+ x-at?, y=2at are the parametric equations of a 
parabola. 

. Any point on the parabola у?=4ах has the 
coordinates 


(at?, 2at) or (а: = ог Е si 
m? m m? m 


9. Tangents and normals 

Let the equation of a parabola be у? = dar. 

«+ The equation of the tangent at (хи, у) to the parabola is 
ууу = 2а(х + х) 

+ The equation of the tangent at (at, 244) is 
ty 2 xat? 
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қы A 


m m 


• The equation of the tangent at (а 
Ea CE 
у= 


. The line у= тх + c touches the parabola ifo 
so any tangent to the parabola сап be taken," 

ü 

у=тх+ т 

• The equation of the normal at (ху, у) is 


x-n Jn 
-24 Jı 


+ The equation of the normal at (at, 241) is 
ytte=2at+at? 


Let =ах? + 2hxy + by + 2¢x + 2fy + с = 0 bea par, 
+ The equation of the tangent at (ху, y,) is i 
ك‎ i 
y-n -f | -@- ху), ie. 
dx Х,У 


ахх, + h(xyy + xy) + byyi* &(х + x) Дуу) +=) 
+ The equation of the normal at (x,, y,) is 


d 
(а). n 


10. Chord of contact, polar line, pole 


“(х-х)) 


y-W- 


Let the equation of a parabola be y? - 4ax = 0. 
• The chord of contact of tangents from the exterur 
point (хі, уу) to the parabola is 
Т=уу: – 24(х+х1) =0 
* The polar line of the point P(x, у) with respect to tt: 
parabola is 
T= yy, -22(x £x) = 0 
* The pole of a line L = 0 with respect to the parabola 
the point (x, уу) whose polar is the line L = 0. 


11. Chord with given middle point 
The equation of a chord of a second degree curve ^^! 
whose middle point is (x, у) is 5, = 
So, for the parabola y? — 4ax =0 itis 
Vi -4ах = yy, - 2a(x + xi): 


12. Diameter of a parabola 


T 
The locus of the middle points of parallel chor", 


parabola is а line which is called a diameter of 
parabola. 


Parabola 


Selected Solved Examples 


1. Find the equation of the parabola whose focus is (1, 1) 
E the tangent at the vertex is x + y — 1. Also find its 


Jatus rectum. 
The directrix is parallel to the tangent at the vertex V. 

.. the directrix will be of the form x + y =1. 0 
Now V is the foot of the perpendicular from S(1, 1) to 
thelinex ty > 1. 


Let У = (9, В). Then a. + 8 =1 + (2) 
and pi =, i.e, a= В ... (3) 
т 


MS. 


=0, y, - 0. So М = (0, 0). 
As js: ison the directrix, (0, 0) satisfies (1). 
Hence, À =0. 
> the equation of the directrix is x + y = 0. 
Using focus-directrix | properly, the equation of the 
Раіса: is 
2 


x+ 
СЕКИ Б) 
or 2 p! 1 +)? 
or 2x? *y3-2x -2y + 2( = ×7 + ی‎ + 2xy 
or iry? =2xy – 4х -4y +4 =0 
or E = 4(х+у-1). 
The latus rectum 


2. Find: is equation of the parabola whose axis is 
- Parallel to the y-axis and which passes through the 
‘points 0,4), (1, 9) and (-2, 6). Also find its latus rectum. 


As the xis is parallel to the y-axis, it will be x - a = 0 for 
Some а and the tangent to the vertex (which is 


perpendicular to the axis) will be y ~ P = 0 for some P. 


х-а-0 


Y-0 


X-0 
y-B=0 
directrix 

Hence the equation of the parabola will be of the form 

(x - a)? = 4a(y - В) wD 
when а, В, а are unknown constants, 4а being latus 
rectum. 
(1) passes through (0, 4), (1, 9) and (-2, 6). So 


(0 — 0)? = 4a(4 – р), 


ie,a? = 4а(4 - В) .. (2) 
and (1-а)? = 4a(9 - B), 

ie, 1-20 +a? = 4а(9 - В) ... (3) 
and (-2- a)? = 4a(6 В), 

ie., 4 + 4a + a? = 4a(6 — В) ... (4) 
(3)-(2) => 1-2а=20а Ө) 
(4) – (3) => 3+6а=-12а 

1-20 204 

346a -12a 


or -3(1-2a)-5(3 + бо) 
ог —3+ 6a = 15 + 30a 


or 24a--18; a--i 
(5 => 1+-=204; а= = 
Q > (+) - 3-5 

or 2= 4-8) іе, 4-8 =2 

or 8-4-2-2. 


3 
ot ХЕ 


3 
or x'4-x--y*2-0 


2x! 3x -y «4 20 


and its latus rectum = 4a = 4- I-D . 


3. Find the vertex, focus, axis, directrix and latus rectum 
of the parabola у*+4х+4у-3=0. 

Here the equation is y? + 4y 2 -4x +3 

or у?+4у+4=-4х+7 


Мааа 7 
Put т = рте Х [here у%2-0,2-х-0 


are perpendicular lines] 


ie., уз2-У,2-х-Х. 

Then the equation of the parabola in the Х,Ү 
coordinates becomes Y? = 4X. 

Comparing with the standard equation, here a = 1. 


vertex = (0, 0), y, і.е., in X, Y coordinates the 


vertex is (0, 0) 
7 7 E 7 
“(езі (ER мһепХ-0,2-х-Х givesx=7; 


мһепҮ-0,у%2-Ү ріуезу--2) 
focus = (a, 0)x,y = (1,0), y 
3 > SL RES 
“(ра ү when X = 1,7 x= X givesx=7 
when Y = 0, y +2 = Y gives y = -2} 
The equation of the axis is Y =0, i.e, y +2 =0. 


The equation of the directrix is Х+а=0 
7 : 11 
ог 17551-01е,х- д” 


The latus rectum = 4a = 4x 1 = 4. 


4. Prove that 
9x? – 24у + 16y? - 20x – 15у –60=0 
represents a parabola. Also find its focus and directrix, 
Here lı? — ab = (712)? - 9-16 = 144 - 144 2 0, Also, A #0 
the equation represents a parabola. 
Now, the equation is (3x — 4y)? = 5(4x + 3y + 12). 


Clearly, the lines 3x 4у =0 and 4x £3y 412-0 are 
perpendicular to each other. So, let 


3x -4y -Y 4х+3у+12 _ i 
rC а X ++ (1) 


The equation of the parabola becomes 


1 
2-Х-4.- 
Y =X =4 re 
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> herea= i in the standard equation. 


R 


à 1 
55 the focus «Oy, v -(1^0] 
X,Y 


1 
Now, ifX=7" Y =0 then we have from the 


Equation, 
transformation in (1), | 
3x-4y 0 ЕР 
SFR : E 
-4 
- 3x- 4y =0, 4x +3y 2 28. 
N 
> yu j 
3541249 
1108, 
с 
-43 
or 9х--43- 16x; pur 
255053444 129 
AN ТАЗА 25 100 
SE CECI 
© кеш) 


The equation of the directrix is 


1 
X+a=0,ie,X+7=0 


12.1 
or ERE Io 


7-9 کک و + مھ or‏ 


53 
the directrix is - 4x + 3y + Pus 0. 


5. Prove that for a suitable point K on the ans Ді 
parabola the chord PQ, passing through K, on™ 
Tx for a 
= +—— is the same 
РК? QK? 
positions of the chord. 
The chord PQ passes through K(k, 0) where | 
suitably taken. Any point on PQ is (68705! 1, 
where tan Ө is the slope of PQ. The equation ' 
parabola is y? = 4ax, 


drawn such that 


js toh 


0, ran 


Parabola c 
The point (k + rcos 6, г sin 6) is опу? = 4ax if . by sign-scheme for (2), 
y sin ?0 = 4a(k + rcos 6) -5 -2V6 «a «-5 +246 e 
оп 1791179 = 4arcos 0 — бак =0 са) 2 The set of values of a satisfying (9) and (4) is 
КРЕМ, КО =r, then гу, г, are roots of (1). -1«a « -5« 2N6. 
4acos 8 —4ak у 
п ро nes ЕТЕТЕ 7. The tangents to the parabola y! -4ax at Р(8) and 
1 1*1 Q(t) intersect at R. Prove that the area of the triangle 
1 et. 
Now SKZ OK? r? p н POR is3 a(t) 
2+2 (+) -2nr. 2 2 i 
ЕЛЕР Urn 172 The tangent to the parabola у? = 4ax at P(at;, 2a) is 
22 2 
rer. n. 
172 (п?) уһ =х+ай 20 
2 2 Unc 2429 
cos “0 sin 0 cos'0 sin'0 А 2 
Ero Cu pP aE: and that at Q(at2, 2at,) is yt; = x + at; 0 
2 2 
cos“ð sin 0 
TTE z ifk=2a P (at?.2at,) 
pels independent of 0 
442 P . 1 
3 BI the same for all positions of the chord 
PK? QK? 
if K (2a, 0). 


6. For what real values of a, the point (-2а, а +1) will be 
an interior point of the smaller region bounded by the 
circle x* + y? =4 and the parabola y?=4x? 


The point P(-2a, а + 1) will be an interior point of both 
the circle х? + y? — 4 = 0 and the parabola y? — 4x = 0. 


} 


у2= 4х 


х2+у2=4 


(20)? + (1&1)? - 4 «0, 

ie, 502+20-3<0 2 2-0 
and (1+1) — 420) <0, 

ieja*€10041«0 44.2) 
Тһе required values of a will satisfy both (1) and (2). 


: From (1), (5a = 3)( +1) <0 


"by sign-scheme we get, -1 << 3. e (3) 


Solving (2), the corresponding equation is 
а +108 +1=0 


510 = V100 -4 
х 2 


or 


=-5 +2\6. 


Solving (1) and (2) we get the coordinates of R. 
(0-Q => yh-h) = a(t? - t2) 
or ycza(t*t) [^ fist. 
From t; x (1) - fı x (2), 
0= x(t) — fy) + a(t? – В) 
or б=хь-ь)+анын-ь) 
х=ань Cf t) 
R = (ан, a(ty + 6) 
the area of АРОК. 
1 | HE Qa 1 | 
*3| al; 2at, 1 
latita ah +t) 1 | 


А 4 Қ 280711 
= 2b 1 
|ҺЬ ft 1| 
13 г er sd 
254 | (f +) 1) 206-6) 0|, 
М - 6) ң-8 01 


Ra > Rz- Ri, R, > R,- R, 


1, bt 
== екы 2| 1 
2 (to = ty) | t 1 754 - уз, 
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Let the parabola be y? = 4ax whose focus is (a, 0) and the 
. equation of directrix is x +a = 0. 


Let P(at?, 2at,) and Q2, 245) be two points where the 
tangents are at right angles. 


The tangent to the parabola У? = 4ах at (atè, 2at,) is 
yf, = xat? (1) 


and the tangent to the parabola y? = 4ах at (atî, 2at,) is 


Yt2 = x + at? —@ 
(1) and (2) аге ай right angles, 1 . 2. -1 ‘a (3) 
15 


Also, solving (1) and (2), the Point of intersection R of 
the tangents is 


(ар, a(t, + f}, i.e., (a, a(t, >), using (3). 


But the point R{-a, a(t, + t;) satisfies x + a = 0 which is 
the directrix. 


the tangents at right angles meet on the directrix, 
Also, the equation of the chord PQ is 


2л} 2at, - 2at, à 
— 2at, = +(x -at 
y 1 at? - at (x -aty) 
or од, کے‎ (x - at? 

y 1 h+h 1). 


This equation is satisfied by (а, 0) because by putting 
x=a,y=0 we һауе . 


—2at, = 2 
ha 


(а-а) 
ith 


or -t(*t)-1-H 


Or НЫ + -1, which is true from (3). 


Hence, the chord joining the points passes through the 
focus. 


9. Prove that the circle circumscribing the triangle 
formed by апу, three tangents toa Pryabala passes 
through the focus. à divae “4 i 

Let P(at?, 2at,), Q(atz, 2at,) and R(at}, Bat, Bê the three 

points оп the parabola у? = 4ax. 


The equations of tangents at Pt,’ and Q'ty’ are 
уһ=х+а!р 
yh 7 x t alg. 
Solving these, x = att, and у=а( + t). 
the point of intersection C of the tan 
is (atta, a(t, + £y. УИ ed 
Similarly, other points of intersection of tangents 
B= {(atst,, a(t, + i) A = att, а( + t) 
Let the equation of the circumcircle of the AABC be 
x*3y!d2gx + yt C20 
(1) will pass through the focus (a, 0) if 
a*+2ga+c=0 [К 
A, B, C are points on (1). So. 
а 12 +а ка +Ы?+ 2g ath 


gents at Pange 


are 


+у-а(һ+ы+с=0 2% 
а каць, + f)? +26 - abt | 
+2/-а(„Ь+)+с=0 2% 
а ча +t) + 2g. pst 
+ 27-а +) +с=0 22% 
3-4) = 
at) + a(t = 2t, +h) 
*2gat(h — ts) + 2fa (ty — fj) =0 
or OM 4) ча +26 + m + 2gat +2ја=0 
Similarly, (4)- (5) => 
4 "$0, + h) + a(t + t 25) + gat; 520502 
OO) Бена 


2 
а + ta) = ESC + f) + Ы + 2640-6) ш 


or abt - 5) pz 1345 h)] + 2g(b - 97 б 


alata + hit ts 1120 o0 

1 еге е. Bye 
28 a Eh eb py с"! 
From ty x (6) — hx €, 


or 


“ме get 


vut 


2- (++ h 2% 155). Д 


д ing values of 2g, 2f in (3), we get 
«initis wot 
М 85 a (fita + tats + tah) 
TOME Cen 
Я "ihe equation of the circumcircle is 
эйе! dolio) f қ 
: yal +2 thx 
% (UU. сан - hey ea?z нь =0. 
It passes through (a, 0) because 
42-4 А+ t) +a? =0. 


Hence, the problem. 


10. Prove that three normals can be drawn from the point 
1 
(с, 0) to the parabola y!-xifc» > and then one of the 


~- normals is'always the axis of the parabola. Also find 
c for which the other two normals will be 
perpendicular to each other. 
Let (t°, t) be a foot of one of the normals to the parabola 
у? = x from the point (c, 0). 
Now, the equation of the normal to y? = x at (t?, f) is 


х-!°) 


د ر ог‏ 


2t ; 
EAM Шор Е З 
jl Yu ‚=з aga w ix) 
or у-і--2Ңх-43) 
or y+2tx=t+ 20° 0) 


It passes through (c, 0) if 0  2tc = t + 2t? 
or 241-26) =0 
or. H2 -(22-1)} =0 


Three normals can be drawn if t has three real distinct 
values. 


So 2-150 ie, c» у: 
The foot of one of the normals is (t°, D where t = 0, 
ieu the foot is (0, 0). 

By (1); the corresponding normal is y = 0, 

1e, the x-axis which is the axis of the parabola. «¢ 


2c-1 
For the Other two normals t= + VEL 5 


Parabola 


By (1),'m' of anormal = 22! 
‘т’ of the other two normals are 


2c-1 2c-1 к 
-2. ү- TE VEL 


These are perpendicular if 


A e-1 МЕн ata 
-2. ta AE Eu 


or -2Qc-1)--1 


; E 
ог -4с--3; POM 


11. From the point, where any normal to the patabola 
y^ - бах meets the axis, a line perpendicular to the 
normal is drawn. Prove that this line always touches 
the parabola y? + 4a(x – 2а) = 0. 

The normal at any point (at ? 28) of the parabola 

у? -4ax is 

y+tx=2at + at. 
It cuts the axis y = 0 of the parabola at (2a + at?, 0). 


(at2,2at ) 


- theequation of the line through this point drawn 
perpendicular to the normal is ` 


у-0 -i-z + at?) [.` 'm'ofnormal- -1] 


or ty=x-2a-at? Q0 
We have to prove that (1) touches the parabola 
y? + 4a(x - 2a) - 0 w2) 


Solving (1) and (2), y? + 4a(ty + at?) = 0 
or y?+4aty + 2a)? -0 
or (y* 240)? =0 

у= 2at, -2at. 


(1) cuts (2) at coincident points, i.e., (1) touches (2). 


12. Let (xr, yj; r 71,2, 3,4 be the points of intersection of 
the parabola у? = 4ax and the circle ' t, 
x? c y! + 2gx + 2fy + c- 0. 
Prove that y, +y: +y +уџ 0, 


Let x+y? «2gx «2fy «c0 
~ 0) 


B=, =. 


-82 
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2 
А У = 4ах .. (2) 14. А parabola is drawn to Pass through д - 
solving (1) and (2) we get the coordinates of points of ends of a diameter of a given circle of radius q ® | 
intersection, 


2 
From (2), x = %-. Putting in (1), 


It has four roots. 


Its roots are уу, уз, уз and y,. 


_ Coefficient of y? 


coefficient of y* 


Now, sum of roots = 


Vityotys t =- 


pO ty 
14а)? 


13. Find the equations to the common tangents to the 
circle x? + у* = 2a? and the parabola у? = Sax. 


The equation of any tangent to the parabola у? = Вах, 
ie. zw" = 4(2a)x is 
TE 7 
y- = e (1) 
(1) will touch the circle x? + y? = 24? if 
radius = 24 
= length of the perpendicular from the 
Й centre (0, 0) to the line (1) 


or V2a= 


4 2 
or 2451 +m?) = 
m? 


or m?(14m?)-2 

or m‘+m?-2=0 

ог (m?^«2)m?-1)-0 

But m? +2 = 0 gives nonreal values of m. 
m?-1-0; т=+1. 


putting m=+1 іп (1) we get the equations of 
common tangents. 
A ni 5272 nes - 
the equations of common tangenfsare “< 


<. Тт STE 
y-txt2a ж M ك‎ 


ог y=x+2a and у= (х+ 2да). 


have as directrix a tangent to a concentric ¢ andy, | 

radius b; the axes of reference bein rele qu | 

perpendicular diameter, в that the lus: and , | 
Us 


OF the | 
focus of the parabola is s + z- ù } 
а 


Let А = (-а, 0) and В = (a, 0); 
the centre of the circle = (0, 0). 
The equation of the concentric circle will be 
x? y? - p?, 
Any tangent tox? + y? - b is y = mx + DVT 57 
which is the directrix of the parabola. 
Let (a, B) be the focus. 


Then by focus-directrix pro 


perty, the equatio 
parabola will be тыны 


t-a) + (y - 2 =| 
a | ШЕГЕ 
It passes through А(-а, 0), B(a, 0); so 
h 12 
و‎ mT ru) 


ma? + b*(1 m?) - 2abm1 + n 
RU MEE UN Ыга M ATQNE RAN 


lem? 


“үү | 
т ЖЕ . 


«e 
m 
(a-o)?4 8= -ma - МА +m? 
М +m? 
ma + b*(1 +m?) + 2abmVi +m: 
$ 


1+т? 
Q 


m?a? +61 +) 
— n 
14m^ 


(1) +(2) >  2@2+92+82)=2. 


ог 4? +a + 8 = Gl 


2 
m 
; +b? 
m 


4abmV1 +m” 


1+т? 


Q-0) > -a= 


ЕШ 


р2-а? 


pcr. 2+ В 2.,2- 42 
b? 


2 g? 
а =1. 
y ls : 


'the equation of the locus of the focus (a, p) is 


15. Find the locus of the middle points of the normal 
chords of the parabola у? = 4ax. 


Let PQ be a normal chord to the parabola y? - 4ax, 
which is normal at P(at?, 2at,). 


Let the chord cut the parabola again at Q(at7, 2at,). 


P (а! 2а!) 
М (a6) 


Q (al, 2ata) 


The equation of the normal at P(at?, 2at,) is 
yx = 2аН + at? m 
Q(tZ, 2at,) satisfies it. So 
2al; + ti- at = 2at, + at? 
Or 2a(t; —#,) + at(£2 12) - 0. Аѕ + t, we get 
2+(+Һ)=0. (0) 


Let M(G, B) be the middle point of the normal chord. 
Then - 


Lat ui a 


EE s (3) 
VM 
CDM ... (4) 
-8 
>» даға 


s 
> ы.а)» 
ог о FEST 
аги 


C43 
Parabola 


Putting for t, t2 in (3) we get 


= 


2ay (x – 22) =8а* + y. 


16. Show that the locus of a point that divides a chord of 
slope 2 of the parabola у? = 4x internally in the ratio 
1:2 is a parabola. Also find the vertex of this 


parabola. 
Let РО be a chord of the parabola у? = 4x having the 
slope 2. ] 
Р. 
М (8) 
Q y2= 4х 


Let the ends of the chord be P(at?, 2at,) and Qcat?, 2at,). 
Let M divide РО in the ratio 1:2 and М = (а, В). Then 


at? +2at? 


a 
aa -30H +H) а) 
2at,+2+2at, 24 Қ 
I EE Ue ... (2) 
— 24 2 
f - 
Again, slope of PQ = AA DE S 
from the question, E z2 
ht 
һ+һ=1 .. (3) 
From (2) and (3), В = +1; a 636 
, 3 Mh о. т=р= 
21-45 21- (3B. 38 
=1-f =1 (ce-1}- =a 
Putting these in (1), 


ELLE 


C84 
a 9p? 2 
ТИЕ و‎ 
iuda" 8 а 4а 
[ка 
3| 4a? а 
the equation of the required locus is 
3x 27 
Зе 27 24255 
a 02 s 


or 12ах=27у? - 48ay + 24a?. 
Now, 27y? - 48ay = 12ax - 24a? 


or 9y?- 16ay = 4ax - 8a? 


2 2 
or 9y? -леу+ (5a) = fax - ваї + SE 


Bay? 8 5 2a 
ог (»- з] = 4ах- ga =4 (7 э) 
Bay? 4жа/ 24 5 
ог f a) “э|* 2) ‘ 
ӛзі Я 2а 8а 

which is a parabola with the vertex G , D 

[because (y – B)? = 4a(x ~'a) has the vertex (о, B)]. 
17. A variable chord РО of the parabola y = x^ subtends а 


right angle at the vertex. Find the locus of points of 
intersection of the normals at P and Q. 


The vertex V of the parabola is (0, 0) and any point on 
y 7 x? has the coordinates (t, t5. à 
So let us take P = (1,12), О = (ty, #2) and ZPVQ = 90°. 


У (0.0) 


2-0 
As m ofVP = gh 
d'm of VQ ae 
and ‘m’ o Tcp 
VP1VQ => Н:Ь=-1 w+ (1) 


The equation of the normal to a curve at (ху, y) is 


1 3 
y= ).س‎ - x — --|. 


CM 


^ E 
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d 
Неге, y=? ^ ель. 


‚ theequation of the normal at P(t, (2) is 
-1 
== (0-0) 
ГТУ 1 


or 2y + =2 +h 

Similarly, the equation of the normal at Ой, i, 
Qhy + x = 2t + fa 

Eliminating 8,12 from (1), (2) and (3) we get the 

ofM. 

a -BD 25-7209 8) y 
ог 2у=202+ +2) +1 © 
Also, t x (2) tı x (3) 
= (h-hx-QH*t)h- Qi tt 

=2ныН - 12) | 
or x=-2tt(f + t2) ің 


From (1) and (5), x = 2(t + t2) 


1 s 
or ftl x --(8 


From (4), 2y = 2[(Һ + ta)? - ҺЫ +1 
1 2 
= + i} +1, using (1) and (6) 


. the equation of the required оси is 
2 
` Ee 
id 
or x?=2(2y – 3), which is a parabola. 


18. Find the locus of the foot of the perpendicular drawn 
from a fixed point to any tangent to a parabola. 


Let the parabola be y= 4ax and the fixed point * 
(h, k). х 


The tangent at any point P(at?, 2at) is yarra? mu 


Let M(a, B) be the foot of the perpendicular to (1) for 
the point (h, k). 


Using perpendicularity, ВСК. -0 
y a-h t k 


Parabola 


as M, pison (D, IB o + at? „4(8) 


We have to eliminate t from (2) and (3). 


В-К. putting in G) 
a-h 


pom (2), 
2 
pik): 1 B-k 
عا(‎ 

E -p= ka - m = ala =h)? + a(B - K)? 
. the equation of the locus of the foot M is 
sa M) yo - DY c D ay - ^ =0. 


19, Show that the locus of the poles of the tangents to the 
id parabola : y?=4ax with respect to the parabola 
|y = 4bx is the parabola ау? = 4b*x. 
Any tangent to the parabola 
y2 = 4ax is ly = x + al .. (1) 


Let (а, В) be the polë of (1) with respect to the parabola 


y? - Abx. 
Then (1) is the polar of (a, В) with respect to y 2 = Abx 
+ (D and yp = 2b(x + a) are identical. 


So, comparing these, 
£21 ath, +=, 1a 
7p 2b. 2ba' 2b a 
вва 
Y (в FaN 


9 ap? —4b?a. 
the equation of the required locus of the poles is 
ay? =4b7x. 

20. The general equation to a system of parallel chords of 
the parabola у? -2 x is 4x - y - k «0. What is the 
equation to the corresponding diameter? 

Let PQ be a chord of the šystem whose equation is 

4-y +k=0 0) 


ПЕЕ" 


AM, B) be the middle point of PQ. The locus of Mis 
\ ШЧ diameter: i 


mum ws (2) 
The equation of the parabola isy = 77 


7у? А 
Solving (1) and 0), 4 x Z -y + КЕ 0 


or 28y?-25y + 25k =0. 
Let its roots be у, Уз. 


б 25 
-the equation of the locus of M(a, D is ¥ = 5g ` x 


along the line у= b,(b» 0) 
from the positive direction of the x-axis and strikes a 
concave mirror whose intersection with the x-y plane 
(a » 0). Find the equation of 
ses through the 


21. A ray of light is coming 


is the parabola у? = 4ax, 
the reflected ray and show that it раз 
focus of the parabola. 
Let P be the point of incidence. A 
Then P is the intersection of the line y= b and the 


parabola y? = 4ax. 


p? 
MC) 
the equation of the tangent PT at P is 
b? 
y-b=2a 3 


2 


ог by=2ax+> 


2 -0 


‘mt of (1) is Ê. So, tan e - 22. 


Let the slope of the reflected ray PQ be m. 


ES 
b 
tan 0= 
108722 
b 
cu. 
КСЫ Кач; io 
Өре ; 
b 


m. 


Problems Plus in IIT Mathematics 


C-86 
m 24 
b „24 
22 7 
lem. = 
+т b 


2a 2a 4а? 
or т-=—=+|— кошеге 
b {Fem b 


and 


the equation of the reflected ray PQ is 
ےو‎ рк 
y ТЕРЕ ШЕТІ 


or (b?-4a?y - b(b? - 44?) = 4abx - b? 
or (b?—4a?)y – 4abx + 4a?b - 0. 
This will pass through the focus (a, 0) if 
(b? - 4a?)0 — 4ab - a + 4a?b = 0, which is true. 
^ the reflected ray passes through the focus. 


22. A parabola is drawn touching the axis of x at the 
origin and having its vertex at a given distance k from 
the x-axis. Prove that the axis of the parabola is a 
tangent to the parabola x? + 8k(y — 2k) = 0. 


Let the equation of the parabola be Y? = 4aX. 


(at22at) tY-X- а12- 0 


Any tangent to itat the point (at, 241) is 
У = X «at? э. —@) 


» 


The normal at the point (at, 241) is. . 
Y +X 2st «at? ler ...@( 


Take the equations of transformation 


i(Y-X-a 
A.U 


ana 1+ 


. in x,y coordinates P = (0,0) and PT i 
which is tangent to the parabola at the origi 


tY-X-at? = yV] 


@ ә Y+tX—2at-at?=xVig 7? 


Now, (3) => 


бк 


Y 4 iX -22t - at? 
dT oe ы 


S the Uaj 
in. р 


(£ + DY - 2413 24 
Ty en uw 


^ the axis of the parabola (Y = 0) becomes 


-22t? - 2t - (yt + x) 14 £7 


i 22at(1 +t” 
or^ урь) TEE 


1+ 
The distance of the vertex V(0, 0) in the X, Y coordinates 


from PT 


-at? 


s 


TEA k (from the question) 


7 from (7), the equation of the axis of the parabola in 
x, y coordinates becomes 


-at? 


излеа) 


2228 


ог i yt Fg — 


=0 


The given parabola is x? = -8k(y — 2K) S 


Solving (8) and (9), we get 


а (а.а t 


2,3 


Е Jes 


or x= 8x164 16k? 


ог в? вх +16 а? 22) =0. 
Неге D= 642 ба? к®у 
= 6102 -att + £42] 


а a?t* 
тео ано, 


+ theaxis given by (8) touches the given parabola- 


Note If we take k= 


Л of the axis and 


at? А jon 
I’ the points of intersect 


the given parabola will Ёё 


Parabola 
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Exercises 


1. Find the equation of the parabola whose focus is at 

м (6, 6) and the vertex is at (-2, 2). Also find the latus 
rectum of the parabola. 2 

2. Prove that the equation у 2+ 2ах + 2by c =0 

represents а parabola whose axis is parallel to x-axis. 

Find its vertex and the equation of the double 


ordinate through the focus. 
3. If the latus rectum = 4, the vertex is (-2, 0) and the 


equation of the axis is 3x + 4y + 6 =0 then find the : 


equation of a parabola satisfying these. 

4. Prove that the equation у1-2у%8х-23-0 
represents a parabola and find its focus and directrix. 

5. Prove that х?+2ху+х=З+у-у? represents a 
parabola and find its latus rectum, vertex and 
equation of the axis, 

6. Prove that P(t?, 2) is a point on the parabola y? = 4x 
for all te К. Hence find the range of values of t for 
which the point P is an interior point of the circle 
х1%у1-5. 

7. If (a?, a — 2) be a point interior to the region of the 
parabola у? = 2x bounded by the chord joining the 
points (2,2) and (8, 4) then find the set of all possible 
real values of a. 

8. If the line 2x + Зу = 1 touches the parabola y? = 4ax, 
find thé point of contact and the latus rectum of the 
parabola. 

9. Find the equations of the tangents to the parabola 
у1%4-4х which are equally inclined with the axes 
of reference and also find the tangent at the vertex of 
the parabola. 

10. Prove that the tangents at the extremities of any 
focal chord of a parabola intersect at right angles on 
the directrix, 

1. Prove that the orthocentre of the triangle formed by 
three tangents to a parabola lie on the directrix. 

12, Show that if tangents are drawn from any point on 
the line x + 4а = 0 to the parabola у? = 4ax then their 
chord of contact will subtend a right angle at the 
vertex. 

as Show that the circle described on a focal chord of a 
Parabola as diameter touches its directrix. 

i Prove that the area of the triangle formed by the 
tangents to the parabola у? = 4ах from the point 

tv yi) and the chord of contact is 


1 
* TU- 4ax,)>/? unit. 


a Points А; B and C lie on the parabola у? = 44x. The 
tangents to the parabola at A, B and C taken in pairs, 


16. 


17. 


18. 


19. 


20. 


21. 


24. 


26. 


27. 


28. 


intersect at P, О апа К. Determine the ratio of the 
areas of the triangles АВС апа POR. 

P and Q are two variable points on the parabola 
у? = 4ах whose sum of ordinates is k, a constant. 
Prove that the centroid of the triangle formed by the 
tangents at P, Q and the chord PQ always lies on a 
straight line parallel to the axis of the parabola. 

P. Q and R are three points on a parabola whose 
ordinates are in GP. Show that the tangents at P and 
R will meet on the ordinate of Q. 

Three tangents are drawn to a parabola such that the 
tangents of their inclinations to the axis of the 
parabola are three consecutive terms of a fixed HP. 
Prove that the tangents will form a triangle of 
constant area. 

Of the two perpendicular lines one touches the 
parabola y? = 4a(x + а) and the other touches the 
parabola у? = 4b(x +b). Prove that the lines will 
intersect on the line x + a + b = 0. 

Tangerits at the three points of a parabola у? = 4ах 
form an equilateral triangle. Prove that vertices of 
the triangle lie on the curve (3x + a)(2a + x) = у?. 
Find the equation of the chord to the parabola 
у? = 4ax whose middle point is (It, К). 


. Prove that a normal chord to a parabola at the point 


whose ordinate is equal to the abscissa, subtends a 
right angle at the focus. 


. Prove that the area of the triangle formed by the 


normals to the parabola y? = 4ax at points ‘t,’, ‘th’, 
‘ty is ан — t) = F(t — f(t + ta + b5). 

Prove that in general three normals can be drawn to 
a parabola from а given point and the centroid of the 


triangle formed by the feet of the three normals lies 
on the axis of the parabola. 


. Prove that from any point P(at?, 2at) on the parabola 


y 2 = Aax, two normals can be drawn to the parabola 
and their feet Q and R have the parameters 
satisfying the equation X? + At + 2 = 0. 

Prove that the normal to the parabola у? = 4ax at 
(am r —2am) intersects the parabola againatan angle 
tan“ (m/2). 

The tangents from the point T to the parabola 
у? = 4ах touch at P and Q. If the chord of contact РО 
is a normal to the parabola at P, Prove that TP i 
bisected by the directrix of the parabola. е 
For what values of a will the tangents drawn t 
parabola y? = 4ax from a point, not e 


Е On the y-axis 
will be normals to the parabola x2 “жаке, 


=4у? 


CRE 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


= 


42. 


43. 


44. 
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. Find the equations of the two circles that touch the 


parabola 75у? = 64(5x —3) at (6/5, 8/5) and the 
x-axis. 

Circles are described on any two focal chords of a 
parabola as diameters. Prove that their common 
chord passes through the vertex of the parabola. 
Find the equation of common tangents to the circle 
х®+у?=1 and the parabola y? = 4x, if any such 
tangent exists. 

Prove that the length of the intercept on the normal 
to the parabola у? = 4ax at the point (af, 244), made 
by the circle which is described on the focal distance 
of the given point as diameter, is a - V1 + t7. 


Find the angle subtended by the common chord of 
the circle х?+у?-2х-3=0 and the parabola 
y? =3(x - 1) at the focus of the parabola. 


Prove that the locus of the middle points of chords 
of the parabola y? = 4ax through the vertex is also a 
parabola. Find focus and latus rectum of the locus. 

Prove that the locus of a point which moves so that 
its distance froma given line is equal to the length of 
the tangent from the point to a given circle, is a 
parabola. Find the position of its focus and directrix. 


Let two parabolas be y?=4ax and y?+4bx =0, 
а + b. Any line parallel to their common axis cuts the 
parabolas at P and P’ respectively. Prove that the 
locus of the middle point of PP’ is another parabola. 
Find the locus of the point of intersection of two 
tangents to a parabola such that their chord of 
contact subtends a right angle at the vertex. 

Find the locus of the intersection of normals to the 
parabola y? = 4ax at the extremities of a focal chord. 


Find the locus of the point of intersection of the 
normals to the parabola x? = 8у which are at right 
angles to each other. 

Prove that the locus of the foot of the perpendicular 
from the focus of a parabola on the tangent at any 
point is the tangent at the vertex. 

Find the locus of the point of intersection of two 
tangents to the parabola y? = 4ax which are at right 
angles. 

Find the locus of the point from which two of the 
normals to the parabola y? = 4ax are at right angles. 
Show that the locus of points such that two of the 
three normals drawn from them to the parabola 
y? = 4ax coincide is 27ay? = 4(x — 24)?. 

Prove that the locus of the intersection of the 
normals at the ends of a system of parallel chords of 
a parabola is a straight line which is пога] to the 
parabola. 


^ 


45. Find the locus of middle points of ch, 


47. 


48. 


49. 


50. 


51. 


parabola у? = 4ax which subtend aright an. ® 
SIE at the 


vertex. 
Find the locus of middle points of Chor 
parabola у? = 4ax that pass through the fi 
(a, B): 
If two tangents to the parabola у? = 4q, froma 
P make angles Ө, and 6; with the axis such that i 
tan 70, + tan 20, = (a constant) 
then find the locus of P. 
Find the locus of the feet of the perpe 
drawn from the vertex upon chords of the 
y?=4ax, which subtend an angle of л/ 
vertex. 
Prove that the locus of the poles of focal chor 
parabola is the directrix. 
Prove that the locus of the poles of normal chords ty 
the parabola y? = 4ax is the curve 
ух + 20) * 42? - 0. 
Prove that the locus of the poles of the tangents to 
the parabola y?=4ax with respect to the сш} 
x?+y?=2ax is the circle x? y? = ax. 


ds of % 


xed рон 


Т шқ 
Parabel; 
3 at the 


ds of 


Objective Questions 


Fill in the blanks. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


If the vertex = (1, 22) and the focus = (0, 0) then the 
equation of the tangent to the parabola at the verte: 
is 
If the focus = (2, 3) and directrix is x + y = 1 then the 
equation of the parabola is 

If the focus = (1, 1) and the axis meets the directrix at 
(72,3) then the equation of the parabola is - 


The line x + y +1 = 0 touches the parabola y^ = ki 
К= 

The normals at the ends of the latus rectum of | 
parabola у? = 4ах meet the parabola again at О a" 
Q'. Then QQ'- к 

The point of contact of the tangent to y? = x, inclined 
at 45° to the axis is 


The equation of the normal to the parabola y 
which is parallel to the line y- 2r= -: 
The equation of the tangent to the parabol? 
у°=1бх which is perpendicular, to the = 
2r-y+5=0is à 

The length of the chord of the parabola Y ^^ 


Which passes through the vertex and whose 5102 В 
05, is : 


у?=4а(х +a) if 


the parabola y 24x is 
64. The 57225 
line segment joining 
x22 4ay and y 2 = 4а(х — а) as diameter, is 


Choose the correct option(s). 


ZPVQ has the measure 
(а) л/4 
(с)л/3 


(52/2 


(d) none of these 


the origin respectively, is 
(a) у? = 4(а’-а)(х-а) 
(92^ - 40' -a)y - 4) 


(b) y! - 4(' – a)(x – a) 
(dy ے2‎ 4(4 - a^)(x — a) 


meets the parabola again at (a£, 2at,) then 


2 НЫ 1 

(а)һ=-ь ск (b) 2 UR 
AS 2 th 1 
-(Qt--t - h (275 E 


(х,у) and (xz уз) meet at the point (хз, уз) then 


1. Ax! e y? —4xy + 104x + 148y — 124 = 0, 16V5 


be 
в. ) 2ах=5?-а*-с 


3. 93+ 24xy + 16y" — 44x + 108y - 124 =0, 
9174242 + 16y? + 36x + 48y + 108 =0 


‚1/3 -3 | 
Bie 2)/хзу-0 6.(-1,1) 


7-24 22,2 a 2y 8 
HAR 2) a : JE 


20 = 2a(x - h) 
E 


+ y2 4x 2p +4 =0, x2 + y + 4x -By + 4 =0 


15.2:1 
28.4x-2N2 or a2 282 


Parabola 


а The line xcos а + ysin t = р touches the parabola 


The point of intersection of the tangents at the ends 
S of the. latus rectum of the parabola у?=4х is 


ө ТЕО е between the tangents drawn from (1,3) to 


equation of the circle described on the 
the foci of the parabolas 


65, А double ordinate РО of the parabola y? = 4px has 
ы the length 8p. If V be the vertex of the parabola then 


66. The equation to the parabola whose vertex and 
focus are on the axis of x at distances a and 4' from 


67. If the normal at (at?, 2at,) to the parabola y? = 4ax 


68. If the tangents to the parabola y? = 4ax at the points 


(a) уз = Ny (b) 23 = 41 + Y2 


(d) none of these 


la 
The line xcos a + ysin а = р touches the parabo 


69. 
y? = Aax if 
" бысы 
(а) pcosatasin?a=0 (b)psina+ acos ‘а = 0 
А р РИЯ 
(с) асоз a + psin a =0 (9) asin a + pcos a= 0 
70. The angle between the tangents drawn from the 
origin to the parabola у? = 4a(x – a) is 
(a) 90° (b) 30° 
(© tan (1/2) (а) 45° 
71. The angle subtended at the focus by the normal 
chord at the point (А, А), 4#0 on the parabola 
у? = 4ax is 
(а) n/4 (b) tan (A/a) 
(c) tan (1/4) (d) n/2 
72. The equation of a tangent to the parabola y* = 8x is 
y =x +2. The point on this line from which the other 
tangent to the parabola is perpendicular to the given 
tangent, is 
(а) (2, 4) (b) 2, 0) 
(9 (-1,1) (d) none of these 
73. If ‘t,’ and ‘t’ be the ends of a focal chord of the 
parabola y? = 4ax then tt, is equal to 
(a)1 (5)-1 
(92 (d) none of these 
Answers 
H 1 
31. x Na +V5) yz (1+۷5) =0 
2 
8۷3 "E 
Sian 4932 а 
33. r – tan (=) 34.(5 +0), 2n 
-a? a? 42b? 
d 6.0), RUNE AE 
. ifthe circle is х? + y? 42, the line isx+b=0 
37. x + 4a = 0 when the parabola is y? = дах 
38. у? = а(х - 31) 39. x'-2(y — 6) 
41. х+а=0 42. y? =a(x - 3a) 
HM 2 
45. y^ = ак - 4a) 46. (»-5) eue E 
47. y? =2ax + Ax? 8a 
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48. x? 2 2 , 
(y?) ¬ 24ах(х? + у2) + 16а(х? — y2) =0 : 59. х+2у+16=0 
52. X-2y - 5-0 : 61. pcosa ta - 0 
53, 4^ prae Eu. Eo \5 
y 2ху — 6x – 10y «25-0 : 63. tan”! (Z) 
54. 4x + 12ху + 9y? - 98x + 22y - 118 = 0 
55. 4 p 65. (b) | 66. (а) 
d iu | : 69. (a) 70. (а) 
57. (a +2) 58.y=2(x-6) | : 73. ©) 
О Й 
^j 
NIS А VEG: „7... E нді 
и 01.0 240-0) ліс 0 той АВ эх ut on Чл етіле 
үз SP xo +) = етші 29 40W эү" АН nae АКЕ "УАР 
( nga эл! ИЕЛЕ repe u^ қар vC OR 


М t 
t . 


a 


5. Ellipse and Hyperbola : 


Recap of Facts and Formulae 


1. Standard equation of an ellipse 
5 ) . x? 2 
The standard equation of an ellipse is 11 % a =j 


for which, 


» centre О = (0, 0) 

« foci S, S' = (+ ae, 0) 

‚ vertices A, A’ = (+ a, 0) 

‚ the equation of the major axis АА’ is y = 0 
the length of the major axis = AA’ = 2a 

* the equation of the minor axis BB’ is x = 0 
the length of the minor axis = BB’ = 2b 

* therelation between semimajor axis a, semiminor axis 
band eccentricity e is 


b?=a7(1-e7),e<1 
А а 
* the equations of directrices аге х + сЕ 0 


2b? 
* latus rectum LL' (or КК’) = PO 


2. Standard equation of a hyperbola | 
ын А 

Тһе standard equation of a hyperbola is ч =i =1 

for which 

" centre O = (0, 0) 

* foci S, S' = (+ ge, 0) 

" vertices A, A’ = (+ a, 0) 


* the equation of the transverse axis A'A is y = 0 
s length of the transverse axis = А’А = 24 


` the equation of the conjugate axis B'B is x = 0 
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• the length of the conjugate axis = = BB’ = 2b 


• the relation between semitransverse axis a, semi- 
conjugate axis b and eccentricity e is 
b? - ae? -1),е>1. 


eum ird. 3 
• the equation of directrices are x са 0 


2 
• latus rectum LL' (or KK) =. 
Note Comparing the results for ellipses and 


hyperbolas we find that for coordinates, lengths 
or equations results are the same, only difference 
being in the relation between a, b, e даа takes 
place of b?) 


3. Equation of ellipse/hyperbola when one directrix and 
the corresponding focus are given 

If a directrix has the equation ax+by+c=0 and the 

corresponding focus is (a, p) then the equation of the 

ellipse/hyperbola is 


ax + by +c) 
Va? + p? 
e being given eccentricity of the ellipse/ hyperbola. 


(x-a)?+(y-f)?=e?. 


4. Transformation into standard form 


(x - a)? 


TEARD 
тті 


then by taking the equations of transformation 
х=а+ Х, y- p +Ү C 


• If the equation of the curve is 
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the equation changes in the standard form 


x? y? 
cm 
a? p? 1 


2 2 
. In case of the ellipse =; 2-1, a>b. 
a^ b? 


If the equation of the ellipse is 
(x - a)? 2g? 
EIS. op =1 then we substitute 


y=B+X, х=а+У 
* If the equation of the curve is 


(ix +my +n)? | (тх-1у+р) | 


a? b? 


where Ix+my+n=0 and mx-ly*p-0 are 
perpendicular lines then we substitute 

li my +N у mx -ly + =Y 

17 +m? Nem 


to put the equation in the standard form. 


5. Location of a point 
2 2 
(a) If the ellipse is т =0 and Р= (x, y) 


then 
e Pis in the interior of the ellipse if 
Я х? у? 
5(х\, Уз), ie., 22 + p 1<0 
. Pis on the ellipse if S(x,, у1) =0 


e Pis in the exterior of the ellipse if S(x,, y;) > 0. 
2 2 


(b) If the hyperbola is S EE 1=0апа 
Р = (х1, у) then 
• Pisin the interior of the hyperbola if S(x,, у1) < 0 


e Pis оп the hyperbola if S(x,, у) = 0 
e Pisin the exterior of the hyperbola if S(x;, у;) > 0. 


interlor 


exterior exterior 


6. Condition for the general equation of the second 
degree in x, y to represent an ellipse/hyperbola 

The equation ax? + 2hxy + by? + 2gx + Yy+c=0 

represents 

• an ellipse if h? — ab < 0, A + 0 and it isnot a circle 

• a hyperbola if h? -ab > 0, A #0. --22 


• a rectangular (or equilateral) hyperbola (іп a rectangular 
hyperbola, transverse axis = conjugate axis} if 


EE NE re с 
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d 24% The equation of the tangent at (asec ¢, btan $) © the 


n?-ab>Oanda+b=0,4+0. 


7, Standard equation of a rectangular hyper, ola 


The standard equation of a rectangular hype; |, i 

e x1 - y! =a? whose eccentricity е = V2, the fame 
axis and conjugate axis being the x ang А Vet 
respectively. aN, 

= xy =c? when the bisectors of the angles between 
transverse and conjugate axes are taken as , р 
ахез. d 


8. Coordinates of any point on an ellipse/hyperho), 
Т 


2 
2. ; x 
. Any point on the еШрзе ute ha 


coordinates (acos ¢, bsin ф) where ф is a paran, 
(called the eccentric angle of the point). 5А 


: суа 
. Any point on the hyperbola 2179151 has the 


coordinates (asec ф, btan ф). 

e Any point on the rectangular hyperbola x? - y?-,: 
has the coordinates (asec ф, atan ф). 

~ Any point on the rectangular hyperbola xy = c! i 


the coordinates (е Bi 


9. Equation of the chord joining two points of an ellipse 
у! 


2 
+ The equation of the chord of the ellipse T 
joining the points ‘¢,’ and “,! is 


ЕЖЕН Ала, ф+ф фф 
а 2%ы А 2 


10. Equation of tangent and condition of tangency 
• The equation of the tangent at (x,, уу) to the curve 


жау іы, 5и 
411911118 TIPPS 


+ The equation of the tangent at (acos 6, bsin $) © the 


Е x2 y2 > 
ellipse Eb is 


Xcosó ysin$ 
LINE 


2 2 
„hyperbola 5-45 =1 is 
`жесф уәл фу 

1 


a 


un 
Ellipse and Hyperbola 
«of tangents from a 

бес” A T ра 13. Equation of chords and the pair o 
Ege y = mx + c touches the ellipse 7 + yz = tif paint 3 $ Y 

TS v chi 

4 "UE The equation of the chord of $ * 772 ы а 
" 2,2 2 a i dine 
со the line y=mxtVa'm’+b* touches the ellipse whose middle point is (x Y DOCE 
2 
xi Yii 

A xt mM a کو‎ 

The li = th bola  - 5 = 1 2 2 a 
; COCHE айынын a^ G? Уй, Л ints from (ху, у) to the 

122m! - b* . The equation of the pair of tange 

с=т —°. "ies 

бо, the не touches the curve >t Geis , 
hyperbola for all real m. wA 

e S- S, = T? where 5227 a 

2 xxi , УУ 
af. xn _1 

11. Equation of normal = M an E ы 7 


оп of the normal at (ху, yi) to a curve is 


The equati 
- У-и = dy (х= x). 14. Some properties of ellipse я 
(al, n . 165,57 are foci, major axis = 24 then for any poin 
2 12 the ellipse, SP + S'P = 2a. F 
ntre O is a diameter 


р 2 x 
‚ Forthe ellipse 5; + j3 7 1 


the equation of the normal at (х1, уу) is 


. Achord РР’ passing through the се: ; 
of the ellipse. Two diameters PP' and QQ' are 
rds parallel to PP' are 


conjugate diameters if cho 
ж. s parallel to QQ' are 


х-а У-и bisected by QQ' and chord 


n/a! wh bisected by PP". 
P 
and that at (acos 6, bsin ф) is Q ES. 
| axsec $ - bycosec $ =a? - b?. de ә 
aie “ 


Ne 


- 2 y? : p 
D For the hyperbola = - 45 = 1, : 


+ If the eccentric angle of P is ¢ then the other end P' of 
the diameter РР” will have the eccentric angle r+ 


Bice uation of the normal at (хи, yi) is 
Yo ES and the ends of the conjugate diameter have the 


хм у-и D 
fat уць? eccentric angles +> 
and that at (asec ¢, btan $) is e Two diameters y=m,x,y=m,x are conjugate 
b? 


=а?+Ь?. 2 2 : ; 
cos $ + bycotġ =a" +b diameters of += 1 if mm 17 
a 


12. Chord of contact, polar line, pole 
TNE 
* The chord of contact of tangents from (x,, уу) to the 


15. Some properties of hyperbola 
+ IfS, S' are foci, transverse axis = 2a then for any point 
P on the hyperbola, 15Р ~ S'P| = 24. 


ПРЕ z? лу? 
ГЕ * The hyperbola 2170221 is the conjugate 


L- 


2 
hyperbola of the hyperbola = E A 


22 
* The asymptotes of the hyperbola Ho i 1 are the 


0. 


Ш 


zy 
2 


lines - 
а b 
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Selected Solved Examples 


1. Find the equation of the ellipse whose foci are (4, 0) 
and (-4, 0) and whose eccentricity is 1/3. 


Clearly, the foci are on the x-axis and the centre is (0, 0), 


being midway between the foci. So the equation will be 
in the standard form. 


2% 2 
Letitbe 7440-1, 
а b? 
Foci are (* ae, 0). Here they are (4 4, 0). 
ae = 4. 
1 
Bute => 
ute 3 
i 
а cim „1.е., а = 12. 
Again, b? = a(1- e?) 


1 
> ваг) 12 535128 
th ioncfiheellipse ds: =e 
e equation of the ellipse is 144 * 328 ^ 1. 


2. Find the equation of the hyperbola whose one focus is 
(21,1) eccentricity =3 and the equation of the 
corresponding directrix is х-у+3=0. 

Let P(x, y) be any point on the hyperbola. 

Then by focus-directrix property, 


distance of P from the focus _ EE 
distance of P from the directrix ` 


(x +1) + (y=) _ 


х-у+3 
V17+(-1)? 


ra 2 
as сареи n2 22 


3 


№ 
or 21х2+2х+1+у2-2у+1]= 9(х-у +3)? 
ог 2)2 +y?’ + 2x -2y +2) 
= 9)7 + y? + 9 - 2xy + 6х- 6y) 
or 7х2-18ху +7y? 50x – 50y +77 =0. 


3. Find the latus rectum, eccentricity, foci, centre and the 
lengths of axes of the ellipse 9x? + 5y* —30y = 0. 


Here, 9x? + 5(у? - бу +9) = 45 
or 9x?«5(y-3)!-45 


2 2 


Putting x = Y and y — 3 - X, the equation become, 


2. +-—=1 
9*5 
a?=9, 51-5 
b? =а2(1-е?); 5=9(1-е?) 
5 
2-5 
ог 1-е =5 
E E „32 
ог е = 7279! “д? 
12.5% 
latus rectum = 2.3 8 


the length of major axis = 24 = 2 x 3 = 6 
the length of minor axis = 2b = 2 x 5 = 245 
centre = (0, 0)у у 


= (0,3) (^ whenX=0,y-3=X givesy =3 
and when Y = 0, x = Y gives x = 0| 


foci = (tae н [23-3, 0} = (£2, Oxy 
X,Y 


= (0,3 ±2) = (0, 5), (0,1) ` 
(7 when X = +2, y-3 =X gives y -3*2 
and when У = 0, x = Y gives x = 0} 


4. Find the centre, eccentricity, foci and directrices of the 
hyperbola 
16x! —9y? 4 32x + 36y — 164 = 0. 


Here, 16x? + 32x +16 - (9y? — 36y + 36) - 144 =0 
or 16(х+1)2-9(у–2)2= 144 


2 2 
«+ (у-2 0 
9 16 


Putting x +1=X and у-2=Ү, the equation becomes 


which is in the standard form. 
Here, а? =9 and b? = 16; 
b? = 2e? =1); we get 162 9(£? 71) 


Now, centre - (0, 0)х y = (-1,2) 


d 
(е when X = 0,x +1 = X gives x =7 an 
when Y 20, y - 2 = Y givesy=2) 


7 


с” 
Ellipse and Hyperbola 
i (260) „> = (+5, 0) т 5-1-0 

foci = 46 0х, ao. "XY e y^ 

_ (15, 2)= (4,2), C62. Р 20 
pirectrices in X, Y coordinates have the equations Fes 

- E 
х+2-0 tg 


13 0 
or х+1+573 


5, Show that the following equation represents an 
ellipse. Also find its centre and eccentricity. 
A(x—2y +1)? + 9(2x + у + 2)! - 25. 
On simplification the equation becomes 
ааа dy? +1-4ху+2х - Ay) 
+9(4х?+у?+4+4ху+8х + 4y) 225 
ог. 40x2 + 20xy + 25y + 80x + 20y + 15 =0 
or. 8x24 4ху + 5y? + 16x + 4y +3 - O. 
Comparing with the general equation of the second 
degree 
7һ1-а)-21-85-4-40<0 
^238:5-342.2.8.2-8.2-5.8?-3.2! 
=120 + 64 — 32 -320 - 12 #0, he 0 
the curve is an ellipse. 
For the equation 4(x-2y « 1)? « 9Qx + y + 2)? = 25, 
q y y 


we find that x-2y*1-0 and 2х+у+2=0 are 
mutually perpendicular lines. 


substituting wee EIU 
n 


and psy nD 


the equation changes to 4(/5X)? + 9(N5Y)? = 25 


Now, centre = (0, 0)x, ү; 
when X = 0, Y =0 we have from (1), Q 
х-2у+1=0 and 2x «y 2-0. 
Solving these, 5x +5 = 0 
х=-1; soy=0 


centre = (-1, 0). 


6. Prove that the sum of the squares of the reciprocals of 
two perpendicular diameters of an ellipse is constant. 


bm 
x? 2 
Let the ellipse be Epi . (1) 
and РР, QQ' be two perpendicular diameters. 
Let the equation of PP' be у= тх ... (2) 
Solving (1) and (2), 
1 т? 
rura 1 
ab 
x= tS 
Nam” +b? 
_ ¿mab 
У Vam? +b? 
2p? т?а?ь? 
PP’? = (2 х ОР)2=41—22—— 
(2x OP) ETE dint pa 


TE Е (1+m? 
ат? +b? 


As QQ'LPP' and QQ’ passes through the cent 
O(0, 0), the equation of QQ’ will be 


cu 
у-түх “Ж 


Solving (1), (3) and proceeding as above, 
442,2 


каз 


оо" = 
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2,2 

«Уи irn? 

a“ bim? m? 

_ 4226? a 

Vaud tmo 
1 1 m?^4 p? 22242 
та а бе _ 
PU Rae 420(1 + m?) * 40° +m) 

1 


Tu ey Im reat em 
_ +1 emt 

44b (1 + т?) 
aj. p? 


7 4a? 2 = constant. 


7. Prove that the angle subtended by any chord of a 
rectangular hyperbola at the centre is the supplement 
d the angle between the tangents at the ends of the 
chord. 


Let P(x,, уу) and Q(x», y2) be two ends of a chord of the 
rectangular hyperbola 


РЕ B) 


Now, ‘т’ of OP = A 
5 


жалт жуз 
+. ха жу 


, where ZPOQ = Ө. 


The equations of tangents at P and Q are 
xx,-yyi71 and хх, - уу, =1. 


Their slopes are T and 22. 
n yi 


У 2  XWi-xWi 
Q5. Уи 
yy 2% 
tan 0 and tan ф are equal in magnitude but opposite 
insign j 


tan Ө = -tan $= tan(r - 9) 
Ө+ф=л. Hence, the problem. 


8. Prove that (0,3 + ¥5) is a point on the elli 


the ellipse. 
Let P = (0,3 + ¥5) and foci S = (2, 3), 5' = (-2, 3), 


Here major axis =2 x 3 = 6. 

Pisa point on the ellipse if PS + PS' = 6(= 2а) 

Now, PS = V(-2)7+ (15)? = 49 =3, Р5' = VITT OSF? , 
PS + PS! =6. : 

Hence (0, 3 + 5) is а point on the ellipse. 

At first we have to find the equation of the ellipse to fing 

the tangent. Let any point Q on the ellipse be (х, у). 
QS + 05' = 24, we get 


(e =2)? + (y—3)? «N42? + (y-3) =6 0 
Vc ie both:sides by the conjugate of the left-hand 
side, 


(x – 2)? + (у –3)2} (0+2)? + (у -3)) 
= 600-2) + (у 3) — Vie + 2)? + (у—307 
Чх-2)*+(у-—3)? 


г 6259-3 = E 
@+@ = 2-2) «(y -3) - 6-5 


or e-2*«e-»- 6-2] 


or хана ey! 6p 4929 ag 7 
5x? 
or Tg ty -6y+4=0 
ог 5x?^.9y?-54y436-0 |. ... 


The equation of the tangent at (х, у) to the curve 
ax? + 2hxy + by? + 29x + By +c =0 
is axx + h(xy, + хуу) + byy, 
+ g(x x) +f +y) +e 
^ the equation of the tangent to (1) at (0, 3 + V5) is 
5x-0+9y-(3 +15) -27(y +3 + 5) + 36 =0 
ог 9ү5у - 27(3 +5) +36 =0 
ог 45у 363+ ¥5) +4 =0 


5y =5 +35; у=3+45 


5 " 
foci are (2,3), (-2, 3) and semimajor axis is а а 
nd 


the equation of the tangent at the point (0, 3 , n 
lto 


| Ellipse and Hyperbola 


td be the perpendicular distance from the centre of 
9, Le! 16-2 


2002 ^ 
the ellipse Gs 1 to the tangent drawn at a point 


pon the ellipse- If Fy 
- ellipse then show that 


224a? E . 
(pF,- РЕ) =4а di 


and F, are the two foci of the 


1 tP = (acos ġ,bsin 9). 
uation of the tangent at Pis 


‘The eq 
xosh yinda ... (0) 
n 
E l1 — ... (2) 
13 cos% , sin ^$ 
a? 3 ПЫ 
p 


Неге Е = (ae, 0) and Fz = (~ae, 0) 


PF,-PF;- Ч(асоз ф – ае)? +b sin Zo 
: _ tacos ¢ + ae)? + b sin o 
ГТГ 
TAE i pe b*2a?Q - e?) 
- Va ^e cos p + Za e cos G +a 


=-2аесоз > 
(PF) = PF)? = 4aecos * 09) 


EF 
2 2 
= cos 7 - 7; COS Ф 
22.2 1161.73 
LU caso = pem Ф 
$ NI 
=е?соз $ 
(3) ала (4) = 


p? 
er (i 


EN: is 
10. An ellipse has the eccentricity > and one focus ! 


FG 1): The corresponding directrix is the common 


2 
nearer to P, to the circle 


tangent, р 
hyperbolax^-y 2_ 4, Find the equation o! 


and its centre and axes. 


Any point on the hyperbola xe 
The tangent at (sec 0, tan 0) tox?-y =1is 


xsec 8 - ytan 8-1 
This will also be a tangent to x+y zif 
us - length of perpendicular from (0, 0) to (1) 


х2+у?=1 and the 
f the ellipse 


x? - y! =1 is (sec Ө, tan 0). 


EU 


radii 


=- 


r 1= 
р sec 20 + tan 20 
or ѕес20 + tan 0-1 
or 2170 =0 
or tan 0 =0; 0=0, л 
putting for 0 in (1), the common tangents are 
+х=1, ie, x-1 and х%1-0. 
x =1 is nearer to (о. 1) than x +1 =0. 
the ellipse has the following: 
1 
f =|=,1|, 
focus Е J 
corresponding directrix is x – 1 = 0 
1 
d e-2—. 
an ғ 2 


:. by focus-directrix property the equation of the 
ellipse is 


(73 +ө-»=@ ey 


div eua pum 
or x х+а+у “2y + =a? - 241) 


or 4x* + 4y? - Ax -By +5 = 2-2 41 


ог 3x? +4y?-2x-8y+4=0 


C-100 
о 3 atta. T 2 1 
3 э] 4y -2у+1)=5 
ү? 1 
Of 3f -3) + 4-1 = 
1,2 
( 73] -1)? 
or H+, 
9 12 
сейте=[2,1], semimaior 21 
3 jor axis = 


semiminor axis — ca à 
2N3 


11. If the tangent drawn ata point (t7, 24) on the parabola 
y^ =4х is the same as the normal drawn at a point 
(У5соз $, 2sin $) on the ellipse 4х2 + 5y? = 20, find the 
values of f and $. : 

The equation of the tangent at P(t?, 24) on the parabola 

у? =4х is 

у: 21 = 2(х + Р?) 
or yt=x+t? 0 


The equation of the normal at О(У5сов ¢, 2sin $) on the 
ellipse 4x? +5у? = 20 is 


у-2іһф- = (e= eos ¢) wea) 
dx Jo 
Differentiating 4x? + 5y? = 20, 
dy _ dy hx 
8x + 10y 7 =0, ie., dx Бу 
dy) _=4-N5cos$ __ 2cos 
ЕЕ 52sinó  ЧУӘвіп ф 
(2) gives 
5 N5sin ф 
у-25їпф= соз $ (x — Уӛсов ф) 
` or 2ycos ф = N5xsin ф- sin $- cos ¢ ... (3) 


From the question, (1) and (3) represent the same line. 


ECC e в б 
2соѕ > “5віпф -sin ф:соѕ p 
2 соѕ5ф 2 
= fs sing N5 ® 
2, _ 605$ 
and #? = 15 {clearly ф = 0, x} 
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тте попал! to the ellipse at P(acos ф, bsin $) is 


DOT NES 


7 псоѕ ф bsin ф 
b? 
590, а 
4 E = sin $ = tan ф(х — acos $) w (2) 


or 4cot^$4 V5cos $ =0 
or e B 


sin % 


cos ф=0 or 4cos ¢ + V5sin 2$ = 0. 


т Зл 
If cos ф-0 ћепф= =, · : 
r 2 2 1+ tan улап 


If 4cos ¢ + У5ѕіп2ф =0 
then v5cos?$ — 4cos $ — V5 =0 


$46420 456 
OF EET ire 205 


54-5 voy5»1 


eum дж; т—соз 11; е И 
2 2 УБ 5 E 
and (22225086 pL 2ab 
Уз sing 
ale 5 
UE Xu 2. = ove hat the straight line Ix + my =n is a normal to 


e 1 
12. Prove that the greatest value of tan 0 is S where 
6 is the angle between the diameter through апу 
ND gren LL hat 
point on the ellipse y+ =1 and the normal at tha 
> a 
point. нле EC 


Let the diameter pass through the point P(acos 6 bsin 0) 
on the ellipse. > 


* the equation of the diameter i 
1 5. «oS 
: the line ix + ту = n are the same; so 


m 


cor 


Ellipse end Hyperbola 


1 ху ? 2 
== |54 
йык (а à 
1 y/b a 1 
a а2-0? м 
or s д 
TUN оссе. 
Similarlyg m^ K b 
a? og? (a2 - $5? (x. и 
т wh gp 
(a? 62)? E 
- 


{7 (n, yi) satisfies the equation of the ellipse} 


4 on the rectangular 


14. If the normals at (x, yj? = 1, 2, 3, 
rove that 


- 1 h, kK), p 
hyperbola xy = c^ meet at the point ос MA 
pem of the ordinates of the four points 15 k. Also 


2. 8 4 
prove that the product of the ordinates is –с . 


c 
Any pointon the curve xy — c?is Е $) . 
The equation of the normal to the hyperbola at the point 


t, в 
(еҙ) 


z E 
ye y dy - (x - ct). 
(a), 
П 
et dy -c 
Here, xy=c?; or у=) m sr 
dy c 3 
ІЗІ" gut ug 


. theequation of the normal at (е 1) is 
у-1-1%х- ct) 


ог ty-c=t°(x- ct) 
or ct-fx+ty-c=0 
The normal passes through (h, k). So 


ct*—t*h+tk-c=0 а) 
Let the roots of (1) be fj, t», Б, t4. Then x, = сі, y= cM 
қ 
sum of ordinates 
=Y +У2 + Уз + У4 
mU DEC IE 
t h h t ? 


маш 
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БЕ, 
so сы 
с" К, (from roots of the equation (1)} 
and, product of the ordinates 
= У1У2У3У4 
26.0.6. 
Б Е, 
SE са 4 
ҺЬЬЬ сус" 


15. Find the equation of that diameter which bisects the 
22i 
chord 7х + y – 20 =0 of the hyperbola 2-5-1. 


The centre of ће hyperbola is (0, 0). Let the diameter be 


у=тх ... @) 
The ends of the chord are found by solving 

7x *y -20-0 0 

x? 2 ' 
and 2--5-=1 —@) 


2 
Solving (2), (3) we get = - 100 -7x)?=1 


or 7х2 – 3(400 – 280x + 49x?) = 21 
or 140x?- 840x + 1221 - 0. 
Let the roots be x,, x. 
Then s, (m 40-6 БЕС) 
If (xy, ут), (ха, Уг) be ends then 
7x, 491 - 20-0, 7х,%у;-20-0. 
Adding, 7(х + хз) + (y, + ¥2)- 40 =0 
or 42 +у +у– 40 = 0, using (4) 


у += -2 
the middle point of the chord 


_ [А+ Ук+уг 
tgo nas 

6 -2 

- Е. xj @, -1). 
This lies on (1). $о-1=3т; 2. m--i 


the equation of the diameter is y -- i. 
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1 Ellipse and Hyperbola 
i of the foot of th А 
2 =. be care on any ntc as em cular dray tion of the perpendicular from the centre For this, 2 
2 2 a NA uu lamp- omj} A A4 Com BB am «26 e? 

xy 18m(p - от xi 

=+5=1 n 2+ 4} =0 

a’ bi or Әта am)? + (4 -9m HB am) z й 

„ 8) 2) +4(4-9т*)=0 


M (e£) 
P (а cos фр sing) 


intersection of (2) and (3) is R and the required 


bi obtained by eliminating хл, y; from (1), (2) and 


Qu 2 


7251 У 
—LzI-7--t (say) 
Gy bx ау. 


The equation of the tangent at any point (acos 4 is From 
is А ) 3 А 
5 tting in (2), yty -b xt) + xix -a yt) - 0 
хсов ф ysing 7 BREST. нито 

a b 220) or (x2 ty Dt zla e bxyr =0. 


Let M(a, p) be the foot of the perpendicular drawn fro 
the centre ( 0, 0) to the tangent (1). " 


acoso Вѕіп 


Mis on the tangent, ddp ы, 0) 


OM.LPM, act. p 
a asin ф 


2, Pt y) 
С ya? e b?) 


ог bfcos ф =aasin ф 


cw sé BE 
ға bp Na Ta? + b? p? 22 1 р(х? + 22 
à 2 278] ya +b)? 
Putingingy) ©-——= 4% BE ы 
а Naa +b b Va a+b "ya 
,Na^a* - b*p Yao +b°B = a+ 


or a? +8? = iL 
(a^ +B)? =a «+b, 
“the equation of the required locus is ; 
(х? +y)? =ax? LO p 
17. The perpendicular from the centre on the normal 2! а (1) 
: 4х?-9у?= 36 


р DRM у 
any point of the hyperbola жету” 21 meet at R. Find 
z a.b TOS Y 


the locus of R. 
Let (5; у) be any point on the hyperbola. 


2 2 
Xi yi Ч 
So, 227221 ІШ 


ill touch the hyperbola 
1-97 -36 


The equation of the normal at (xy y) is (2) 


оу 


n ni д) ) àt coincident points. 
a? 07% 


x s 
or у) с-а) =0 0 


'm' of the normal = A à і 
* : ull touch (2) if this equation has equal roots. 


or (В- ат) {9т?* + 4 - 9m 
ог (B-am)«4-9m?-0 
ог (a?-9)m? -2apm +82+4=0 

The two tangents РТь PT; will be perpen 
product of roots of (3) is -1, 

8+4 a?+p2=8 
a?-9 Е 

2 the equation of the locus of P(a, pis 


„.. 3) 
dicular if the 


=-1; 


іе, 


x^ «y^ 25. 
| (This is the director circle of the hyperbola.) 
19. Find the locus of the intersection of two normals to 


2 2 
the ellipse pepe which are perpendicular to 
a 


each other. 


Let the two perpendicular normals cut at (a, В). If the 
foot of one of the normals be ‘¢’ then the normal is 


axsec ф – bycosec ф=а? — b? 40) 
and it passes through (а, В). 

aasec ф — фсовес p - a? - b? 
or aasin $ —bficos ¢ = (a? — b?)sin ф- cos > ... 2) 
^p ЖС 4 asec ф E 
т’ of (1) is їуепЬут=у с ^ pian? 


2 _вВ)2=(22 2,2 Im? 
or b'(ma-p)' = (a ~^)“. 


ог (та-В)?. (a + bm?) = (a? -b5)2. т? 

or (ma? - 2aBm + B?Xa? + bm) — (a? — b*) mı * = 0 

or bam" - 2b apm + (420? + 26? — (а? — 2) 3m? 
` “2a apm + ар? =0 

Let ту, ть, ту, m, be four roots of the equation givi 

the slopes of the four normals that will pass hice 


(а, B). As two of them are i 
"n Perpendicular to each Other, 


C-104 


aih E‏ ا 


2 
Now, m, + my + my + m = 2298 _ 2E ШАРА”) 
bla! a 


туту + (my + mm, + т) + тут, 
2 
а o? «bg? - (a? - 292 
ERE a 6) 
тут›у(ту + та) + тута(ту + ту) » 


2л?ар 248 
pa p ... (6) 


ав? 
тутт? = E ... (7) 
From (3) and (7), 
482 
ba? 


Putting 7+ m» = 2, ms + mg = y we get the following: 


туц = – 


2 TET 
NSE ЕЕ) 
= 1 
ар? аа? + b02 - (4-b)? 
ARAR ERG TR ... 9) 

ap? _2а?р 
-p ba ba ... (10) 


From (8) + (10), we get 
242 2 2 
f Sedet ass] 
1 epo 


ba? a ba 


2-28 a? +b ba? _ 2aB(a? + v?) 
Or Ағ b? ha228? bjaj-a)p? 
. by(8) 
228 _ 2aBla* +b?) 
Ea ba ap? 
ba? -a?g? - an? +b 
= 252. 540 + 2p 
a(b a“ -a B) 


__2р ақа?арҘ 
x ba? -a?g? 
. from (9), 
2af(a? +b?) -2ра а? + p?) 
62а? -а?8? a(b?a? - a?g?) 


a?B? а?а? +b 8-2-0 х 
рт Ьа? 


да? Ца? + b Na? + p?) 
سپ و ا‎ 
or (b a? -apa : 
b?a? + 4782 «a^a? +626? - (a? 53)? 
> ГЕТЕ п 
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or —4a’b’a 8 а? +b Aa? + p?) 
= (67a? -aB (a? +b Aa? p?) g: 
2_%)%b70.2—a7p?)? 

or ... © 


= (a? 4 b)? + ВБ? а? + 28) 2 
B^) 


the equation of the locus is ЕЕ 
1 ga 
2 Ed 
2 уе g|- 22у? е ry 
(а2– Б) 1 за +) ty?) | у {from (5)) 
a b.) Ца р 


қ a? 
20. From points on the circle x^ y? - a? tangents ay, LA E p? 
drawn to the hyperbola x? - y* - a*. Prove that " 
locus of the middle points of the chord of contac, 
the curve (x^ - y)! =a (x? ау), ae 
(«^ - P^ 


Let (ху, уз) be any point on the circle x? + y? = a2 


Thenx?«ylsa?-. 2. 224) 
The equation of the chord of contact of tangents from 
(xj, у) to the hyperbola is 
xx -yy =a? Tess 
Let (а, В) be the middle point of the chord of contact. 
The points of intersection of (2) and the hyperbola 
oe e 


3? аа? + 8^ 
equation of the locus of the middle point (a, pis 


evil) 
22 =2) +y’). 


2 a 2 2 
х?-у?=а L If a chord of the ellipse сезі touches the 


are obtained by solving (2) and (3). Solving we get, 
.7»! 


2 2 
ЕЕ 92205 


n 


dle point is 
oe (a? + yy)? = x2y? = 4x2 ' ^ ee i E b? a? b 
iu vr. A ДР Ea? BB рр tM(a, ) be the middle point of the chord РО of the 
ог. (y; - xy! + 24? уча (a? 31) =0 о CENE 
f the : 2 
Jy 


The roots of this equation give the ordinates © a 
points of contact. б 
у+уз=- и ation of the chord is y - В = m(x — ©) .. (2) 
ух ESSET Е у 
22y ) ae ation of the hyperbola is == 7 =1 ... 8) 
28--5 5 {> (о, p) is the middle point? : a 
NUM ; (3), Solving these 
the chord of contact] 2 5 
В=- ау 4 0 
y- x " " 
Also, (a, В) satisfies (2). (m2x? + (B — та)? + 2mz(B = ma) - 1= 0 
So ax, - By, =a? в 


2 
- шау, i-o ... A) 


Ellipse and Hyperbola 


Again solving (1), 


IEP = (х,у), Q= G 


or 


or 


or 


or 


or 


or 


or 


ane, : E 256 
4 а 


cm 


2 -ma, 6 
Е 23 ЕТЕ 1 


.b? 
b 20 


(2) we get as in (4: 


2 


1 т? 2, g- та) 
СЫ 


азы N 
-41- p? 
will be roots of (6) 


уз) then Xy X2 


ч к 
а? (a?B? + b?a7)? + (а?В? -Ь2а?) 
x o (79^ +b??? кара =0 
азар арала pt etu? 
ME +6202) + (a?8? -ba atp? = 0 


a82 
тазыға = (ba аа 


(a^? +b a)? = 226222 4261) 
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Problems Plus in IIT Mathematics Ellipse and Hyperbola 
Я р A 
ог (9,82) а? ра aE eE МА И 
a? 0°) айы (ax? +b? ie dle NR el. 2 ; 
қ ИГ oi а, 
_the equation of the required locus of the middle Gib- (ах-і)” (жау ےر‎ 2 bit dot bat by 
point (a, f) is (бы 2 ^ даз? кь: 2) wr 9 E 
a. ЖР 57-2 “а-ы (а2х2 –62у2)2 
S “озы у 2,23.152. p22 жиырыл 
si or 2(a?x?+b7y?)?= (a^ - b?) (47x? huy: 
22. Find the locus of the point of intersection of normals Exercises 


at two points on an ellipse which are extremities of 
conjugate diameters. 
Let PP' and QQ' be two conjugate diameters of the 
2 2 


x 
ellipse 24221, 
Р û7 Be 


Quum py 
P с а 


Let the eccéntric angle of the point P be %. 
Then the eccentric angle of Q is ‘¢ + 2/2’. 
Р = (acos ¢, bsin ¢) 
n : л 
О= + ij т +2) 
The equation of the normal at P = (acos ¢, bsin ¢) is 


x-acosó y-bsin$ 


acos ф bsing 
a? b? 
ог ахвес ф – bycosec $ = 4? — b? (0 


Similarly, the equation of the normal at Q is 
esed + i Бусове + 2) 17-47 


ог -ахсозес ф- bysec ф=а?—Ь? ... (2) 
The locus of the point of intersection of (1) and (2) is 
obtained by eliminating ф from them. 
Now, we have 

axsec ф - bycosec ¢ - (a? -b?) 2 0 

bysec ф  axcosec ф + (a? - b?) =0 
By cross-multiplication, 
a?-p? 


2,2 


соѕесф 
-by*ax -by-ax а?х?+Ь y 


ax? e py? 1 


OO 


23. If by, фу фу ф are the eccentric angles of four con 
24 оз 


rs 2 x 
points on the ellipse athe then Prove tha 


су 


s the equation to the ellipse whose one vertex is 


dı + $2 + фу £47 20, n € М. |), the nearer focus is (1, 1) and the eccentricity 


(3,1 
/3._ 

Find the equation to the ellipse whose centre is 

Jand whose semiaxes аге 3 and 2 and the major 


The equation of the chord joining the Points with 
eccentric angles фу, ¢, is А 


x +d huto %-% Е ТР 
yi cos " sin Ml = 0 E m parallel to the y-axis. 


e equation of the hyperbola whose foci are 


TE 
% then #7 
The equation of the chord joining the points with Ж 


eccentric angles ф;, $3 is 


+ + - 2 
2 یں‎ > % + sin hth = КА = cos Шыл 2 $3 0 е centre, eccentricity and the lengths of the 
i ; = ) axes for the curve x? = 3y? - 2x - 8. 
e equation of any second degree conic passing E 
a ^ y pre z r . Find the inclination to the major axis of the diameter 
through the intersection of the ellipse oar lipse, the square of whose length is the 
a 


c mean between the squares of the major and 


and the chord (1), Q) is i 
how t lat the length of the focal chord of the ellipse 


“ = 2. yia 2 ju 
Ве — sin 20 4 bcos 26 
x + 26256 -91. Бер: 
«бев 2 2 +E sin и» cos + 1 tric angles of the ends of a focal chord of 
22 


If this is a circle then the four points ‘,’, ‘ba’, 4% * 
will be concyclic, The conditions for that, are 
Coefficient of x? = coefficient of y 


1l, +4 + 
Er a О = t cos fre = 4G 1 passes through the point 
ISection of i -87- 
ИСЕ КЕСЕ е of the lines dae 0 and 
р و‎ 8а 5 and its latus rectum is BET Find 2 


and, coefficient of xy = 0 


, 


11. PN is the ordinate of any point Р on the hyperbola 
EE. 1. If Q divides AP in the ratio a 2:62, show 
a^ b ч 
that МО is perpendicular to A'P where AA' is the 
transverse axis of the hyperbola. 

12. If a rectangular hyperbola circumscribes a triangle, 
prove that it also passes through the orthocentre of 
the triangle. 

13. Show that the product of the perpendiculars drawn 
from the foci on any tangent to an ellipse is 
constant. 

14. Prove that the line joining two points of an ellipse, 
the difference of whose eccentric angles is constant, 
touches a fixed ellipse. 

15. (а) Any tangent to an ellipse is cut by the tangents at 
the ends of the major axis in the points T, Т”. 
Prove that the circle whose diameter is ТТ’ 
passes through the foci of the ellipse. 


0) A tangent to the ellipse х? + 4y?=4 meets the 
ellipse x? + 2y?- 6 at P and О. Prove that the 
tangents at P and Q to the second ellipse are at 
right angles. - 


16. Find the equations of the tangents from the point 
(2,2) to theellipse 4x? + 9у? = 36. Also find the angle 
between the tangents. 


17. If the normals be drawn at the extremities of а focal 
chord of an ellipse, a line through their point of 
Intersection parallel to the major axis will bisect the 
chord. Prove this. 


18. The normals at four points on the ellipse 


xt y? 
at == 1 meet at (o, В). Find the mean Position of 


the four points. 
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20. 2 2 
lf the normal at P to the hyperbola = - = 1 meets 


the transverse axis in С and the conjugate axis in G^ 

and CF be the perpendicular to the normal from the 

centre C then show that 

PF - PG =b? and РЕ. PG’ =а?. 
2 2 
21. Tangents from the point T to the ellipse ж * у= 1, 
а 

(а » b) cut off a length equal to the minor axis from 
the tangent at (a, 0). Prove that T lies on а parabola. 


22. P,Q are two points on the ellipse x? + 4y? = 4 whose 
eccentric angles о, В satisfy the relation 
sec о + sec B = 2. Prove that PQ touches the circle 
x! «y?*-2x-0. 


23. The lines |x| 2a make an intercept on a variable 
line such that the intercept subtends a right angle at 
(2a, 0). Prove that the line always touches the fixed 
hyperbola 3x? - у? = 342. 

24. Find the equations of common tangents to the 
ellipse 4x? + 9у? = 36 and the parabola y? = 4x. 

x 2 2 
25. A tangent to the ellipse Pu ут =1 cuts the 


coordinate axes in A and B. Show that the equation 
of the locus of the middle point of AB is 
a 2 b 2 " 
5+3=4. 
а 
26. Р is а variable point such that the two tangents 
Bu 1/2 я 
drawn to the еШрѕе ipe 1 from the point P 
а 


are perpendicular to each other. Find the equation of 
the locus of P. 


27. Show that the locus of the point of intersection of 
tangents to an ellipse at two points whose eccentric 
angles differ by a constant, is an ellipse. 

28. If the normal at any point P of an ellipse cuts the 
major axis at G, prove that the locus of the middle 
point of PG will be an ellipse. 

29. Find the equation of the locus of a point from which 
two tangents can be drawn to the ellipse 
“ жї уй 

кү 
making angles @,, Ө, with the major axis such that 
tan 0, + tan Ө; -с (a constant). 
30. Find the locus of the middle points of all chords of the 


xy? 
ellipse 3 + pu 1 which are of constant length c. 


31. P is any point on an ellipse. Prove that the locus of 
the centroid G of the points P and the two foci of the 
ellipse is a concentric ellipse of the same eccentricity. 


32. (a) A variable straight line of slope 4, intersect 
rectangular hyperbola xy = 1 at two points 3 the 
the equation of the locus of the point © 
divides the line segment between thugs b 
points in the ratio 1 : 2. Wo 

(b) Show that the locus of the middle Points of | 
2 le 


2 
CAU 
chords of the hyperbola oie Which 


passes through a fixed point (о,р), |; 
hyperbola whose centre is (©/2, В/2). 
33. Find the locus of the middle points of the portions of 
2 


^ x 
the tangents to the hyperbola isis 1 included 


between the axes. 
34. A normal to the hyperbola х? - 4y?- 4 meets they 
and y axes at A and B respectively. Prove that the 
locus of the point of intersection of the stra ight lines 
drawn through А and B perpendicular to x and y 
axes respectively is a hyperbola. Find its equation 
and eccentricity. ( 

35. A circle cuts two fixed perpendicular lines so that 
each intercept is of a given length which are 
unequal. Prove that the locus of the centre of the 
cirde is a rectangular hyperbola. 

36. A circle with centre (3o, 3B) and of variable radius 
cuts the rectangular hyperbola x? - y? = 91° at the 
points P, Q, К and S. Prove that the locus of centroid 
of the triangle PQR is (x - 2a)? - (y - 28)? =a’. 

37. (a) Show that the locus of points of intersection of 

tangents at the extremities of normal chords of 


231952 
the hyperbola = =e =115 2 
а 


(b) Find the locus of the middle points of the chords 
of the circle x? + y? = 16 which are tangents 10 
the hyperbola 9x? — 16у? = 144. 

38. If о, B be the angles subtended by the major axis M 
an ellipse at the extremities of a pair of conjugal® 
diameters then show that cot^a + сой? i$ ° 
constant. Š 4 

39. If P and Q be the two ends of a pair of conjugate 


2 Ж 
diameters of the ellipse =, + An =1, find the locus of 
а 


the intersection of the tangents at P апа О. 


Objective Questions | 


Fill in the blanks. 
40. The equation x? - 3xy + y? 10x - 10y+ 24 


тергеѕепіѕ а___ having its centre at — ` 


dard form is . 


Dude 
+7 =1 passes through the point 
а 


) and has the eccentricity 2/5. Then the major 


, minor axis = 
tricity = УЗ, the distance between foci = 9 
equation of the hyperbola in the standard 


7 


ча on: 2ر‎ zy? -2х%8у-1 -0 represents 
and its centre is j 

of the tangent at the point ‘9’ оп the 
—3y?-12is where $ = 1/4. 
ол of the normal to the ellipse 
16 at the end of the latus rectum in the 


2 2 
pse ++ =1 whose length is the GM 


the major and minor axes, is 
Zo y2 
о 


variable point on the ellipse 22+ n 
n 


from an exterior point is ] 


M а 2, 
1 to the ellipse 77 + 7 = 1, whose centre is 


leets the major and minor axes produced at P and 


Ellipse and Hyperbola 


can 


s of a pair of 


n 
56. If y = x and 3y + 2x = Oare the equae F 
Қым x^ Ws then 
conjugate diameters of an ellipse 227,2 


the eccentricity = 3 P 
57, The equation 3x? - 3y ° — 18x + 12y+2= M 

represents one whose зама anm 
58. The coordinates of the point P on the жігі: 

4x?49y? 236 аге if the area 0 

APSS’ = VIO, S and S' being the foci. v s 
59. If the tangent and normal toa rectangular hype je 3 
at a point cut off intercepts а, 4 on one axis 


b,, b; on the other axis then аа; + 162 = — ` 


Choose the correct option(s). 
60. The equation 14x? — 4xy * 11y? - 44x - 58у + 71 =0 


represents 
(i) a parabola 
(Ш) a hyperbola 
whose centre is at 
(а) (2,3) (Ы) (2-3) (с) 2,3) (9) (-2,-3) 
2 


x^ yt 
61. The latus rectum of the curve Pee -1 whose 


а) an ellipse 
(iv) a rectangular hyperbola 


eccentricity — e, is 
(a)2a2/b (b)2b/a? (c)2a(1 —-e°) ` (d) 2b(1 - e?) 
62. The eccentric angle of a point on the ellipse 
x?+3y?=6 at a distance 2 units from the centre of 
the ellipse is 
(a) 1/4 (b) 51/4 (c) 37/4 (d) 7n/4 
63. Which of the following is an exterior point of the 
ellipse 16x? + 9y? – 16x - 32 = 0? 
(a) (1/2,2) (b) (1/4, 1) 
(с) (3, 2) (d) none of these 
64. If the inclination of the diameter PP' of the ellipse 
ru. 1 to the major axis is Ө and РР”? is the AM 
of squares of major and minor axes then tan Û is 
equal to 
(a) b/a (b) a/b 
(с) тй ` (d) none of these 
65. The line3x + 5y = k touches the ellipse 
16x? + 25у? = 400 if k is 


(a) + У5 (b) + \15 
(с) + 25 (d) none of these 


66. The equation of a tangent to the hyperbola 
x?-2y?-18 which is ре! i 
rpendicular t i 
x-y-0is eo 
(a)x+y=3 
(Әхжу-3У2 


(6) х+у+3=0 
(9) x + y +3۷2 = 0 


C-1 


67. 


68. 


10 


з 
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А point On th 
Normal is Parall 
(а) (5, 2) 
(c) (-5, 2) 
If the ordinate of the poi 
equation of the tangent t 


e ellipse x? + 3,2 = 37 where the 
el to the line 6x — 5y = 2, is 


(b) (5, 2) 
(d) (-5, -2) 
nt of contact be 2 then the 


| 0 x? + 4y? = 25 is 
SJ SP ede ds (b) 8x + Зу = 25 
(с) 8y - 3x = 25 (d) 3x - 8y = 25 


69. 


1. 
2. 
3 


5. 


A tangent to the ellipse 16x? + 9у? = 144 making 
equal intercepts on both the axes is 


8 V5 
3 3 (+ V5 +1, 2) 


2N3 
6. (1, 0), 74 2 6, 2У3 
т 5 
7. — ڪس‎ zz 
i 10.4 272, b-4 
8 
16. y - 2-0, 8х + 5y - 26 = 0; tan! 
18 а?а. b8 
'(2(?- 5?) 2(?-2?) 
24. x &24 N13 -у+2+ 113 =0 
26. x! +? 2 a? +b” 
29. c(x?- 4?) - 2xy =0 


2 


2 
30 icy a etin ge icon 
“la” b 


32. (а) 16x? + 10xy + y^ =2 


ےت ہے بے 


34, Ax? у? = 25, v5 
А & у : 


37. (b) (x? ey 3? = 16x* - 9y* 


39. 


2 2 
Те жен. 


4 40. hyperbola, (-2, 2) 
2 b 2 


(a) y=x+9 (b y=x-5 


(с)у= =x + Б 

70. If the tangent to the ellipse x? + 4y? 7A 

рф’ is a normal to the circle x2, ya 

then ¢ is equal to х- 

(а)л/2 | (07/4 (c) 0 

71. Anellipse having foci (3, 1) and (1, 1) р 
the point (1, 3) has the eccentricity 


| X2-1 | 
(а) 2 -1 (b) V3 - 1 (Оту (4) 81 


2 
< 


(фу--х-; 


the, 


(d)... , 


nar 


3 
4556; | 


Ve 


Answers . 
5х? +9у2 + 30x - 18y - 126 =0 41. Ү2 4 
9x* + 4y? + 36x — 24у + 36 - 0 42,5x^ 2x OY 76%, BBY + 506 =0 
. 12х®-4у?-24х + 32y – 127 = x Ae a NN 
y x + 32у - 127 =0 аз. 27 "REY ue mms respect 


2 
x? 


1 =1 
45. 243 2.54 343 2 
вы 

47. hyperbola, (1, 2) · 
49. 2x - N3y - 3N3 =0 


де. (Lo), NE 
2 Bai 


| 


48. 2V2x - N3y = 25 
50. tan 'Vb/a 


51. 2447-87 unit? 52.4 
2 
53. 1 54. Z41 
593 1 
55. 212 - bm? = n? 56.1 


57. rectangular hyperbola, V2 


58. Ё i d 59.0 

60. (ii), (a) 61. (c) 

62. (a), (b), (c), (d) 63. (c) 

64. (a) “65. (с) 

66. (а), (b) 67. (b), (d) 

68. (a), (c) 69. (a), (b), (с), (d) 
71. (a) 


70. (a), (c) 
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1. Function 


Recap of Facts and Formulae 


1, Function and its value 

Iff:A > B where A c К, В с R is a real function then 

‚ fis a rule according to which, corresponding to each 
x c A there is a unique real f (x) є В. 

‚ f(a) is the value of the function at x =a, 
ie, x =a € A corresponds to f (a) с B. 


‚ y=f(x), i.c, x € А corresponds to y e B then x is the 
independent variable and y is the dependent variable. 


2. Domain and range of a real-valued function 


If y = f(x) be a real function then 
e domain of f = the set of real x for which f(x) is real 
e range of f = the set of real values of f (x) for 
x е domain f 
= [min f(x), max f (x)] 
Note The above result on the range of f is true for 
continuous functions. 


If the domain of ф(х) be D, and the domain of y(x) be 
D, then 

* the domain of f(x) = ф(х) + y(x) is Dy ^ D3 

* the domain of f (x) = ф(х) x w(x) is D; ^ D; 


* the domain of 200 ыр ^ D, -E 
ain of f (x) А 


where E = the set of zeros of y(x). 


3. Equality of functions 


* Two functions f(x) and $(x) are equal if 
(i) domain of f = domain of ¢ and 
(ii) f(x) = ф(х) for all x е the common domain 
For example 
f(x) = log x? , x > 0 and ф(х) = 2log x, x > 0 
are equal functions because they have the same 
domain (0, +œ) and for each ХЕ (0, +<) we һауе 


f(x) = ф(х) as log x? = 2log x. 


But F(x) = log x?, хе R and ф(х) = 2log x, x > 0 are 
not equal because they do not have the same 
domain. 


4. Different ways of defining a function 
A function may be defined іп any one of the following, 
ways, 
(i) uniform definition 
(ii) piecewise definition 
(iii) general definition given by a property of the 
function, 
For example Let (a) f(x) = x? +1 
(b) g(x) = 2х - 1, x «0 
x+3,x20 
(с) h(x + у) = h(x) - hy) for all x, y є R. 
In (a), the definition ís uniform. For every 
хе К,/(х)=х? +1, 
In (b), the definition is piecewise. For negative 
values of x, g(x) = 2x ~ 1 is to be used while for 
non-negative values of x, g(x) = x + 3 is to be used. 
In (c), the definition is general. The function is 
described by no rules but by a property of h(x). 
Clearly h(x) = e* obeys the property, but there may 
be other functions satisfying the same property. 


5. Some special piecewise functions 


‚ Modulus function. f(x) = 1х1, 
i.e., f(x)=x,x>0 
0,x=0 
-х,х <0 
f(x)=1,x>0 
0,х-0 


-1,x <0 


e Sign function 


оч Problems Plus in IIT Mathematics 


* Step function or greatest integer function 
f(x) = [x], where х = greatest integer less than or 
equal to x, i.e, fO=n,nsx<n+ 1 
where n is any integer 


e Dirichlet function f(x) = 1, x is rational 
) 0, x is irrational 


6. Even, odd and periodic functions 


. A function f (x) is even if 
f(=x) =f (x) for all x e domain ‘рис, | 
. A function f(x) is odd if 
(сх) = f(x) for all x e domain 
» Afunctionf(x) is periodic if ~ © -- з чал 
f(x + k) =f (x) for all x є domain and kis a 
positive constant. 
If k is the least possible positive constant then k is the 
period of the function. 
For example Соз x, |xl,x?- lareevenfünctións ` 
sin x, x? are odd functions is 
x + 2, e* are neither even nor odd functions 
sin x, tan x, x – [x] are periodic functions 


4: Some standard periodic functions with their periods: 


Function Period Function Period 


sin ax, COS ax 


sin x, cos X 2x 


i 
secx,cosecx 2л 
۴ И] 


+ tan x, cot x: 


вес ах, cosec ах 
м 
«tan ax, cot ax 


x - [x] 1 
constant indeter- 
\ тіла 


If f(x) and g(x) are tes trigonometrical functions of 
periods л. and р then af (x) + bg(x) i is periodic and has 
the period = Le.m:of {a,u} ~ 


j PON ' кезе СИН НИЯ 
7. One-one (injective) and many-one functions 
• A function f(x) is one-one (injective) PES 
if f(x) =f(x) = x, = x; otherwise it is many-one. 


For example f(x) = Зх - 1 is one-one but 
1 


g(x) =x + 115 many-one 


because f(x) -f(x;) > Зх -1-3x,-1 
d % =% 

and у)-д()) => х?+1=х2+ 1 
=> xx 


> Х-;,-Х; 


2.2 The necessary condition for éxistence of the inverse 


жо 


Function 
D5 
8. Into and onto (surjective) functions м 
ected Solve 
« A function f: А > B is an into function if for at lis ) X xamples 
one pe B there is no a е A such that f(a) = p. is a square of side п. A line parallel to the РАР 1 i 
BD ta distance x from the vertex A cut of (ні (ja 

T there inno such Be Mea тю (surjective) an = Express the area of the segment stie T ! z 
function. fæl 4-1] 1 n 
For example y=f(x) = 2х — 1 is an onto function hon z A- 11-1 

R to R but у= (х) =x 241 is not onto, i.e., into 

function from R to R because, ІН ls jue -121 E 


x 11. 177 and so for every y е К we have 
"PETS 


he real x (257), and x= 86) - 1 -Уу-1 and 
so (огу «T1 we haver no real (=. Уу-1). 


So,f(x) -1 ма js 1 are reciprocal to each other. 


1 à 
Also x, FL reciprocal to each other. 


4 n Thus, (1) can hold only when 
», In order to check whether y =f(x) from the set A toB 


-l= n 
ds onto or по, ‘write xin terms of y and see if for every RHONE неще Е 
y € B,x c A.IEso, itis onto. Otherwise, itis into. Јо)=+х"+1; 
DECOR dy 
• А function f which is one-one and onto (i.e., injective but f(4) = 65 
as wal as surjective) i is called bijective. ЗЕТІН 
] -2i4"a 
e : ei Pi hy 
4"=64 (7 4">0) 
9. Inverse function stead 
" nip scel A Shao =4 
+ Let y=f(x) be a function'whose domain is A and қ 53 
whose range is B. If for'every y е В еге exists а PU. butz« 2g. : Br 
single value of x. such that f(x) = y then an inverse "X 1 So, f(x)=x?+1 
` function of,f(x) from B to А is defined, given by ; ft) 26941 


х-Ғ%. уа 


кеша Fy =f) = 4x- 
To 2 я ^ das 


зер such that.x = ny 


z217. 
7 then the inverse of f is 


3. Find the domain of the function 


Io- 
vi]? = 151-6. 
dom f= {xe R | [x]? - [x] - 6» 0}. 
Now, we have to solve the inequation 
Ix]? - Ix] - 620 
or {[x] -3}{[x] + 2) > 0. 


function of fis thatf is one-one and onto, i.e., bijective. 


• A sufficient condition for the function f to have an 
inverse is that f is strictly monotonic, increasing (or 
, monotonic decreasing) function over the whole 
' domain. j! 
(See the chapter Monotonic F ution) 


А Using sign-scheme, 
.. 10. Composite function TRY aae 1 
2 Iff(x) bea function whose domain 15\А and range is В, 
: and g(y) bea function whose domain is B and the range (1<-2 or [x]>3. 


is C then (g o f(x) isa composite function whose domain 


But [] 4-2 = [x]=-3,-4,-5,... 


5 n E eR z e C where 2 
1 /0д=уававфу= 0020 00, D ML 
x For example tary yi T POM irl : І4>2 = |х-4,5,6,... 
ТА! x24 A 


then @ of)(x) = I= gl) 


WM 
[ 


= g(2x- + J ud +3). dom f = (-«,-2) u и, +e). 


2+ 6)1 - yX - (8 + ay) = 0. 
>0 E 


a6í су +4(а mobi 


y 2+ (а 2 + 46)y + (9 + 8a) > 0. 
уре true for all real y. 
) ca SEED e values except and 


74 


«0 
.. (2) 


402) < 0 


2-20 f 
7 a 2-8 и. 


тү -х) + 6(% =). 
6(xy = x2) - 8(х2 D 


| „атна 
+ 6х - ax AH 2 2 
(3х1 + 6)(3 + 6x, - 8х1) - 8х,(3хү + 6x, – 8) 


ich Fis onto Is 

? Justify your answer 

"n 5; СЕА) 3-3024 100 - -48 
pe 


—3х,(3 + 6x, - 8x7)]=0 


от — 30x? + 45x, + 18) 
-x(-66x, + 55)] = “0 


ж 


Function 0-7 


5-6x, 


the function is not one-to-one for a = 3. 


i 5-6 5 
ie, x,=x, or ——— ( “4 


8. If f(x) satisfies the relation f (x + y) = f (x) + f (y) 
for all x, y e Rand f(1) = 5 then find È f(n). 
n=l 
Also prove that f(x) is odd. 
Here f(r) =f(r-1+1) 
-f(r-1)*f(1) {using the given property] 
f =f(r-1)+5 50) 
-((ғ-2)%5)5, using (1) 
=f(r-2)+2-5={f(r-3) +5} +2°5 
-f(r-3)43.5 


=f(r-r-1)+(r-1):5 
=f(1)+5(r-1)=5+5(r-1)=5r 


m m 
E f(n) = 5n=5(1+2+3+... +m) 


n=1 n=1 


. 5m(m +1) я 
3 2 


Now, putting x = 0 and y = 0 in the given relation, 
f(0+0)=f(0)+f(0); > f(0)=0. 
Also, putting -x for y in the given relation 
f(x -x)-fQ) * fcx) 
fO =f (x) +f (x) 
0= f(x) + f x) ke, f(-x) = -f (x). 
So, the function is odd. 


9. If a,b е R be fixed positive numbers such that. 


Бағ» 
= b+ [63 «1-3b? f(x) +36 (fF - tfo)? 


for all x є R then prove that f (x) is a periodic function. 

Here, (f(a + x) - b)? 

=b? +1 -3b f(x) + 3b F(x)? - (Foo)? 

z1-[(fG)P - 3b (fa)? +352 - f(x) - 62] 

=1- (f(x) - 0? 

{f(a +x) -b + {f(x)-b}F =1 02. 20) 
This is true for all x. + 
Putting a +x for x in (1), we get, 


D-6 Problems Plus in IIT Mathematics 
1 
4. Find the domain of the function =5" (See Lin 
fa) = B 72-217 + sin x. 2) КІСІ 
=- > =- 
let фу В 22—217" Also, 7,5 y-1 
and q(x) = sin ^x. ‚ for all real у(6 1), x is real, and 
(See Limy 


So f(x) = 60) + YC): 

Let dom $ = Р, dom y = D+. Then dom f= D; ^ Dz: 

бо, D, = (re R13-2%-2'-*20} and 
D,={reR I sin x20}. 

Now, 3-2-217 * z0 


or з-2"-220 


ог 3-22 -(22)2-220 
ог (Q)?-3.2*«2«0 
(25 – 202* – 1) 50 
By sign-scheme, 

(+) 


(+) (-) 
2 


0<х<1 


2* e ,2,1е,2752:52; 
D; 210,11. , 
Now, sin x z 0 => Ossin“x 4% 
(г the principal value of sin "x 
is positive in the first quadrant} 
= 05х51 


D; = [0, 1] 
dom {= D, ^ D; = 0, 1] n (0, 1] = [0, 1]. 


2 
5, Find the domain and range of f(x) = Ê. 
x *x-6 
x-3 
Here, f(x) 5322 
х°+х-6 


f(x) is not defined for those values of x for which 
х?+х-6=0 
or (x«3Y(x-2)-0,ie,x-2,-3 
domain off = К - (2, -3]. 
Now y=f(x .€-2«-10 х-1 
y-fe) (x*3)x-2) x43 
f(-3) = « and 
lim f(x) = [value otii. -2) 
452 x+3 


x-1 
Z4 A РН | 
fe gio x43 
2 forreal x, f (x) can attain all real values except 2 and | 


:. range off(x)=R -6 1} Я 


6. Find the domain and range of the function 
fis 2-x +М+х. 


Domain of f(x) = (x | 2-x20and1+x20). 
х<2 
х>-1 


Now, 2-х20 > 
1+х>20 > 

+. domain of f(x) = [-1, 2]. 
Again, f(x) = (2-x + NL x)? 
-342N0- 300142) 
=3+20+х-х? 


the greatest value of {f(x)}?=3 +2 - \- 6, 
1 
whenr-; 


the least value of {f(x)}?=3 + 0=3, 


when x Lie, 17? 


the greatest value of f(x) = V6 and 
the least value of f(x) = ҮЗ 
range of f(x) = [v3, V6]. 


1 - 
7. A function f: IT) 
nf: R >R is defined by f(x) = a4 br 8x" 
Find the interval of values of с for which f is onto n 
the function one-to-one for a = 3? Justify your answer 
Asf: К > К, the function will be onto if 
ax? 6x-8 % 
тенш ш 
о+бх-8х? 
can assume any real value for real values of x. 
ax? + 6x8 
Or rer 


Let 2n 
а+бх-8х1 9 


BASI 
DT 


2 a+ +6 -ух- (8+ ay)=0. 


axis real, D >0 
36(1 zy)! + 4) +Ву)(8 + ay) 2.0 
A o1 - 2y + y7) + 8a + (а? +64)y +8оу?>0 


or. 
or^ 95 gay? + (a? + 46)y + (9 + 80) >0. 


This has to Бе true for all real y. 


Hence its D $0 and 9 + 8a > 0 
^p | (o2 46) - 9 + 8a)’ 50 
24 


d 9+ Ва > 0,12. a> в 
from (1), 
` (а2+46 + 18 + 162a 5 + 46 - 18 - 16а)<0 
ог (a2 + 160 + 64a — 16a + 28) <0 
or (a )a - 14Xa -2) 50 
а Мо –2) «0 


ign-scheme, 2 < а < 14. 
3х?+6х-8 
3+ 6% - 8x? 


When a =3, f(x) = 


246x,-8 3X? + 6x2 —8 


gh 6x, 28x73 + 6x, — 8x7 
2% d З(х2 ху) + 60 = х) 


` би = хз) - 8 - xi) 


160, — х) – 8(x2 - x3) 3х2 + 6x, - 8) 


(гі = x7) + 6), - x20 + 6x, - 8x; 


— (-24х? - 30x? + 45x, + 18) 


-9 
Б а + -8 because by Quas] 


(using ratio and proportion) 


(3x, + 6)(3 + 6x, – 8х2) - 8x; xd + 6х1 — 8) 
- 3x,(3 + 6x, - 8x7)] =0 


-xj(-66x, + 55) = с : 


Function 
= 5x,-6 = 2) 
ie. idi x, or 5-65 Е 6) 


the function is not one-to-one for a = 3. 


8. If f (x) satisfies the relation f(x + y) = (х) + f(y) 
m 
forall x,y e Randf(1) - 5 then find E Дм). 
nsi 


Also prove that f(x) is odd. 


e0 : Нее -f(r- 14D 


=f(r-1)+f(1) {using the given property} 


NON 
: 20 


f(r) =f(r-1)+5 
= (f(r - 2) +5} +5, using (1) 
=f(r-2)+2-5 = f(r -3)+ 5) +2۰5 
-f(r-3)43.5 


=f(r-r-1)+(r-1):5 
=f(1)+5(r-1)=5+5(r-1)=5r 
m m 


I f(n == 5п=5(1+2+3+... +т) 


nel nal 


n 5m(m + 1. 
ату 


Now, putting x = 0 and y - 0 in the given relation, 
F(0 +0) = f(0) + f(0); F(0) - 0. 

Also, putting —х for y in the given relation 
Рох) =f) +7) 
f(0) =) +f (x) 
0 =f (x) * f 7x), ie, f (=x) = F(x). 

So, the function is odd. : 


9. If a, b є R be fixed positive numbers such that. 


f(a* x) 
=b+[b?+1-3b?-f(x)+3b (fio! - tfcor i? 


for all x є К then prove that f (x) is a periodic function. 

Here, (f (a + x) - b)? 

=b? +1 -3b f(x)  3bf(x))? - tf G9)? 

71-[(fG9)? - 3b - (fF (x)}? + 3b? f(x) - b°] 

=1- (f(x) - b}? 

{f(a + x) - b}? + tfe) - b? =1 ‘ ... @) 
This is true for all x. 
Putting a + x for x in (1), we get, 


D-9 


ре Problems Plus in HT Mathematics Function - 
: = x2 +1 forall x À = 
(fQa« х) b}? + Дан - =1 ..Q) : and g(x)= Vx 27 35. ат, x € R. If the range of f (x) does 
Subtracting (1) from Q), д. fügen (ge : g(x — [х]) where [x] is the usual step function 4 
L ae : not contain the open interval (^ 3] then prove 


=х2+1-1=х? forallx i 


(fa + x) - 8? - tf) - ^ =0 


or (fQa+x)- bP ={f()- 9? каст < 1 


| 4 


И ниве or 
36. Let f: (x, у, z) > (a, b, c) be an one-one function. Itis 


because x? > 0 [from definition of мај 


or f(2a+2)-b=f(x)- 6 
Y 4 i 252 
‚ог f(a +x) =f) ; 2 Now, fig) =x T allx Ж. real-valued functions (io known that only one of the following statements is 
(x) isa periodic function. } = (eser forall x. foe: 
: Фо) +В (G)f()-b iF #4. 


As x22 0, (fo g(x) cannot be negative. ; 
E Find the function f. 


NS ie iyd ios ош к орал Ши 1 So feg is not an onto function. Hence fog is not 
(=× - х=! +1, PN or 206; 
h(x) =0, if x0 ; і Мунир + 037, Verify iff (x)= ER is an one-one function. 
x, if x20 Again, h(x) = x for x > 0. : х?+4х+30 


then find the composite function He (fog) and : But, by definition h(x) # x for x < 0. 38. Check whether f (=, x € R is one-one or 
р 1+ 1х1 


determine whether the function f o g is invertible and 1 Hence is not the identity function: 
onto or both or none. 


the function h is the identity function. : Note f(x) is an identity function {if f(x) =x for al i 

Heref (x) = x^ - 1 forall x { x = domain : 39. Prove thatf: (-1, 1) > К defined by 

ғ 5 желе 
i і D fe x 1<х<0 
Exercises : тр 0<*<1 
1 d ds 
Bay J log, у = then express y as areal ` іѕ a bijective function. 

1 گے × ,835 ا‎ 2272 6 Find the natural number a for which d indicate the domain of definition. I 40, Prove that, if f(x) is any function, f(x) + fC) is an 
сх +d £^ $ : over [0, 1]. Find the domain of the: |: even function while f(x) —f(-x) is an odd function. 
! % Hence, prove that every function can be expressed 


п. 
14 = -a, show Һа) = x is an identity. E f(a+k)=16(2"-1) г 
k=1 as the sum of an even function and an odd function. 


. 1 E : ER 
+ E where the function f .satisfies the relation 


ii) f (sin x) Gii) f (cos x). 


41. Prove that the product of two odd functions is an 


2 Ef) - (8 x")"/a» 0, e N - 1 : 
ў : =f(x)- i d " : 
then show thatf (х) = x. j : K и a FY) for all natural numbers x, y ал gaa талде of the following: : even function while their sum is an odd function. 
3. If f(x) =log (x + 1+ x?) . : : t t 3 
s d / 42. If f() = 7*1, shi that f(t 
: Find the domain of the following functions: dni pe dg uy" крач 
А function. 4 


86) = log (1+ V1 + x?) and 
(b) Prove that f(x) = Ў1 – xj? + Ча + х)? 


is an even function. 


43. If the function f satisfies the relation 


е м-та 
h(x) = f(x) - g(x) then prove that h ЕР -h(x). = SENS ES 
x 


i P 8./@)= 
4. In the figure, BC=b and AH=h where AH 1 BC. : fe xXx -x-2 


If EF =x where EF 1 BC then 2 
2. express the area and : 1 =31+1х- : 
Perimeter of the rectangle DEFG as functions, г 8 f@)= :31 4 Ix-2141x-11 E ^ 
: с Іші =x ur : Их+у) «fix - y) = 2f (x) -fly) 
n i : : я for all x, y є R and f(0) 0 then prove that f(x) is an 
А 1 : зо f) = N SS DE-3)- even function. 
d x-2 +4 Е с 4 
) = : CES 1 and domain = К-П, 4J i 44. Define a function f(x) suitably in the interval |0, «) 
| пл og, Е : so that f(x) may bean 
БӨ Hee : 9х ; (i) even real function 
x prove that the range of : (ii) odd real function 


whose definition is as follows: 


12. f(x) = sin Кее} $ 


5. O is a fixed point on a circle of unit radi 
х unit radii 
centre is Р A chord perpendicular to OP at dietus 1520812 с flx)=1 
x from О cuts the circle at А and В. : 2+sinx ТА 5 zy detect 
the segment AOB as a function ү Express the area of 5 3 lations of the lines parallel to the x-axis : -x, -1<x<0 
of x. :OM.fG)-WSIxI- 37-6 2x ||; : | A 
i З 1718 ез. 2 45. Extend f(x) - x? +x defined in 10,3] onto the 


interval [-3, 3] so that f (x) is (i) even (ii) odd. 


D1 
Function || DH 
Mention whether he follow т Капа ф(х) = хн Ar i | 
| ns i Dear ET then $t» » sin x + ein? Е + 3] + c08 X + cos (« + 3) and SN vis real-valued function 
^ 3 ; z- 
! >, x) = ——— 
1 then (g o f)(x) = Е : da (“1N =4 
А Ж (a) (1,2) (b) R - [-2, 2] 


al. спо of the second de: T 
en 


, ус) = i and /@)=6 uy : (с)(-ө)-2) U (1,%е)  (d)R-(L2,-2) 


86. The real function 
(09 ge pen a: to E f(x) = cos Nx + 3x +1 + cos "Ix T 3x 
4 r is defined on the set 
tions Yd ^ E and 1 49) Учу gy ШЫН Vrae e 
г ntical in terval 
65, Р point o т 


жада Таһа û AA 


yet : 
25 =. @ : (c) 10,-3) : (d) interval [-3, 0] 


+2 
г 
à ssy- 1 г 
А АЙ ДЕ : 
cos [x] + соз[-л°]х j $ O87. The domain of көз Vlogs is 


[x] is the greatest integer function then 


е of a ‹ chord AB from p Те lo р : 
7 ne is correct? | (a)R ' (b) R - ban) 
(b)f(n)=1 : (c)R-{x|x=nm,ne 21 (9) попе of these 
(9) f (nA) =2 : 88. The functions 
8 d B ape "INT ST and E f у 
; d Er ion c ( 20 IE then f(a) is : f (x) ы, 1 x? and g(x) = -sin "x are identical 
а ind ) then mes : or x belonging to 
sue Sof x satisfying the equation doo г ӨБ. (b) [0,1] 
(d) none of these : (с) [-1,0] › (d) none of these 


le 
Н | 89. The domain of the real valued function f(x) for 
which 4/09) + 417/09) = 4* is 
cui | (b) [1, +) 


К (9 Cs, Ш | (9) (—=,-1] 
А P ү ‚ ӨР 
e function f(x) = 2sin 2x + 3cos 3x ] \ l 1 State whether the statements are true or false. 
90. I£f(x) = sin x + cos ах is periodic then a is rational. 
91. The product of an even function and odd function is 


even. 1 
! : 92. The function f (x) = x[x] is periodic. 
) 4л/ з (c)2n (d) 6r : dxe j 
ction defined оп [-1, 1]. If the area of eels y ү д | суз o| a 
wherea#0. | У 


94. The domain of the real-valued function .. 


E (3-х)(х +2) 
fO)=10810 V + 10-4) 


\ Е does not contain the intervals (-«, -5) and (5, 6). . 


| 

Answers ; } 
1 . 

ap ten 2 12. [-2, 058 | 1 v [2nn, (2n +1)л] 
— x)Vx(2—2), 0S xS 1 and 14. [-3, -2] v [2,3] Г СІЗ 
(ING, 1< 52 E j 2,3) 8,4], 
C UB, +) 18. (5, +=) | 19, not defined , 
9. (е, 0) 20. (-=,-1]0 (2,42) | 21. [-1,3] 


11, (0, 3/2] .22. (1,-1) 222 28.(1/2,1 


„4 
El 


aT Редін» Phe Ue VT. Мазм» 
= а 

haat det se penod = > Kim 

25 ка duemam eG th = | йе d 
е. 
зһ ф зл. AN & u Dea. Ce e Па] y? 
A ы ee Ху-!,у>1 
1 
Р 1 = с 60. -5 
бос fimi me iir ж; g 5 


1 1; 
23. domun = R range 0-0. 


29 domam = Ё - №, range = [L -1I 

34. domain = А. range = ИН. +=) 

3L demain = R, range = [1/4 1/2] 

32. ¢—. -ilu 17/25. -«) 

3L ,y-0andy-l 

36. fis such that f(x) = 2, у) =a, fiz) = c 

37. no 38. one-one, not onto 

4X Ах =т.05151 | ()/а)а2:,0<х<1 
1х>1 -Lax»l 


as. (f) 317 x,-3 <r <0 


üi)fGys-13 «x, ~3 5 x <0 
46. period = 47. period = x 
48. period = 49. period = 21 


1 
я =) Elm [Fleet Posies: 
nak کے ل کے‎ 
ва. SE EE respectively 
-1£55 -3£vN5 і 
NY Reo 1 65 
69. 2л J mire ie 


л. ri 2. P. 3/ x2] respectively 
72. R, |- 32, 32] respectively 


73. (4, <=) 74.[-1,1] 
75. [1, +=) 76. у%%,у>0 
зү (fX 
ho f—.— 78.1 79. (а) 
л. [o] (тод 1] 1 


80. (a), (c) 81. (c) 82.(b),(c) 83.(4 
ы. (b), (c) 85. (b) 86. (с) 87. (с) 
85. (с) 89. (Б) 90. true 91. fal 
92. false 93. true 94. true 


ч 


Балағам 
Chapter Test 
m 
> 
Time: 9) өкікшісе 
In each of the following, fill in the blanks so that the resulting sentence becomes true 
1-х 
Ж fa) Муса) = ig > O then the least value of f [firi] ef | t) is 
* A 


tendomainoffs — 


5 (с) Иуда) = UIT = IT then domain = _____ , range» 


(а) f(x)ex- a3] e n ne Nba penodic function whose period is 
A. indeterminate ВІ С.т 


D. none of these 


0,х-0 
~1, x « 0 then which of the following are true? 
LA. xf) = [x] Bre [1] fix) CAFO = fa) D. none of these 
1 ; then the function f- R — Каз 
x 
B. many-one C. into D onto 
f be à function satisfying Xirs) = ИО” + И and (1) = K & 1. Prove thal 


6-1) E faye k k 


) ^ GER is an even function 


nd the domain and the range of the function. f(x) = Va = x + Му - b wherea » b » 0, 


оа 
М-ы, ү „о, 1 Prove that fo) Пе 


1 ; 
30 - 0 SEIL -1). Also find the set of 


3 , 
-X^«1 


alues of x for which f(x) = * "TET ‚а & 0, 1 anda is a constant. 
2 1-4 


y be a function of x given by 10x? = 8xy - 2y? — 4x - 2y = 5. Prove that the function is 
one and among the two real values of x that correspond to a real value of y, one is 


4 and the other is 2 1 


“ry? -4x «3-0 where r = Và? «y, xe R, ye К then find the greatest and the least 
ues of r. 


f(t) 22x - x, x € 1. Prove that the function f "'(x) exists and find the solution-set 


Problems Plus in ИТ Mathematics 


11. Let f bea function defined by 2/(х = 1) -/ ГЕ 5 x, x #0. Find ће domain and range of 


the function f(x). 


2. Differentiation 


Recap of Facts апа Formulae ' 


erential coefficient $ d(tan x) 1 
2 ^^ R | 


ген. 0 P d(cox) -1 $ 
И : dk 1+ 34 
\ 


d(sec x 1 


dx “ixi Vr -1 


= lim flash = fe : 2 Acosec” 'х) _ SS 
ho : ЕНЕГЕ 


d(sec x) _ cos 71 (A) Е fe 2) 


N АБЕД 
ote dx dx 41- (1 w T 


po 


3. Rules for differentiation 
+ If ysu(x) vx) +ш(х) +. .. then 
dy _ й), dv(x) | dut), 


where a » 0 t 
1 dx "dx dx x * Hace 
(term-by-term differentiation) °7: 


ses of a term: | 
afa x)-k ge t 


e x) + u(x) ° za 


ү (product rule) і 


Answers 
= Luo v(x)} = 


33,46 z|, Е =] тарау, 


1. (a)2 (5) [1,4] (QR- Малта CD" sin 5 
К : du(x). dv(x) 


2. (а)В (D) А,В,С (с)В,С 
в. domain = [b,a], range = [Va — b, V2(a = 0). 1 a кірт: р д í | ES лышта dx 
5 Шана нала ашы, е7 i ре pe ec x. cot x 2 ГІ (000) { 
| | pU Wert ашо) ёоо) E 
"4 [ufo(x))] = divi) xd (chain rule) 


9. greatest value = 3, least value = т 10. (0, 1} 


-2№ 2/2 


11. R-[-1, К 48. 22) respectively 
du|v(wGO)H delw) dwl) 


d 
ge PRONS owo due) ^ dx 


2-15 ` 
a 


2-16 


2 i FH = a.c of f wart. x taking ф(х) asa 


constant + d.c. of f)? 9 wrt. x | 
` taking f(x) asa constant et Yeri 


=p fe 


+ FQN лов f) S00. 4 


(rule of logarithmic diretti 


4. Differentiation of function represented parametrically 


+ Ify isa function of x such that 


xzé(f)y- (0) 
where t is the parameter then 


dy 
d doa. XO, 
dx dx! 7 Су” 
dt 


5. Differentiation of one function w.rt. another function 
* If у= ф(х) and z = y(x) then 


Es du 

2405 ах ЖО! 

dz dz | y'a) 
dx 


«^ ё аё 
6. Relation between PE dy 


dfe E 


Problems Plus in ИТ Mathematics 


7. Higher derivatives of a function 


Ify= Me that the derivative of ay 
second deste or y wnt. x and itis denoted by г 


„Фу |. 4 (dy Pus 4. a 
"a -i ps dx? Тау dx? 


e Еуіза function of x given parametrically by 
iym х= 170) then. 


у КҮЛ d CAO] 
A. d (дуу d оф ДЇ 00) 
dx? 58) d. Ет. ae ксі dx 1 
ft nice v Té td dt; 


8. Differentiation of а function given in the form of a 
determinant iA 


u(x) el w(x) | 


TE y= р(х) q(x) r(x) | then ' 

хо) (жм)! Và ЕҢ 

Е v'a) w'a) u(x): v(x) N 

ро) qx) r(x) |+]р(х) д) ғо) 

^e) рк) “| LAG) мо) м! 

u(x) wx) Ei 
po)" qc) то) 
2) ge) vO) 


The differentiation can also be done columnwise. 


Selected Solved Examples 


1. If f(x) =log,.. 1соз 4х1 + 1вїпх1 then find a at 
x=% from the first principle. 
Clearly, the definition of the function f (x) in 


5+1]. 


T 
е Ез “6 ; 
where h is a very small positive quantity, remains the 
uc P 
. same, So, x - 76 is nota turning point of definition. 


Wirt. x is calleg the 


cmi, VIR алал 


| ^ Differentiation D 
17 
2л ` 
-25, an} К 248-243 6h 
Seminar = le, (2) log + -log2 
3 
4 ‘dy -6V3 3 
et dx. 1og2 2 
(using definition of mod) | 
-log cos (Z + an) 2. INL - xn V1 - y" = a"(x" — y") prove that | 
Шаты бы — Ul y" 1 rmx? ay sgh сун dy, | 
Differentiating both sides w.xt. x, es | 
La eae n-z} i Ll eg Y | 
2 2 : 2 Vi-x2" ы ) 4 ba | 
: 1 \ 
з 1 : A y 
715 eh sin h-z] : 1 Ч MULA | 
"p 2 : + (2 
i 2 As. ТУ ax | 
; >] 
14,24 d 
sin = a" Inx t7 1 pyn- AVI 
| 2 | лу A V 
^ К | 
‘ NO gym d 2п-1 dy | anfyri dy E | 
sn : 1-х?! 1- У-у dx dx 
xh atthe ay n- 1 in у gy 
ог Доу mr 
Weg E а" Мхи E х?" 
or f Tox" n. 
=y"? a^: 1-y” -y" dy \} 
1-y? dx қ 
cos 4h — — sin 4h ү i 
) ог Hp ort [E Sou Hem (1) 
i dx y" 1-x? an Пу ут Т 


Now, we have 


ME cos 2h + 3 sin a) 
Vi cx? + у атут) 


11 13 
(ies 21+ 2 sin 2h ) or а-х”)-(-у%) 
za"(x" —y (V1 = х2" И -y"] 
or ymax Magy" -y "уз 1-x? -vi- Y") 
-sin 2h + N3 cos 2h Мхи ум - Li" ex") 
1 Уз. 
7 cos 2h + — sin 2h 


2 2 


or а" х2" хт 


a" Vi-y™ -y" 
Using Q2) in (1), р 


АВ, 
+ 2 sin 2r) 


-sin 2h + V3 cos 2h dx Qn-1 


i dy x"! 
| y- 1-х 


ЖЕ 


КЕ 
D 249520 ty зїп 2h 


i. Writing in the differential form, 
‘using L’ Hospital’s гше) : 


ҚАЗ Problems Plus іп IIT, Mathematics 
à з), f'() - sin x and g'(x) = cos x Es d ; sin Yo | yi 
я E , f= = i = 

3. If u - f(x), т=&(х?), f : , | Bs i mu | 


th find du . i 
en find 22 Now, putting x=—1 in the original relation, 


i jating u 2 f(x? p 3) want. x we get А I: 1 
Differentiating и «f(x ) and o = g(x ) Р (sin у) + = sec \(-2) +5 tan log,1 = 0 


dug, aay ЧИ i 
afe) sinon) 2x ML 
Gin уу) += 


[> {'фд=зпх э аз-ақ : or 
dyg PR ACE 3x ? = cos(x?) ax? 1 
: ! sin Yo 
(7 g'G)-cosx = g'a’) = cos(x) 
du : й эму. 
du dx и). 2 sins” dst at 
do du cos(x).3x? 3x cosi? 3 Es 
dx Hence, [& کے‎ 
x 4342 
Ne 
4. Find Û atx=-1 when ‘ í 3 
dx : ; ЖЕСЕ 
2 9X а 
Giny” TR sec (2x) +2Чап (log (x + 2) =0. тУл?—3 
E x 5. If f, g, h are differentiable functions of x and 
E in? 3 
dU) _ ав coeff. ори? wrt. x when v is ^ f 5 h 
dx z Agw) = ар (xg) (АРУ |, prove that 
а constant .. Ў р" (x^g Eh" 
+ diff. coeff. of u” wrt. x when и із : j 
a constant. — — f daa) _ f 8, Д ae |: 
^ differentiating the given relation wrt. х, dx wey. Gg "y азу 
ps 2 in = - d М 
sin «(sin уу” 2 "еу { f By g 
i E : 46) =| fex 84x8 
+ Gin y 2 -log sin y -Z cos = : Webf'exy" + iex" 
25%-2 Er = " 
M еа "d ; : h+xh' 
2 ° q2xidax? -1 : : Qh + 4xh'+x 
Rees ee ae Pig t ore арж 
2*-sec'llog (x + 2)} — —~=0. : v "=F taf) +227 + 
ur f ig Aeon A 
Putting x = -1; Wê gel (assuming y = De E : = af? ag! Wr" xh! 
= (sin yo) 72. cos уу: 4 { Daf ку". 2xg! +x 2” 2xh' + x^h " 
dx], а : ize Ra > R5-2R; к, > № 
5 (sin yg)" - log sin 5-0 t ai s e я 
Е Бак Б: 5, ^ ah! |, Rr Ra- Ro 
Я Xf" ха" xh” 
3 Tu ТУЗ 2-01 1» eg E я А 4 в í ji 1 
i -2 1.1 ү? эм = i 4 ahs PED d 
or eos quein yo) {Ble te А аты pn aM 
Mo EEUU қақ ў ЖА ling te be common factor x hom f 


"| 


3" 


-Ri 


оз 


НЕЕ 
1 D h’ 
И I И 
xf" xg" xh 


no (xg " 


fs В 
re У 
f 8" h" 
f 8 
р’ 2 


f 8 


" g' 


узу 
yf 


Ё Penn, dx 


f 8 h 
Bop; | 
xp" x ө" xh " 
= 8 
3b j 


'* Differentiation 


he 
yt я. uy? 


h 
"| 


F”) ' (x % "^ (x E "' 


h 
| 


QU) 39)" COHN)! 
g h 

" he р 
d 


EE 


LY 


T 


sj. MAP logf(x) =2х Ее; 


ог 


dy а? 
ха tO? TE = 25у 


s Hao for then y isa constant 4 


7. Letf be twice differentiable such that f"(x) =-f (x) and 
f'G)-s(9). If h(x) = (РО) +g} where #(5) = 11, 
find #(10). 


Differentiating h(x) = (f())? + (g(x))? wart. x, 

h'(x) = 2f (x) -f'(x) + 2g) - Қо) 
Now, (х) = #00) => f") =8 00) 
> -Ѓо)= 8 (9) 


"I 


C^ f'e = -f 


D = h'Q)e2fG)- g(x) + 2g6) - F(x) 20 
h(x) = c; but h(5) = 11. So 11 = с. 

h(x) = 

h(10) = 11. 


8. A function f: Е > R satisfies the equation given by 
F (x+y) -fG)-f(y) for all x, y in R and f(x) #0 for any 
x in К. Let f(x) be differentiable and f'(0) 22. Show 
that f '(x) = 2f (x) for all x є К. Hence find f (x). 


Differentiating f(x + y) = f (x) -f (y) wt. x, 
Pei + оло sre roe 
But y is independent of x. 50 £ -o. | 
Thus we get f'(x + у) = '(х) -f(y). 
Putting x = 0 and x for y, f '(x) =f'0) fo). | 
f'o-2(») t'f'(o-2 3 
ог РО) =2 4 
Жә ] 
integrating, log f (x) = 2x4c 
Again, putting x = 0, y = 0 in the given relation. 
f(0+0)=f(O) -f(0) 
f(0)f(0) - 1) = 0. у | 
But ` f(0) «0 (given); sof(0) = 1. 
Putting x 70 in (D,log12 0c; 


а) 


с-0. 


Жо- ез Pi | 
Note If the: differentiability of f(x) is ‘not given, the 
correct method will be as given ahead. 


0-20 


f'G)- lim Fen - foo E i ‘ 


um 
( x): f(h) =f) 
ee ағ AR 
tim OO- 1} 
m : 


zf(x):lim £l 
һ-0 
-f(x)- lim e (0) 
hoo 
* ( f(0) = 1as obtained above) 


==) ‘f '(0) = 2. e 


9. Letf(x) bea real function not identically zero such that 
fic y" =f) e GI "n e N and x, y are any 
real numbers and f '(0) > 0. Find the values of fo and 


f'ao. 
Here fc y^) f(a) + (fy) 2n +1 2 а) 
Putting x «0, y.- 0 we get F=f үч. х 
e [@)=0, 

fO: > КО 2 


> tim £2, 9: 
х-0 
aM x»0,f()20 i ТЕТЕ” NI) 


Putting x = 0, y = 1in (1), 
f(D= f(0) + tf) ?*! 
г FON- (А0180 
f()20 or 1, (from (2)). 
Putting у= 1 in (1), for all real x, 
ТӘНЕ БРИ 
f= э Көшебе ^^ 
- f) -fQ)-f(3)» ...-0, 
ie, f(x) is identically zero. 
f(1) #0. Hencef(1) = 1. 
So from (3), fx +1)=f(x) +1 uen 
И) =F (4) +1=(F@3)+1 +1 lich 
= (F(2)+1)} +2 У. 
= 1/1) +1} +3 ! 
=f(1)+4=1+4=5 d Уа" 


3 


Problems Plus in ИТ Mathematics 


Also(4) = f(x) is a function whose value incre 
1 when variable x is increased by 1. ases by Find the sum of +: : 
кә Ғөгі © gin x + 3sin 3x + 5sin 5x + ... + 2k — 1)sin(2k – 1), 
E х)=2; - 22/4 
A f'ü0-1 = с05 х + соз 3x + cos 5x +... + cos(2k – 1)x. 


n "he Juss are in AP whose first term = x, 


Xi X) X +... X, 
10. Let (ums 


Differentiation Dn 


Differentiating w.r.t. x, 


= {sinx + 3sin3x +5sin 5x +... 


+ (2k - 1)sin(2k - 192] 


= 1 2kcos 2kx - sin x ~ sin 2kx - cos x 


N 


sin 2х 


sin x + 3sin Зх + 5sin 5x +... + (2k - Lsin(2k ~ Dx 


Ро) * fe +70) + cp а. Ё + (2k- by 
: TALES олду о 2 4 
= — К + 1)x - sinQk - 1) 
where х; are any real numbers and n є М, зақ! [sin(2k + 1)x ~ sin(2k - 1)x] 
is differentiable and f '(0) = - : ; indi 
I£f(n) is differentiable and f '(0) = а and f(0) = p, 4 Je SIE. cos kx = Sa -luingre is ORCI 
вла 2700. sin x 
in 2k: 1 
» б cos 3x + cos Bx +... + cos(2k— 1), = SAE = Fa ty LE + Dsin(2k = Dx = (26 = Dsin(2k + Dx. 
From the question, 3 
%у f x) +f >: 
ЯЗ | Ti AS E 
Exercises . 


This holds for any real x, y. So yis independent of x, ie, 
dy. 
dx^ 0. 
Differentiating wrt.x, |. 
+y) 1 
(525 E iroso 


deg Hi iro fe 4-9. 
Taking x = 0 and x in place of y we get 
ir ЕЗІН. 
FG-ro- (given). 
Integrating w.rt. = 2; 5+ 


Whenrz0,f()s0*cie,b-c [v f(0) = (given 


t X) ne 0 
Thus, 44) 2*! ‘ 
R 
Again, putting y =0 in ШЕСІ LOD we get 
f(t) 2003/0) EO +b 
2)" EET 
^ from(D, . 5 
Қ) | Іх|,хжО find f(x). 
form, Mara ue e 
очах : E: Vs p = те b Zr d На 
и à 


and ШІ аш, ej 
(a * b cos x)? 


у A edo ü 
О ЕРУ) но, А; 


15. Show that y = Asin x + Bcos x + xsin x is a solution 
Е А 1? 
of the differential equation y + “ae 2соз x, where 
dx 
A, B are constants. 


16. Show that v = а + Bis a solution of the differential 


42 
equation — + 2 D an = 0, where A, B are constants. 
dr? ro dr 
2 уУу? +1 APTE 
12; fy =+ 2 +log Vs + NX^*1, 


prove that 2y = vty we (it): 
by се? 
Р -q)x- у‘ (x - a)(x - b)(x = c) f 


ly y г 
show that = (ACA E 
dx xjla-x b-x c-x 


18. И 


19. If у= М -x +A tog 224 =x 
. гі =? 5 log Se 
298 


show that Шай = , 
dy 2 


Find 1 if y is equal to: 


20. sin 71002. NT- x - Ух, Ух) 


at p 121-37 
[ 13 


21. cos |, where 0<x<t 


22. (xlog хув log x 


Problems Plus in IIT Mathematics 


0-22 


25. x?" + (cot 4x)* 


24. (tan x) + (log х) 


PLI 


n 
25.x* +x 


26. {(tan x) tana] tan* atx =1 
Ай -1 
27. (logos rsin Х)008:1п2С05 1) кіп” 


28. 29 аи)" аіх=1 


Find 4 if 


29. х#®У+у%*=1 
30, x! «y! = (x+y 7 


at bt at b+ 


^. toc 
x 


32, y= РЪШ 


эз, И VL + V1 - y* = kx? - y?) prove that 
x yT. 
ee di ЛЕГ 
34, Find the derivative of 
fe log,sinx? + (sin х2) 8e 
wrt. ф(х) = log x. ^ 
a ree Ме, 


35. Find the differential coefficient of sec Rol 


wrt. Vl -x7 х=. 


36. Find the differential coefficient of 
loga - y sin Қ1- Ух) with respect to 21 7 Y and 


also find its value at x = 0.25. 


© and r=Vt- aB- t) then find 7 а. 


38. If x =f(t) and y = € (t), prove that 
АЛ 
Uy a R 
where suffixes denote differentiation w.r.t. t. 
39. If x = sec 0 – cos Ө and y = sec "8 — cos "Ө, show that 


Чу)? д 
(4>х2) (4) -п44 ty 2), 1 
40. If x = cos Ө, y = sin?0 then show that 


37. Ify= v 


Vat (ах 


d'y (ау b 
в) = 3зїп 20 - (5605201).  - 010% 


41. y= 2cos t— cos 2t and x = 2sin t sin 2t 
23. 


= 
rove that ( 
then p х? nnr 


42. Find “И when V1 - y* *N1- E - ay - 1) 
and x = sin t VI-t + NE У1-13). 


Express your result as а function of y ап d 
independent of a. 
1 
аз, Ix! - y! et and ху 


then prove that x y Beis 0. 


4 я м Hip Vi w 
44. Prove that ay, u Ф wl = |i v ш; 
93 Шу Ug 9, Wy 
where u, v, ware functions of x and 
2 
du d^u 
үлі теді etc. 


45. If f(x), g (D, В): = 1,2,3 are polynomials in x 
such that / (а) = g,(4) = ha); r = 1,2,3 and 
AQ) fe) Љо) 


F(x) =| 810) 82(x) 8300) | then find F (a). 
hx) fx) hy) 
yn % 
46. If y = cos ax, show that l^ у, %|-0 
Ys Y; Ув 
a’ 
where y, = ЕЕ? (cos ax). 


47. If (x) = Ха)“ (ж) and y(x) = иб) “ә 
then prove that 


Жә фб) : тб) i") KD 
Ға 9 w'e)|-(GI |, у) pa) 
Р) e"(x) у”) 
TET 41-1 x41 x-2 
48.LetA(x)s|2x?-1 3x 3x-3 


2 x?^«4 2x-1 2х-1 
Prove, by using calculus, that A(x) is a first 
polynomial. , 


degre? 


49. If y = sin(2sin 7x), show that 


о 4y. 


50. Ify = =acos(log х) + bsin(log x) where a, В are Ww 
[ 


constants thé obtain ‘the ‘relation Between X: ¥ т 


4? 
p and which does not contain a and b.» 


аан Pa 


n7 Ys-1 . Prove that 
yA ate? - ft. 0. 


Жі 4%. 2 
tg de? "fo 


2 


боп P. efined such that for all real x, y 
BC 
Л fo) 

l+ xg). where lim g(x) = 1. 

^ x70 

jf and f(x) =e*. 
(Әу) for all real x,y and f'(0) 
that f(x)=f"(0), for all xe R and 


(FG) +70) for all real x and y. 
д it is equal to -1, and /(0) = 1 then 


function satisfying f(-x) = f(x) for all 
exists find its value. 
— К satisfies the relation 


(Ға) ғу) * f) 
Е *(0) exists, prove that f’(x) exists 


Differentiation 


65. Find the sum: 


cos Ө + 2*cos 20 + 3 205 30 +... + cos пб. 


Objective Questions 


Fill in the blanks. 
66. Differential coefficient of log;(logox) wrt. x is 


67. If f(x) = log (logex) then f (е) = 


68. lx = a [cos t+ log tan 5)and y =asin t then 


ay. 
dr 


69. If f(x) = sin(log x) and y "(s 
atx=1. 


70. IEf/Q) =sin x? and y= /(x?+1) then SH = E 


71. If x = cos t, y = log,t then at £ «5. 


ау (а. 
=" [в] س‎ 
72. ten yo and sin ke тү; z then SL = > 


73. Let F(x) =f(x)g(x)h(x). At some point xy, it is given 


that Р (ху) = 2LF(xg), f (хо) = 4f (хо), g (x) = -7504) 


and h '(xg) = k + (xj). Then k = 


di 


74. If xe?! = y + sin x then atx =0, 2 — —- 


2 
75. If xy + y? = 2, the value of 54 at the point (1, 1) is 
x 


76. Let f(x) = [tan 5% tan di | 5, tan &-:] and + 


g(x) =x? +1. Then (Қ)! += 
then 


77. ІҒу- 
اپ‎ 


т 


ах.) dx), se 


78. If f (x) = sin x + sin 4x - cos x then 


f. Еш 2)х- по 
2 
where (’ ) denotes differentiation w.r.t. x. 


79. Шу log |x +5], x #5, then fl = 4 


80. х9 = ееп RM in terms of x. > 


VS" рока Риз in IIT Мәдеенііз 
Я. lx - e'cos bay nets а F 89. Let PESE. and at х=, Differentiation 
mo Nt soe i з ӨЛЕН 
ӨТ se 2 Then wg aty =1 is LECT 21. =1 
S2. не) 2 y3 епо) 22 21 Re: Vix" A Tm сев N= 
=r xr x 1) = Я 2 21 : 1 А - (22-е – В) = 
9527 & EUM (2-827 ®-75 (98 @2 ks =. {1 + log(log x) 1222-3) : 2Nte У1 +! 
90. Let Vales 7 А log x ji 145.0 PETENS 
Choose the об). д 3 (bea polynomial of the second d Ж (ores 3 UA + + =0 
f option . i is positive definite. If 50) =f( +f") vhich xlog x > 5h Е 
d 5 for any real x TPES 0) then m Ў --1 61.0 
83. The value of |, for the curve 2y =3-x7 is ; + (cot 4x) [log cot 4x - 8 ч 
ЗЕК (a) 50) «0 Ф) g(x)>0 5 xcosec 8x] : 63. n- " 4 
(31 (b)-1 0 : (9$6)-0 (d)g( >0 [sec x+ tan x + sin x log tan x] : (1-х)? (+ D" nx] 
\ © (4)2 : 91. If JO=1.f'O)=-Lf@)>0 for all x then th Жел ТЕС 
si Let y-logsin(x?),0<x<%- The value of 5 at: водата un > (logs) "-e + ов овј ; ° am 
i = их 22 (a) f’(x) <0 for all x x 
вая t уле Ъ TEE * en: doeet 65. п? 1 
2 5 (5b) 1 «f"() «0 for all x а и AN 
: я 2 2 2 + 2 00518 cosec y 
(ao e (Qz/A^ (dx 22 (9-ае/70)5-1 forallx =T?) 4 E 2 
ES. If f) -log then the differential coefficient of = (d) f"() 5 2 forall x j PET ji — sin nê. cosec °S. cot $ 
flog, x) with respect to ris d Sai ccs x i:logy-x -siny 55 
А i a 1 g lef@=|6 -1 0 | wherepi EIT coss 2T 21 
lgx : js a constan: 2% Қ ` xlog = . 
Gu ө-- е 2 р р р? "irse tenet y)) - убху «y^! log y) 3105.2 e 68. tàn! 
1 4 : Then— (о) atx-0i ty") (rey 1 logic у) вө. E Е 
© хех (9) none of these E a " | M Mey e 5 алы 70. 2xsin(x? + 1)* 
86. If y? = P(x) which is a polynomial of degree 3 then 3 oz з TEL Ls x deg posozy 2 Жы 72.1 73.24 74.1 
NIE a J; Pe (d) independent of p 73.2 A 
" а 2 езі» 5 "i ў B 77. -1, 0 respectively 
Е : a whether the г 
(a) P7G)* P'G) Р-Р : ан : are true or false. 78. 22x. 78. 1 " Лох 
(QPa)- Pe) (d)a constant : کے و و‎ rand zoo hen =0 + log sin x°- (sin x°) *$* тъз (1+ log x)? 
. . me J T 
& Eft - ta tft next. a ate dz ES 1 
poen then 0) is i 9L The derivative of an even function is an odd pH UNE i 82.-6 83 
: function. v2e 4 . (b) 
и | 
eli - : EY AUS 
| 2 ыо : 95. If f(z) and g(x) have no "derivative at х = 2 then Й 84. (d) 85. (c) 86. (c) 87. (a) 
| (91 (d)doesnotexist = т /6 +20) may have a derivative at x = а. 88. (b) 89. (a) 90. (b) 91. (a) 
ва Yt- e and y- E iow : CR eg 2 92. (d 
н ıt) = > 96 Ifx2+y2 Pes ees e @) 95: tue 94.true 95. true 
1 т=з 2 fz ty =r2andz=—thenz= dx " 96. false 
ei $i і 2 xui 5 
2 2 0? (ә 5 + o 
ف‎ sas : Lisa dr 
о 


г Answers ч 
1 xo x - хп 2) Е -2r 
-x* 1 6105: } 
P : ri 71 1 
3. geç r RI i : += 
Hini -Ү е7: 5 I ВЕ 
4-96: x 1 10,1. : / 
з.п: 5.21е" ume 2 2 nien 
à Ixus 6 
15127051 ر‎ 
2221%1-- 


Differentiation 


Chapter Test 


Time: 60 minutes 


In: (a) Ify= gin Л (x) =sin x * then 7 = - 


© If f(x)= (ax + b)cos x + (cx + d)sir x and f‘(x)=xcosx is an identity in x then 


‚с= ,d- 


a= , b= 
© If f(x) = |x = 1| and g(x) = = fif(x)) then $ = = 


4(8 *) log "Y 


I а ARS d(logx) 


= prove that g '(x) = 1+ {<}. 


m m 
1 1 ГЕ 


, Jéy- + а x30 x. . +a* ), find in the simplest form. 


п 2 
5. Ону =f(x) p= m and q = 43 then express 52 as a function of p and q. 
ў y ; 
| je Let /(х+у)= f(x) -fY for all x, y and f (0) + 0 then prove that f'(x) can be obtained at all 
- xe Riff'(0) exists. 
7. Transform the differential equation (1 — x 23 e +у=х9 ау y substituting x = cos Ё. 
2 
(х) £0 iy 147 2 E E 
y fe andz . Prove that — "F^ Ex "fasi 9 ДРЕ : fo (ах 


[m] 


D.28 
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\ 
Answers 
20 x-x?)) , (2x-1y | 
1, (a) ———5й\ а 1 ), 1 1, ( N Yecti | 
(1+ х5) i +1 (b) 0, 1, 1, 0 respectively 
(с) 1 (d)2log x х1 | iu 


2. 2x41 rem | 
U Arry 


\ 
— > 1 
4. 2x + 1-х? 1 A ees 
y wa nt p rv 
5. T dy 
p 7. di +у=0 


/ 8. Limit, Indeterminate Form 


m of Facts and Formulae 
1. Indeterminante forms of galing) za d ; x 
; | ов е 
‚ The indeterminate forms of values of a bwin ata ied i i. | 
! ; | 1/Х _ а 


point are 
Tu : e lim (1 x) 


Un (x dy en = 003,10 = x20 
0 o | 
i i : 3. Properties of limits 
; ‘lim (fesso im шешкен) 


2. Standard limits 


(^ ol x 
: , xou 


1 S f 
x % у dog Md s eei) к 
ух 600) = lim F(x) x lim $ Q2 
xoa x +a 


. lim 

x9 | i 

1 ЖОЖ ;' inre lim (f (x 
1 Р Mis xa 

Дапа | И: RE "^ 

e Ix! i Ж уун, op al "Й E. 

ORAE INN oso bt MMC 5, me Y dh р lim f @) 

. lim Ix1" 20, where и > 0 ААУ ee thd piel tig m 07 ШЕЛІ йә) 

US n М AU Io Ment iti s VN QU, y т ф(х)" іт $00; ; 

' ; | Y : dir M Ж оа Б, 

‚ lim x"=0if Ixl «1l ilz wp P edis Y Py Ws ud ne og | 

n9 | E КЕТУ үш ' pa log, f (x) 

; | L JM. lim f (0-6 ` 
. lim ixi" oo 1х1 >1 Men ose Mut : d iow de ҰҒЫ 
| ap^ ы | a MS D ТОЙ lim 09; 
n MS T Ў ys lim MS = im f(x) ха 
1 "T ы Й хэ а 

“на msm | , | qd 

xa XH E ons С TET 

| d T "зк. Poe fits Рф cO! qu т УУ 
r ‘xa | | M 


sin X 
1 where xisin radian, measure | 
iM sl 


lint: = 


x20 | 
. lim cos x 1 ЕТ E | s n БДЫ + pr 4. a. Hospitals rile | 
egere Do. f 0 and ф@)=0 then АА 


x20 Д ЫР 
там X К: ЛЕ +. Dd ҒАН i 
. lim =), where x is In radian measure ae (x f): peg ate UTE 
x40 IN ү f “tim | JO 
i E per б). en S * (x) 4 ^ М ИИ}, 1 | ) NS 
. lim 21 1 Rp SO | i e | MED i о 
Ия i EDU АЙ lim f) = © and lim 0= den У 
TERT ДУ. E MN ca n xoa үр; Sk WS 
x ; * қ B j v f M ТАРЛАНЫ у 
. lim —— = loge EUM: I cic te e AL At fü) EU [К МАМ | thi м 
x 0 | ! ; ү Ты " i i m =lim g^ \ 4! Я - | 1 DUI SW i 
| ЖОН A Т ea per MACH CAE 
i ^ ы ' ү ath n i N: a J d nw | ШҮН 
і | И 


м 
ИС, 


` Oum iu 
q ao~ ‚Жм 
СТЕК СТА ТЕЧ 
SMS оса 
мх хоккее 
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Selected Solved Examples 


Yoru +x x : саны 1 
1. Evaluate lim * R в vu o. E М,М1ғ-- 
x20 8*x-N84x 4x : aue pula Sek ne 
2: 2.55. p : 12-9 - 
We know, (a – b)(a? + ab + b°) 2a? - b°. : ив И + eM a 


. limit ; 
i (8+х)-(8+х2-х?) : у Ni 1 
> е +— 
x20 : LE AT. vx 
[iere terre E dne 
1+! 
x 


+(#в+х? = 


ОЕ 
141 2 
ABr) + Вх Bex 
3. Evaluate 
: n n-1 n-2 
+ (Вх)? " 1-Ут%2-Ут43-Х т+...+п.1 
: lim 1 1 1 x 
2 4 
| @+х)-(8+х®+х?) : ">. я 
$ Consider 
xe Sop te ; DT 
x40 X-X/-X 2 PESE 


=т{1+2+3 +... +0 (n – m +1) terms} 


(Вх)? + ух. хх? +(Ув+х1+х?)? 
x 
€ (п-т+1)(п-т+2) 


(\В+х)2 + Вал. Вад да + (хх)? 


г 2 
ск Тед m з 
Lie = pin? — (2m - 3j + (m -1ут - 2) 
= 2 в 7 
OBS rx Ber + Bex en) =m тот =3) + Fm? — 3m +2) 
pce steep iue en RS al E ЛЕЕ 
(Worx)? + 6х. АВ 225 + BX) п? 3n m? А 
жо; sg m-n mî + rem + r TM Tt 
sA 2242-2427 п? Зи | 3 1 
ое کہ کےا‎ -[n-c|m? zm? 
1 2742-242 5 + т («3v +ут 
: п n-m4l. Et 
и: Xm cm ) 
2. Evaluate lim (Мт -%).. E , : 5 1 
хә ; 3n n 32 а 
В : : Oe eee 
1 
ES -%) Nx xx + Vx 2 M ; 
Limit = lim : ! = Зи +2 nna) Ж 
PLC CC X XD EX / 
с; 1) 
Е " : 2043 пит 1,7027 
= іт LL : 235 6 2 
xox МЕ Md : „(n + D01 +2) n(n + 1(2 + Dn +3) 
dm EE н : ИВ hail 
E E : у UA ; + 
rox Vx +x + Vr +x } ұз di 


$ 
ien y 


-() 


as p?" > 0 when т > œ. 


+12") = lim 2-2. ... (2) 


ems 


Һе kis an integer 


Limit, Indeterminate Form 
си 


k 
де ү which is a rational number. 


~ from (2), limit = 2 if x is rational. 
Again, Icos (n ! пх)| «1 
=>  lcos(n!nx)| e1forallne N 


=> ninxeknforallneN,keZ 
k 
> x# forallne N, k e 2 


=> xis not rational, i.e., x is irrational. 


from (1), limit = 1 if x is irrational. 


6. Without expansion or using L' Hospital's rule, 
0-sinO 1 


provethat lim H 
0-0 0 


0-віп 0 


=lim ———— (replacing Ө by 30) 
dim Gays placing 8 by 


... 90 — 3sin 0 + 4sin 30 
= lim ——— —,— — 
020 (30) 


= tim [99116,4 (зіп 0)? 
= Him f 903 +7 0 ) 


7. Evaluate: lim tanx-.log,sinx. 
xn 


log,sin x 


Bere. 
cot x { mt ol 


Limit = lim 
х-эп/2 


1 
~~ * COS X 


= lim ing L Hospital’ 
Id CREE [using L' Hospital's rule) 

= lim (sin x:cos x) - Q. 
х-»п/2 


athemati Limit, Indeterminate F. 
3 Problems Plus in ИТ Mathemalics їтїї, Indeterminate Form ae 
0-32 
E = 1 
"aa (Ban xy : log n! 
E pouner т (using L' Hospital's rule) Гл Бу), limit=e™8"!= n], 


Here, the formis 1”, : M Ж 
E 1 з р 12. Iff (1) = g(1) =2 and f'(1), g'(1) exist then evaluate 
x2 +21 +x lim Еее) cem. : lim 20000) -fV - (D Fx) + g0) 
3 схо сре А x21 56) -fG) 
Limit- lim |р Limite, 1. : j 
хәз| xt. -— : 20 
a та) 2 sinx 221 Here, the form is c 
3 29 x " xi sin xX | x 2 
E =e 7 " 
1 3 í ; imis pe LRO - ФР 
3 2 —)1+х n } : & limit= lim , 
ая dee og حت‎ xao SOFO 
= lim 9 : 1 с 1. Өпх 1 + S 2 SERT, 
xm x ce * Now, lim „8 a eux x (om al {using Г Hospital's rule} 
: x0 ў AFi 
=? : г = а 2 РО) «tim 222. 
EI 2 7 + : LX; xsec x-tanx zai Я) РО) i 
- lim Sex lim |14 : іш fan x X g 
a 1) x20 gll : Г. } 1 х 2 x. 
PE 4 n т, | X snz (779930 i 13. Find a, band csuch that 
j : 2. (using L’ Hospital's rule) x-sinx { m 
2 TET vs eu (7 П : lim axe -blog(1 +x) + де E 
хз 2 ТЕТІ т cus xsecx — tan x қ (fom: 7 1, Jm. TREES 
(Зо 1% lim |1+ Т : ноо анх =x ae 
4 x-| 2ے‎ i ИД E ИЯ a(e* + xe“) - b - + c(e* — хе") 
4 : Sec x +x- 25ес“х tan x — sec “x = 4 1+х 
В Е О НИ Limit- lim 2x sin x + x cos x 
d zi i : ug tan x + x sec “x Eee x sin x + x “соз 
Now, lim >= lim 7 ine. nue (using L' Hospital's rule) {using L’ Hospital's rule} 
хэв xm —+ diss т ni 
M AAT. 0 Ж, 
j ENE: = lim ee Тапу ; (tem o ae EC. unlessa—b+c=0. . 
E : x50 fan x 4x Sec x ) ' X 0 
3 ee ae | 0<3<1) | 3 25ес?х - tan x + 2x(sec x + 2sec ^x (ап ^X) -0) : But, the limit is given to be 2. So, the indeterminate form 
: =lim и ^ ol 0 қ | 
4 ШЕ eis nx : p should continue. 
2 ү? 5 хэ0 17H Mi L. n1) ; : 0 
ЯА i : -054 4 УА ui ) 1 So, a-b+c=0. s o0 
and, lim |14 ; 1 2 ! К : 1 1 
E Doo ee К i ОБАҒА 3 oar : Then, limit 
xo x Pos from (1), limit = e^-1 $ 
Y ДЕ БШ ы. КҮ? ЕЕ 
2 1 E ШЕТІ | 
I (8-99 $ ` 30. Evaluate: im [ alee ! 
= lim [1+ 2 ё Powers. zol х | { n *c(-1)e7 + са - xje^* - (21) 
е | 2-4 {putting y = 1] : EA ; 
| : x20 2sin x + 2x cos x + 2x cos x - x sin x 
dias КЛУБУ, * 4 ч E Ü 1 D 
“| үз, + {2Mlog 2 : Ж [using L’ Hospital's rule} 
je Е : 
= |е =" men i 5 а(2 + х)ех + z-c2-x^* 
; *3"log 3+... +n Mog n} —0 Ша Ны +x) ; 
ue. d ү xao — -2sinx + 4x cos x- x?sin x 


] : : 2a4b-2c еі эл эч S 
{using L' Hospitals rule) : 27—79 = unless2a +b - 2c = 0). 


козе ы = llog 2 + log 3 +... + log п} $ : But, the limit is given to be 2. 
Hence, the required limit = 0 . e”? = 0. nhi; Sols bieco 


-- 0) 


он Problems Plus т ИТ Mathematics 
Limit, Indeterminate Form D 

% 
с-3а-3х3-9. 


дағда cart s 1 Thus 223, b=12, с=9. 33. If m 2+1 *ax-b)-0 then find the 
: constants a and b. 
*c2-xe7 *c7| : 3 
Edu Г 14. Find lim mE 91—129 69 > (L 0) along the ting : 
Then, limit = li - | 2 1Х- г ES А 
32% 6cos x - 4x sin x - 2x sin x - "cos x : vet Ergo): : Objective Questions 
b zx-1. 2 
2a+a-2b+2c+c_ , do. MET Fill in the blanks. 
Е 6 =2 (giyen) When y= x -1, we get x = у + 1. As (x, y) tends to (1,0) "x rt Ч 
>o Ba-2b+3c=12 (9 2 along the line, x= y + 1 holds throughout, res F) | ; гана 2 0ле д-н. 
: 3 3 ча. à H хә1 х-1 кс 
Q) = Р=а+с ; wees Shh ee __. S ' А ; 
pr = is di - d, sh t : 
UNE Е Е P-yc15g*0-y-1 3 BED (o) is differentiable at x а, show tha : рс 
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Er 3 pm 2 =—2 XER Ма. #419 => 
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A -44-4х3-12 sin(a+h) sin(a-2h) sina 1 36. lim е s 
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n : 37. lim -xta =. 
| ;and$,-X (1). ; о 
Evaluate the following: ) . Evaluate: yl 38. lim Қалын Үй t 
2+8 - (10-22 : : 11. lim tan 1х - sin lx һ-0 
Lin SS j 7 3 $ Г 5 
жә 7 +3 - 55-7 : x20 В В are the roots of the equation x?+bx+c=0 | 39, lim 221. 
rx i р : 25%23-5-6 then find : xao М+х-1 
б x t . 12. lim =— S : ( 
Oeo 25 aar 2-9 ОТС Е | 
А : E UI now ии ы 
a tin 525-23) a lim 22 (cos x + біп x) 
ш х ря’ 1-sin2x Ў : sec Ө - tan Ө 
с қ а iet (3107 x5 +х?у1 x5... 1-х“) : Mos 90 = 
- t к» р $ эт, 
"o а= N1-sinx Pod qu В Q 30-250 «x50 7x5... 7x27? | 4"+з" 
bee 3 хә М-М cos x “Шай the term independent of x in the : 42. lim Ж ad 
METER a ATE JA, ыды 
5. im ————— : Find the limits: +-—5+2| is equal to lim P,. 
x40 sin “x s 5 x? god " 5 31" -1 
: n å EE 43. lim 
EE = Dogs lim (=~ 2242 х non 291-1 
6. lim where ар : x?-4x4 *cos cos — 
Е xe. f хә 1 22 28 2% ЕЕ 
E: > Л р Wu. А 7 44. lim (x-Vx*+x)= 
5 1: 6 lim Bele ow that, P, =— sin x. =. Pes: 
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9. lim х+1 i : 18. lim E =b where а, be R then finda : 
xa 1V +17 2 Ея : хәо\ * ES : 


— 5 


47. ищ SEAL +2) 2g +) 
< қ 


219. lim (sin x + cos x) Vr 

cos x Е ‚+ cos x) ПЕТ) 

10. in рауға 78 CELL x20 ж 
-5 20. lim (sec Vx) 9% ` 


ESI 


x 


48, lig, ESD 


И ЭСЕТ ‚ 0<k<1is equal to 
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49. lim (1 +sinx) =. : (25 оз 
x20 T 
г (д0 Q1 
x*6y** : - 
50. lim Sri На i (e) none of these 
salt tl x 94 
P i : then lim ax? bx"? ec. 
СКЫ с РЕ. a rg dx'kext ub 
51. lim б zi EX me : 
„>= (SE i (а) = (90 
1 Я 
ATE Ж а f 
52. lim [eser] e СУ; (d) none of these 
х-о(1%3Х : d 
: x(1 +a coş x) + b sin x 
x 64. If lim. = -——— ——*1 then 
р (2+1 ; UR x 
53. lim т E م2‎ : № : 
امم‎ 71) $ oi (a)a=b ; (b)a+b=0 
-msi = а f th 
"PI" im En nen nsi. then 5 ()2azb м ped. ese 
x20 x : ` 65. If f(x) is. twice ‘differentiable and f^(0) = p then 
m- ‚п= е : lim 2f0)- 3799 +4 5. 
s . 2x!-4 (х) _ : x20 
өл е ев lim c y no eu Ci. ap Q^ Toy (d) -3p 
56. I lim ÊS кеш * 3 then ا‎ : 66. Jim EST вече ў 
x20 . 
а= b= 965 ee (a)5 t (b) -2 | 
а ни. f 1 
57. IF f(9) - 9, /(9)) -4 then lim m == à : (05 (d) none of these 
x29 S 
à р Y2 - cos Ө - sin Ө 
: 67. lim — — — —7; — is equal to 
58. If GG) 25 =z then lim 9-60). j Сезш (40-7)? 
x21 + “ 
у V2 DM 2 
— — vocas d -- 
59. If fla) =2,f'@=1, (а) =-1, gà) =2 then | (7 ® в (O16 (9) 55 
т gay) -guay (x) _ i 3 1 3x-x? s da 
Ши mm Eom A ' Е 68. If f(x) = cot тапар (2) = cos je 
im ML, 1). 
Choose the correct option(s). Тя pihen ks g-ga) fo<a<3)i 
eo. 1f шп 2554. and tim 2242 : 3 3 
zoe +P К :-о tp Ru 4%: een ы; 
where p, q #0 then Im is - 5 ; "Y 
KE: db Ure ore, 
(а)1 $E і 2 ' 
4 (е) none of these 
È lU ST 
(©) d f th à : i 
pi (d) none of these «i 69. иш р m ders to 
y= w 16 a- 
= 3 а) — -3 ыр 3 --- 
61. ВУ ее i hen lim f() is : 12 e) (с) 16 48 
"OMM „ШҮК 
(01 р (d) none of these : 70. lim i Ito 
: УЗи(МЗсоз h = sin Л) - oe 


xe – DEG uL 


62. lim 


equal to 4 4 с 4 
- (с) -283 (2)73 


z Via- cos 2x) 


b л. lim 2 is equal to 


x 
i" (-1 (90 (d) none of these 
А дылы Ше statements are true or false. 
gl + 1 
it * ж ШЕ 
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35. 100 
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when (x, y) — (0, 0) along the curve y*- x, 


73. lin cos Х — cosa zin За 
ха COX - cota 
74. lim S93. 1 
Хх = x 
2 
75. lim =0 
x20 
узо 
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V24 
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65. (b) 66. (b) 
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73. true 74. false 


37. 2 
n 


39. 2log 2 


42.1 


46.0 


50. e? 
53. e? 


55.4 


59.5 


63. (b) 
67. (d) 
71. (d) 
75. true 


43. log;3 


47.-1 


51.e?? 


60. (a) 


64. (b) 
68. (d) 
72. true 


Existence of limit 
, lim fla +hyis the right-hand lim 
) or f(a +) pr lim f(x). 


1-0 

is denoted by f(a +0 

: 4+ 

=h) is the , left-hand limit e f(x) atx =a andit is 


it of f(x) atx = 4 and it 


ш t (а— 
ded by f(a - 0) or f(a —) or lim fœ. 
ғ xoa-0 


(a +0) =f (à – 0) and 


‚ lim f(x) exists iff 
he common value of 


x2t 


the value of lim 
‘yoa 


fe is equal to t 
палате 0)” | | 


> Continuity of a function at a point 


. A function f(x) is continuous at x = 4 iff 


fa*0- = f (a — 0) = (a), 
ie, lim fla +h) = lim fa-h)=f(@). 
dr 0- T 
If any two of the abov 
discontinuous at x = а. 
Note VE na 
(i) Tf. lim bg does not exist then f(x) ¢ 
X 
continuous atx = a. 
(i) If х= d із. the ‘Jeft-end ‘point of the domain of 
definition then x cannot tend to 4 from. the left and 
50 the question | of getting а - 0) does not arise. In 
this ‘case, fo). will be continuous at x=a if 
fle +0) = f. Similarly, if x=a is the right-end 
Ponto of the domain óf definition then f (x) will be 
YD at x = d provided fa- e =f(a). 


e three are unequal then f(x) is 


cannot .be 


A re 
aues ds, е 


j fferentiability of a function at a point 


* Ri 
ght hand ‘derivative of f(x) at x=4, denoted by 


Ка ( +), is the din (a - h)- (а). 


hao h 


Recap of Facts and Formulae 


1 -Ar Relation betwe 


Function 


. Left-hand derivative of f (x) at X = 4, denoted by 


f(a - f(A) 


is the lim 
-h 


f'a-0) or f'a- 
hoo 
. A function f (x) is said to be differentiable (finitely) at 
x=aif 
Ғаз0 =f" 


(а- 0)- finite, 
Gel т Fat = - lim aut (D. - finite 
; hoo 


| hao 

and the common limit is called the Sin of f(x) at 
x= а, denoted byf қа). 
Clearly, f’ (lim Әт fF, zi 


n эй oni the left as well as from the right}. 


en ASH and differentiability 


tiable (finitely) at x = 4 


Df (x) is differen: 
tx-a 


> fis continuous a 


e f(x) 15 not continuous at x = 1 
= бх) is net differentiable (finitely) at x = а. 


While examining: the . continuity апа 


*"] differentiability of a function f (x) at a point 
‚ x =a, if you start with the differentiability and 
differentiable then you can conclude 


find that f(x) is 
that the function is a 
f(x) 15 not differentiable at 
check the continuity separately. · 

Instead, if you start with continuity and find that the 
function is not continuous then you can conclude that 
the function is also nondifferentiable. But if you find 


f(x) is continuous, you will also have to check the 
differentiability separately. 


Iso continuous. But if you find 
x =a, you will also have to 


5. Continuity and. differentiability of some standard 


functions ; | 


. Polynomial functions (ie., aox' aux n eU Ay) 
n» 


sin x, cos x and e Xare continuous and anin at 


Ds 


0-42 


all points of the set R of real numbers. 
+ log,x is continuous and differentiable at all points of 
(0, +). 
« tan x and sec x аге continuous and differentiable at all 
л Зл 5л 
points of R -FFT > | è 
„ cot x and cosec x are continuous and differentiable at 
all points of К - (0, x, 27, 31, ...). 


4 + 
e 1х-а1 is continuous everywhere and differentiable 
at all points except at x = a. 


e [x] is continuous and differentiable everywhere 
except at x = an integer. 


6. Algebraic property of continuity and differentiability 
* Куб) and ф(х) are both continuous (or differentiable) 


atx = а then f(x) + ф(х) and f(x) х ф(х) are continuous 
(or differentiable) at x = a. 


« If f(x) is continuous (or differentiable) and ф(х) is 
discontinuous (or nondifferentiable) then f(x) + $(x) 
and f(x) х ф(х) are discontinuous (or nondifferen- 
tiable) at x = а. 


7. Continuity and differentiability in an interval 
* f(x) is continuous in an interval if it is continuous at 
each point of the interval. 


« f(x) is differentiable in an interval if itis differentiable 
at each point of the interval. к 


Method of examining continuity and differentiability in an 
interval: А MES 
(i) Detect all the pieces of the intervals of definition of 
the function, р 
Gi) Apply continuity and differentiability of standard 
functions in each of the intervals. 


Gii) Examine the continuity and differentiability at 
each turning point of definition of the function. 
San mary b 


8. Some properties of a function continuous over a 
closed interval 
If f(x) is continuous in the closed interval Ia, b] then 


* the value of f(x) at all points іп [a, b] will lie between 
two fixed real numbers, poss 


• in the interval [а, b), f(x) has a greatest value and а 
least value 
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+ f(x) will obtain all the values lying between 
and max f(x) for points in [a, b] 

« the range of f(x) = [min f(x), max f(x)] 
when the domain of f (x) = [a, b]. 


min f, 


9, Rough sketch of a function in an interval 


• If a function f(x) is continuous at x = a, the graph у 
4. 4. И 0] 

f(x) at the corresponding point (а, Ға)) will Dol be 
broken. But iff (x) is discontinuous at x =a, the gra à 
"will be broken at the corresponding point, pi 


(Whon continuous at x = a) (When discontinuous at x - a) 


Fig. 1 Fig. 2 


• If a function f (x) is differentiable at x = a, the graph of 
f(x) will be such that there is only one tangent to the 
graph at the corresponding point. But if f(x) is 
nondifferentiable at x = а, there will not be unique 
tangent at the corresponding point of the graph. 


ов x Ов x 
(When differentiable et x = a) ' ( When nondifferentiable al x = a) 


Fig.3 Fig.4 
Method of drawing a rough sketch of a function іп an 
interval: 


(i) Take the different pieces of intervals of definition а 
the function and, draw graph in each of the 
intervals, 353 $i 

(i) Examine the continuity and differentiability x 
each of the turning points of definition. 

Let x =a be a turning point, Let f(x) be defi 

Ib, а] and (a, cl. If f(x) is continuous at a then ^ 

graphs for f(x) in [b,a] and (а, c] will be joined ? 

x =a as in Figure 1; If f(x) is discontinuous at х ge 

draw the graph of f(x) in |р, a] and the graph off? Б 

(a, c] with o at the beginning of the graph in (a, с] а 

Figure 2. If f(x) is continuous at x=4 but n° 

differentiable at x = a then the graph of f(x) at Ho 

will be as shown in Figure 4. 


пей іп 


scheme, -1 < x < 1. 


= lim f(1+h) = 


chao 


ре 


sts and it is equal 


& 


icon inuity of f (x) at x = 0. Also, construct 
h of the function. 


+!) = lim. (0+)?=0 


i 


J 
0 mor ho 


у 
250 
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2 5 (х+1)(х-1)<0. 


(х+1(х-1)>0. 
ers or x2 1. 

fon is f(x, x 5-1 
AR x*-1«x«1 | 


х,х21 


lim {1+h}=1 
hao 


lim f(1 ~h) = lim (1-Л)*=1 


һ-›0 


ю1. 


(х)1в defined as follows: 


omial function is continuous 


Selected Solved Examples 


1- 4 
3. Let Дт тихо 


a,x=0 
vx 
Vie + vx - 4 


If possible, find the value of aso that the function may 
be continuous at x = 0. 


,х>0. 


| f(x) will be continuous at x = 0 if 


lim f(0 +h) = lim Ғ0-%-/Ғо) (1) 
һ-0 4-0 
Уо+һ 


Now, lim f(0+h) = lim ———————— 
дір 0 N16 + NO h -4 


ipee e. 
NOD V16 + Nh -4 

ou, MINIG + i +4} 
Tao 164-16 

= lim (N16 + Vi +4} =8 
hoo 


lim f(0- A) = lim 140 


ho hao (0-1) 
= lim 1- cos 4h 
haoc; #2 
n 2sin 2h 
pao sh? 
- lim 2 Есе) 4-В 
К. 2h 
f(0 =a і 
Бу (1),8 =8=а; .. а=8. 


4. Letf(x) =х- Ix-x?1, -1«xx1. 


Discuss the continuity of f(x) in the closed interval 
[-1, 1]. Draw the graph of f (x) in the interval, 


Here, f(x) = x - 1x(1- x)I 


f 
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-Ixl \х-1!,-1<х<1. 
Now, using definition of modulus function we have: 
pex mec) 
A „9 (уе 


< Нд-х-(-хХ1- x) 


22x-i5-05x«0 


Го) =х-ха -х) 
=x 05х51. 
We know that polynomials are continuous everywhere. 
So, only doubtful point is the turning point х= ер оғ 
definition. 
lim f(0+h) = lim (0+һ)?=0 


hao kao 

lim f(0-h) = lim 2(0-h)-(0-h)?= 
hao LEX 

f(0)=07=0; 


so, f (x) is continuous at x = 0. 
Hence, f (x) is continuous in [-1, 1]. 
Hence, the graph of f (x) is continuous in [-1, 1] and 
f(x)=2x-x7in-1<2<0 
хііп0<х<1. 


7. the graph off (x) is as follows: 


(173) 


5. If f(x) = lim ЕЕ sinx, 


х2'+1 
examine the continuity of f(x) at x =1. 

In order to examine the continuity at x = 1, we 
are required to derive the definition of f(x) in 
the intervals x « 1,x » 1 and at x - 1, i.e., on 
and around x - 1. 


[ET 


Now,if 0«x«1, 


(x + 2)—x"sinx 
f@) = lim 19g +2)—"sinx 
nao! с ieee 


_ log +2(- -0-сіп х 
041 =108(х +2) 


КО" ТЕЛ = lim 8632-7 sine 


гаа 1+1 


_ log(x +2) - sin x 


2 


if д (a) = Im EEA =x” sin x 


[EY x"41 


1 
Ton log(x + 2) - sin x 


i 
= lim ———— ——— —— — ... 
1 gin x, 


nac Js 
x?" 


Thus, we havef (x) = log(x + 2), 0 «x «1 
1 : 
5 008(х+2) —sinxLx-1 
: ‚эт х,х>1., 
121 f(+0) = lim f(1«h) 
һ-0 


= lim {-sin(1+h} 2 — sin 1 
ГЕТ) 


31-0 mm füa-h) 


= lim log(1— =h +2)=log 3 


hoo 
ҒаздғҒа-0. 


Sof (x) is not continuous at x = 1. 


6. Examine the continuity of 


: ДӘ =Ша s лы ют кей 

: If Isin x1 < Lf = lim Lu Tu 
If |2sin х1 =1f(@) = жыйа ij zu? 
If Ii xl > 1f) = tim aT 


But I2sinxl<1 => lsinzl «2 


Ет 
> w2 ош x 2 


> rE <x <n +g 
j s 1 
l2sin х1 =1 => Isinz! =>. 


T 1 
I sinx-£5. 


i © / : 
д Li : =f(x) 
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i xem Cn": (8) иы; -Ғод- ша g(h) ‘lim G(It) 
6 [ 25 hoo 
=f (x) {1 + 0- finite], using (1) and (2) 


| К [зіп хі > 
$ 2 


-f() 
Also, lim f(x-h) = lim f(x) -f(-h) =f (x) lim f(-h) 
hao hao ho 


5 mele <пт+ = А : =f) pas {1 + g(-h) - G(-1)), using given relation 
=f(x)- ү + a g(-h)-lim G(- | 
һ-0 


itr DRE: : 
СИН { à =f(x)- (1 +0 - finite}, using (1) and (2) 


lim f(x +h) = an f(x-h)=f@). 


hoo 
f(x) is continuous everywhere. 


8, Is f(x) differentiable at x=0 if f(x) is defined as 


follows: 
2 2% - 0Î because nn - #0 ы 
"fe 6 ) 6 fe zx*0 
A | á 
*f пт+г—0 because 0 + nz += : 0—07 
е ‚е : йені. 
T | E -0 
uous at x 2nni- : aor 
Š 0 +h) - f(0) Appetere. 
6 } : 0+0) = pS lim — —— — F 
‘is ‘continuous everywhere іп К : ho 
meni | Брет ЗА 
xcolpe ^ Je 
ү 0-h o 
fe (y) forall x, y є Rand a 
where lim g(x)=0 and lim G() f'(0-0) = lim f0-0-f( 1, e 
\ x70 ‘x20 -h = 
. hoo һ-0 
Ша hat is continuous at all x e R. : үт Aaa > 
: у: F = 1+0 


lim g(0 +) = lim g0- һу=0 
ho). * 
Ё 124 f'(00)ef'(0— 0). 


= im gh = tn = 0 ..(D : 
i : Hence, f (x) is not differentiable at x = 0. 


“hve 
lim Gih) = lim G(-h) = finite 9. Find Z at x = if possible where у = lcos x — sin xl. Avo 
hooves hoo dx 4 
(2) 


п F(x) fU =f lim fd) : Here х=] is a turning point of definition of the ` 
hao, 


function. We have 


te fce) e feo ‘f y-f() = cos x sin x, 0x «7 


hoo y 2 T RE С 
2 sin х ~ С05 х,=<х< = 
44. 2 


using given relation 


ғ (0) 0) нее, f асе not exist. 
If the derivative of a function f(x) is to be 
obtained at a point x = a, which is a turning 
point of definition, to find f'(a) use the 
following: 


Ро) = а 0) = f (a +0). 


10. Let R be the set of real numbers and f: R >R such 
that for all x, y e R we have 1х) -f(y)l s Ix-yl*. 
Prove that f (x) is a constant. 


Here, Ш) -f(y)! < Ix - y1? 0) 
We know that f(x) = lim fa -fo 
yox У-Х 
fa = | tim FRAD] a, [EDF 
yox УХ yor, У-Х 


5 lim Ix-yl?-0, using (1) 
yor 


Іо) «0. Sof'(x) =0. 


Hence, f(x) is a constant. 
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11. The function f (x) is defined as follows: 
f(x) =1х1+11-х1,-15х53 
where [x] is the greatest integer function, De 
the points, if any, where f(x) is not differe 
Draw a graph of the function. 


еп, 
“Чар, 


hd we asa dade aren 
ach 


are themselves piecewisely defined. A 
cases, at first break the domain of defi è 
in 


subintervals keeping an eye on the turnin 8 Poin, 
definition of the constituent functions. З of 


Here, the domain is the interval [-1,3] which is egual ; 
[-1, 0) 0, 1) v 11,2) u [2,3) u (3). ` 


If -1<х<0, 

[x] 2-1and 11-х1 = 15-11 2-(x- 1). 
If 0<х<1, 

[x] = О and 11-хі-іх-1|--(х-1). 
№ 1<х<2, 


1х]=1апа 11-х! = 1х-11=х-1. 

И 2<x<3, 

Ix] =2апа 11-х1 = Ix- 1l 2x- 1. 

If х=3, [х] -3and 11-х! =2. 

Thus, f(x) --1- (x- 1) = x,» -1x x «0 
0-(х-1)=1-х,0<х<1 
1+(х-1)=х,1<х<2 
2+х-1=х+1,2<х<3 
3%2-5,х-3. 

We know that every polynomial function is continuous 

and differentiable everywhere. Hence f(t в 

differentiable except perhaps at the turning points of 

definition, namely, x = 0, 1, 2, 3. 

Now, f(0—0)-0andf(0--0)-1 

1-0) =1-1=0апа f(1+0)=1 
12-0) =2 and }2+0)=2+1=3 
F(3-0)=3+1=4 and f(3)=5 

(x= 3 is the right-end point of definition) 

Hence f(x) is not continuous at x = 0, 1, 2, 3. 

Sof (x) is not differentiable at x = 0, 1, 2, 3. 

In order to draw the graph of the function у -/ОО 

in [-1, 3] we have to draw the graphs of 

y--xin[-1,0), 
y=1-xin[0, 1), 
y-xin[L 2), 

y=x+1in[2,3), 


y= 
Hence, the required graph is as below: 
А Y . 
%3,5) 


м 
CS 
РА 


B 
eL-------....... 


ю 


FFA 


[m 


12. The function y = f (x) is defined as follows: 
x-2t- Itl, y - t^ tltl, te В. 


Discuss the continuity and differentiability of the 
function atx —0. Also, draw the graph of the function 


in the interval [-1, 1]. 
Whent <O, x = 21 (BD -3t«0 
| Жаа! 

л y=0whenx<0. 
When f2=0,x=2t-f=t20 
У у= 2+) =2? = 2x? 


1040) = tim OAL 
Ж h 


һ-0 


- jim A070 7/0) 


-h 


^ |0з0)-/%0-0) 
v 2 fi (х) is differentiable (finitely) at x = 0. 
f) is also continuous at x = 0. 
Being a polynomial function, f (x) is continuous at other 
pene of the interval [-1, 1]. 
уіп the interval [-1, 1] we һауе 
Y=0in[-1, 0), y = 2x? in [0,1]. 
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So, the graph is as below: 


13. Let. f(x) xx? - x^ 4 x & 1and 
g(x) = max (f(D, 0st), 0<х<1, 
3-х, 1<х<2, 
Discuss the continuity and differentiability of g(x) in 
the interval [0, 2]. 
Here, /(х) = x?- x? «x41 


f(x) = 3x? -2x 41 


ог f(x) =3 (e-3 +1 


1? 2 
-3(:-3) + 3>0 forall x. 


.. f(x) is an increasing function of x 
(See monotone function). 
in0<xS1,max{f(t),0<t<x]=f(x) 
. &(<)=Их)=х?-х?+х+1,05х<1 
3-х,1<х<2 
Ав polynomial functions are continuous апа 
differentiable everywhere, g(x) is also continuous and 


differentiable everywhere except perhaps at the turning 
point of definition x = 1. 


Now, g(1+0) = lim g(1 +h) = lim (3- (145) =2 
hao 


h¬+0 


&@-0) = lim g(1- 1) 


hao 
= lim {((1- h)? -(1-h)?+(1+h)+1}=2 
hoo 
$(1)=13-12+1+1=2 
81 +0)=8(1-0) = (1) 
g(x) is continuous at x = 1. 
Next, g (1+0) = lim gite а) 
һ-о "T 
SA EL 


hao 
870-0) = lim &®-Ю-&@) 
hoo -h 


Og наннан ашырыр € ес ай 
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Das 


-H-a-m«a-n«1-2 
og, Ча ruri 
- lim = 


hwo 


-k3 +212 -2h 
TT E 
ho 


= lim (h?-2h+2)=2 
h0 
g'(1+0)#g (1-0); 
so, g(x) is not differentiable at x = 1. 
2 g(x) is continuous in [0, 2], but differentiable in [0, 2] 


except at the point x = 1. 


14. Let f(x)=1+x,0<x<2 
3-х,2<х<3. 


Determine f{f(x)} and hence find the points of 
discontinuity and nondifferentiability. Also, draw 


the graph of f (f (x)} in |0,31. 


Clearly, fif) =1 +f(%), 0 <f(x) «2 
3-f(),2<f(x)<3 
When 0<f(x)<2, 
0<1+х<210<х<2 
(using the first piece of definition) 
> -1<x<1if0<x<2 
=> 0<х<1 
(taking the interval of common points) 
Osfa)s2whenO0sxslandf()-14x ...(1) 
When 0<f(x)< 2, 
0<3-x<2if2<x<3 
(using the second piece of definition) 
=> -3<-xS-1if2<x<3 
=> 1sxs3if2<x<3 
=> 2«xx3 
(taking the interval of common points) 
A 0 sf(x) s2 when 2<z <3 andf(x)=3-x 0) 
When 2«f(x)«3, 
2<1+х53105х<2 
(using the first piece of definition) 
=> 1<х<2Н05х<2 
> 1<х<2 DX 
2 <f(x) <3 when 1<xs2andf(x)=14+x +++ (3) 
When 2 «f(x) <3, 


2<3-x83 if 2<xs3 
ing the second pi ы 
(using Piece of defin; in 
-1<-xs0 if 2<x <3 


= 
> 0<х<11Ғ2<х<3 
ә xe 

Thus, we get 


fife) -141«x-2*x,0xx51 {from (1) 
14+3-x=4-x,2<x<3 {from (9) 
3-(1+х)=2-х,1<х<2 {from (3j 


Hence, the function is 
Ирод =2+х,05х <1 
2-x,1<x<2 
4-х,2<х<3 
As polynomial functions аге 
differentiable everywhere, f(f(x)) is continuous ani 
differentiable in [0, 3] except perhaps at the turning 
points of definition, namely, х = 1, 2. Denote f{f(x)) by 
80). 
Now, g(1+0)=2-1=1 
81-0)=2+1=3. 


Continuous and 


So g(x) is not continuous at x = 1. 
g(2+0)=4-2=2 
20-0)-2-2-0. 
So g(x) is not continuous at x - 2. 
Hence, g(x) is also not differentiable at x = 1, 2 
2 the points of discontinuity and nondifferentiability 
агех=1, 2. 
Now, we have to draw the graph of y =f (f (x) where 
y-2 + xin (0, 1], 
y-2-xin(1,2] and 
у=4- хіп (2, 3], 
the graph being discontinuous at x = 1,2. 


СЫА dee 
1. Evaluate MER if the limit exists. 
2 Faris defined as follows: 
Яд-71-х5,0<:<1 
з 1,1<х<2 
2,х-2. 


ее the following: 
(а) What is the domain and range of the function? 


(b) At what point c does lim f(x) exist? 


xoc 
(с) Atwhat point does only the left-hand limit exist? 
(d) At what point does only the right-hand limit 
exist? 


xt 
3. Ifas 08x81 


ах,1<х<2 
then assign suitable values to a so that lim f(x) exists. 
x21 
Ux 


0,x=0 
then show that f(x) is discontinuous at x = 0. 


5. Examine the continuity of f(x) = Ix-11 + Ix 11 
atr-]1,0. 


6, By defining dn Suitably, obtain a continuous 
extension of the function 


Эл: сүз = 
ОЕ“ 1-1 . m 
cot x—1 4 


7. Find 4, b and c such that the function 
Fee sin(a + us +sin x xe 


Ri 


схе) 
Ner Exi = vr 


5822 bx? 
"continuous at x = 0. 


x0 


Dyer E 
Discuss the continuity of f(x) at x = 0 where 


y 


1+5) * (1 + x)(1 + 2x) 


1 


+ toal. 
(1+2x(1+3x) O 
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Exercises 


9. Evaluate lim Tg. 1 EN 
хх l-bx 


Use this limit to show that the function 
1 lax 
Ро) = Flog, 1-5 **? 


a+b,x=0 
is continuous at x = 0. 


10. f(x) is defined as follows: 


F(x) = (sin x + cos x) Ся, т су <0 


4,х-0 
1 2 3 


ех+ех+е!х! x 
— ا‎ 


2 рса 2 


ae * + Бе 1х! 


Iff(x) is continuous at x = 0, find a and b. 
NNUS x 
1. If g(x) = 1-2 08а о 
E +1 


(2a)* - xlog(22) - 1 
x? 
then find a and $(0) so that g(x) is continuous at 
х=0. 
12. Show that the function f (x) defined as follows: 
~ f(x) =2x +3, x (-3, -2) 

x+1,x e [-2, 0] 

х-2,х є (0,1) 
із discontinuous at х=0 and continuous at every 
other point of the open interval (-3, 1). Draw a 
rough sketch of the function. 


An 
13. Let f) = 5,0551 


"х>0  (wherea»0) 


2-33 ЕРЕ 


Discuss the continuity of f(x) in [0 , 2]. Givea rough 
sketch of the function. 


2n 
14 Discuss the continuity of f(x) = lim жазан 
x? 41 


no 
for real x. 


15. If f(x) and g(x) are two functions continuous 
everywhere and 
2i Y 
F(x) = lim За gt: 5 
noo lex? p^ 

then prove that F(x) is continuous everywhere 
except at x = 1, -1. Find the condition оп f(x), g(x) 
which makes Fi (x) continuous everywhere, 


ITOUIEITIS гїцэ иа ава eremo 


16. Consider the function f defined by f(x) e x - [x] 
where [x] denotes the greatest integral function. 
Show that the function is discontinuous for integral 
values of x and continuous for all other values. 


17. Find the values of a and b so that the function 


f(x) = x + a2 sin x, 0 Sx < 
т x 
2xcotx +b, xi. 
E 
acos 2x - bsin x, 7 < X Sn 


2 


is continuous for 0 < x < n. 
18. Determine the set of all points where the function 
3 
Ж же ; 
Јо) = Ta [x] is continuous. 

19. Let f(x) be a continuous function and g(x) be a 
discontinuous function. Prove that f(x) + g(x) is a 
discontinuous function. 

20. Let f(x*y)-f() *f(y) for all x,y. If f(x) is 
continuous at x = 0 then show thatf (х) is continuous 
atall x. 

21. Let f bea function such that f(xy) = f (x) f (y) for all x 
and y. If f (x) is continuous at x = 1, show that f(x) is 
continuous at all x # 0. 

22. Let f : [0, 1] ¬ [0, 1] be continuous. Show that there 


exists a point x € [0, 1] such that f(x) = x. 
23. If $(x) = [sin x| - |cos «1, indo (ене, 
24. IE f (x) = е1, find f (0). У 


25. Шел Li х #0 
х,х-0 
then find /^(0) if it exists. 
26. Do f (1) and f '(2) exist for the function 
f(-2x[x]0sx«2 
x!-x 28x53? 
27. Given f(x) = |x| and ф(х) = |х?|. Do the derivatives 
f(0) and 9 0) exist? Explain. 
28. If f(x)=x?4+4,05x<1 
2x+3,1<x<2 and, 
%Қх)-3х-2,0<х<1 
xl1sxs2 
then find atx = 1 if it exists. 
29. Determine the set of all points where the function 


* % > " 
fe T+ [x] is differentiable. 
30. Find the set of points where f(3) 2x|x| is twice 
differentiable. 


31. Let f(x) be defined in the interval [-2, 2] such | 
/)=-1,-25х$0 hat 
х-1,0<х<2 
and g(z)=f([x1) + IOl. 
Test the differentiability of g(x) in [-2, 2]. 
32. A function is defined as follows: 
уо) =х3,х2<1 
х,х?>1. 
Discuss limit, continuity and differentiability off 
at x = 1. Also draw the rough sketch of the fugi 
33. Determine the values of x for which the йык | 
function fails to be continuous or differentiable: пр 
/@)=1-х,х<1 
а4-х02-х,15х52 
3-х,х>2. 
34. Examine the continuity and differentiability of f 
atx=Oif : 
152 
13] 
Хх) = хе ,x*0 
0,х-0. 


35. If f(x) be defined as follows: 
fe пл, х>0 


1-xcosxz,x S0 
then discuss the continuity and differentiability of 
f(x) atx=0. 
36. Let g(x) be a polynomial of degree one and f(x) is 
defined by 


Хо) = 80), х<0 
1 


1+x)r 

= б x | ‚х>0, 
Find g(x) such that f(x) is continuous and 
f(D =f(-1). 

37, Discuss the continuity and differenti 
Јо) = |x-2| in the interval [1, 3]. Als 
rough sketch of the function in the interval. 

38. Examine the continuity and differentiability ale 
atx=3 if 

Ха) = х[],05х<3 
(0 1)1],3<х<4 sio Mie 
where [x] is the greatest integer function- Give 
qualitative sketch of the function in [0, 4]. 


ability ^ 
o draw à 


2 
39. Let ху=7-,0<х<1 


5 2=?-3х+3, 15х52. 
Discuss the continuity of f, f", f” in [0, 2]. 
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40. Let f(x) = 21-2, x «71 
Ах+В,-1<х<1 


5x+7,x>1. 
Determine A and B so that f(x) is continuous for all 
x. ls f so obtained, differentiable for all x? 
41. Find the value of f (0) so that the function 


x0 


1 2 
ИЕ 
is continuous at^ x-0. Also examine the 
differentiability of f(x) at x = 0 for that value of f(0). 


42. Discuss the continuity and differentiability at x = 1 


of the function 
/@)=3*,-15х<1 
4-х,1<х<4. 
Also, draw a graph of the function. 


43. Prove that f(x) = sin n |x| is continuous at x = 0 but 


is not differentiable there. Draw a rough sketch of : 


the function in the closed interval [-1, 1]. 


M. If f(x) = зїп x, x #0, £m, + 2n, £ 3n, ... 
22 otherwise, and 
80) =х2+1,х#0,2 
-4,х-0 
=5,х=2 then find lim g(f(x)I. 
x20 


45. Let faa. Find the points of discontinuity of : 


à the functions f(x), f [f (x)! and f (f(f(x)}. 
46, If f(x) = V]x-1| and g(x) = sin x 
then calculate (f o 2)(x) and (g o f )(x) and discuss the 
differentiability of (g o f )(x) atx = 1. 
47. Е f(x) =-1+ |x-1[,-1sxs3 
Ў 80) =2- |х+1[,-25х<2 
then calculate (fo gx) and (g of (x). Discuss the 
Continuity of (fo g)(x) at x = -1 and differentiability 
© (gef)(x) at x=1. Also draw the graphs of 
(fog)(x) and (s o f X(x) in [-1, 2] 


ЛЕ f@)=14x,x20 
p 1-х,х<0 


hen discuss the continuity and differentiability of 
ЛО). Also give a rough sketch of the curve 


УЛ: 
N= [x|,xs1 


n 2-хх>1 

Aet discuss the continuity and differentiability of 

Tu function $(9(х)]. Also give a rough sketch of the 
ction. 


50. If f(x) =1+х. хе [0, 1) 
8(%) =2-х, xe [1,2] 
then draw a rough sketch of the function gif- 


Objective Questions 


Fill in the blanks. 


51. If lim f(x) exists where 
x40 
fo- ux Dx reo 
tan Gp + Dx, ы 
2r х>0 thenpz 


52. If f(x) xax? - b, 0 €x «1 


2,x=1 
Х%1,1<х<2 
is continuous at x = 1 then a - b = 
1 - sin x т 
53. If f(x)- х<= 
fq 3cos 2х 2 
"mmus 
ср. 
b(1 - sin x) n 
(n-23)* 2 
is continuous atx = thena=____,b=__. 


54. If f(x) = x - [x] then 
Ша fx)=___, lim f(x)= 


х-2-0 


x22«0 
1X 


55. The points at which f(x) = cos ~ - has no finite 


derivative, аге ____ 


56. Letfx) = œ- 1)'sin + - [х|,х#1 


=-1,x=1 8 
be a real-valued function. The set of points where 


f(x) is not differentiable is 


2 = 
57. Let f (x)= E 


The valuef(2) = _ will make the function f (x) 
continuous at x = 2. 


jx x2. 


58. If f (x) is continuous in [0, 1] and f| (5) =1 then 


Vn 

lim = " 

am f] To tae yy es 
sioh 


sin(e*-?-1 
эше у=), x#2, 


log(x - 1) 
f(x) will be continuous at x = 2 if f(2) = у 


59. Letf(x) = 
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(a) is discontinuous at some x 
(b) f(x) exists forall x. , . 
(© f(x) exists for all x but f^(x) does not TM 


60. If fo- Se U=PE,-1sr<0 


Ztl gerd 
2 : some x PSP oA. 


is continuous in [-1, 1] then p = М 
68, f(x) 217 [sin х] 
61. Let Хо) = іл х, xen | 
в З (a) is continuous nowhere 
1 i here 
for all x then m : b = ——: (b) is continuous everyw! 
о енне, (c) is differentiable nowhere 


(b) If f(x) is differentiable for all x then ; 
m- „b= (d) } (0) does not exist 1 
62. If fx)ex,xsi (е) nondifferentiable at infinite number of points 
ах,1<х<2 69. If x + |y| =2у then y asa function of x is 


(a) defined for all x à 
(b) continuousatx =0. 2, 
(c) differentiable for all x 


х1%ӛхж4,х>2 


and f(x) is differentiable everywhere then 
a= ibe 


Choose the correct option(s). 
63. If f(x)= | | where [x] is the greatest 


integer function then 
(а) (а) is continuous at x =0 


dl 
(d) such that =3 forx«0 


70. The graph of the function , 
f(x) = cos x - cos(x 32) сов *(x *1)is 


(b) f(x) is differentiable atz=5 slope 2 
г y Е : п (b) a straight line passing through (0, 0) 
(9) is continuous in (0 5] (©) a parabola with vertex (1, -sin 21) 


(d) f(x) is differentiable info, 3) 
б, imd and parallel to the x-axis 


& IF fey- SEE 20 
71. I£f(z) = x(x = Vr +1) then 


=0, [х] =0 
=0 
where [x] is the greatest integer function ; @ fis E Dun р по. differentiable 553 
` then lim f(x) equals . 1 (b) 700) exists | | 
хәо t ssi (©) f(x) is nondifferentiable at x = 0 
(a)1 3 (b) 0 (d) none of these | 
(9-1 (d) none of these ' "s ы 
1 Ж Es 72. The set of poi - 
65. Letf(x)= log, (1 + ax) : log. bx) EN : ©, 0 points where f(x) 44 [zl 
: is differentiable, is 


i (b) (0, +=) 
‚ (d) none of these 


‚ (а) (ee, 4) 
(c) (=, 0) (0, +20) 


The value to be assigned to f(x) at = 0 so thatf(x) is 
continuous at x = 0, is 


()4-% (Ма 
^ (c) log (ab) (d) none of these В State whether the statements ате true or false. 
66. The function f(x) = |x -3], x> i 
if ей d x21 73. lim f(x) exists if ftx) is defined as follows: 
п SE 18 ш, ү Mod Pe 
| 47274 з BIOL 2<1 

(а) is continuous at x = 1 (b) is continuous atr=3 : ев 

(©) is differentiable at =1 (d) //(3) exists - El 
67. The function f(x) «ZAD 7: rents 

+2“ es] : dx шп (9 exists Where М. denoles the integral P 


where [x] is the Tes integer fünction, с : is i 


: 75 Y o = Lo 


(d) is continuous for all x but f(x) does not йуу, 
Or 


(а) a straight line passing through (0, -sin °1) with 


(d)a straight line passing oe the point 


+ then ЖО) is discontinuous at 


r2 


з % 1; f(x) and g(x) are not differentiable finitely at a 


voint then f(x) + g(x) will also be nondifferentiable 
finitely at that point. } 


Д m inverse function of a continuous function is 


continuous. 


rs tf) |> НЕТ 


po =2x? +3, х<1 
М зх+2,х>1 
js neither differentiable nor continuous at x = 1. 


п (f(x): &(х)} exists then both lim f(x) and 


xn 


Kath 


AL 
11.27 580) = 5 (log 2) 


oes not exist 24. f '(0) does not exist 


26. do not exist 


29.R 


31. differentiable in К - (0, 1} 
1, continuous but nondifferentiable 


at which f(x) is neither continuous nor 
table 
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lim g(x) exist. 
roa 
81. If lim f(x) and lim g(x) exist then lim [9 kis 
х-а хоп х-а 8! 8(х) 


82. lim 255! exists. 


X1 
83. lim 1195 (1 - cos 2x)sin 5x -- 19i Е 
123040 x?sin 3x cer 


84. If f(x) be a continuous function in [1, 3] and foo 
takes rational values for all x in the interval, and 


f(2) = 10 then f(x) = 10 for all x e [1,3]. 
85. The function f(x) = 1, if x is rational 
O0, if x is irrational 
is discontinuous at all points x. 


Answers 


34. continuous but not differentiable 
35. continuous but not differentiable 


36. 49-2 бо 2-1 х,х<0 


37. continuous everywhere but not differentiable 
atx=2 

38. continuous but nondifferentiable at x = 3 

39. f, f' are continuous in [0, 2] and /” is continuous in 
[0, 2] except atx =1 

40. А = 8, В = 4, not differentiable at x = +1 


41. f (0) = 1, differentiable at x = 0 
42. continuous but not differentiable 


44.1 
45. for f(x) : xa 1; forf(f(x)) :x 21,0 
forf(f(f()) :x 21,0 
46. (fo о) = VT sin x, 
(в; 00) =sin Y]x- 1j, 
not diflerentiable at x = 1 
47. (fog)(x)=1+x,-2<x<-1 
-1-х,-15х<0 
-1+x,0Sx<2 
(gof)(x)=1+x,-1sx<1 
3-х,1<х<3 OSE ci M EXIT 
(fe g)(x) is not continuous At 915-1, bal л 
(8 of Xx) is not differentiable atx= 1 
48. continuous in R, differentiable in R — {0} 


D-54 


49. continuous in К, differentiable in R - (-1, 0, 1, 2) 


5 
51. >2 


1 \ 
53. 5,4 respectively 
55. х= -3,1 


57.7 


59. 1 
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52.2 


54. 0, 1 respectively 


56. (0) 
58.1 


61. (а)-1:% (b) =1, п respectively 
62, 1, -3 respectively 


64, (d) 

66. (a), (b), (c) 
68. (b), (d), (e) 
70. (d) 

74. false 

78. true 

82. false 


71. (b) 

75. true 
79. false 
83. true 


63. (c), (d) 

65, (b) 

67. (b) 

69. (a), (b), (d) 

72. (а) 73. false 


76. false 77. trie 
80. false 81, false 
84. true 85. true 


5. Application of dy/dx 


Recap of Facts and Formulae 


са] meaning of E and tis use ‚ If xis the displacement then 


4. Geomet d 
x . 
| | ut rate of change of displacement at time f 
ІЗ - slope of the tangent to the curve у= {суар - жақ чаб, 
dx Ja, | >. = velocity at time f. 
the point (a, B) ; : ; 
| duy ova uus ; . 
‚ Theequation of the tangent to the curve у = f (x) at the : di Cj фе?” rate of change of velocity at time f 
point (0, em = acceleration at time £ | 
dy ! ! 
y-B=| Жозе. des de e" 
dX Ja, в The rate ді increase iff dt? 0 
, The equation of the normal to the curve y -f(x)atthe : ^ dx _ ах 
point (а, В) is | Ns t 4i rate of decrease iff dt «0 
:سام‎ (фа) i 
4 | , : | 
dx Ja, в 23. Approximate estimation 
e If y=f(x) and a very small change àx takes place in 
n the corresponding 


the value of x when it is a the 
change ày in the value of y is 


з ® as tate measurer 
dx ) 
йу : 
8y = [ .6x (approximately) 
6 АХ MNA 


‚ Ifx=x(t) where t is the time then 


dx 


dt If x is a variable then 


= rate of change of x. 
Ў E 4 dx 
in calculation of x = = х 100. 


1 


«YS fO) ly rati change aiy. : the per cent error 
dx rate of change of x Sia Tan 


Selected Solved Examples 


1. The curve y = ax? + bx + cx + 5 touches the x-axis at As the curve cuts the y-axis at Q where the gradient of 
P(-2,0) and cuts the y-axis at a point O where its : the curve is 3, rts 
gradient is 3. Find the equation of the curve : dy | 
completely. i : (s) =3, | ory (3) 

х=0 

As the x-axis touches the curve at Р(—2, 0), we have Differentiating J = ax? + bx? + cx + 5 wirt x, 

d A 
dy 22 = Зах?  2bx +c 
(ir), n 02-0 BE > Т 
. PORA 0’, "бе 2+2 (-2)+с 
..@) : ie, 12a-4b+c=0 ... (4) 


p: (у), 22, = 0 
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2) =  O=al-2)? + (-2)? + (-2) +5, 
ie, -8a44b-2c45-0 ... (5) 
(3) => 3=30-07+2b-0+c,ie,c=3 
(4) and (5) give, 124 - 4b + 3=0 
and -8a+4b-1=0. 
Solving these, a= 1 and jc 
2 4 


the curve is y = x? -Ãx*+ 3x +5. 


2 2 2 2 
2, Show that the curves 7- +-=1 апа^-+-=1 
a b a, by 


will cut orthogonally if a – Б =a, – by. 


Let the curves intersect at (a, B). Then 


в 
ғ, 

D 
M 


(D 


2 2 
аһа E NT 


2x 2 dv 


Чу ے‎ 
la i ар (=m). 


Two curves will cut orthogonally if т, - m; = 1, 


за ва 
ap ав А 
bia? aa p? =0 ME 


x 2(1_1),g2(1_1 
0-2) > а р “ГЕ 0) 


іе., 


(3) and (4) 3T тт 


1 1 A 
bb, (--—]= --— 
ог „| к) e 4) 
ie, b -b-a-a 


a-b=a,-b,. 


3. Tangents are drawn from the origin to " 
e 


у= sin x. Prove that their points of conta cun, 


2 Ct lie on the 


curve xy 2x? - y^. 
Let (х,у) be а point of contact of tan 
Agent: 
origin (0, 0). 3 from ty, 


Here, у = sin x 
ФУ еу un d 
dx = COS X; a]. j = COS x, 
94 


the equation of the tangent at (ху, уу) is 
4 
eam ceno 
22 


or у-у = С05 ху: (х x). 

It passes through (0, 0). 

So, -y, = –х1С05 x, e 
Also, (ху, уу) is on the curve. 

So, y, = sin x, 220) 


2 
(апа (2) = A жур = cos x + sin 20, - 1 


2,22 Е 
ог y+ xy =x, ie, Xpyp =x? -y 
. the point of contact (ху, у) lies on the curve 


ух? а, 


4. In the curve хїу?=к**®, (a,b>0) prove that the 
portion of the tangent intercepted between the 
coordinate axes is divided at its point of contact into 
segments which are in constant ratio. 


Let P(x,, уу) be the point of contact of the tangent. 


хау. a+b 
"i y 


Here, ху = 1+ 


alog x + blog у= (a + b)log К. 


Differentiating, i 42 ay ef 
y x 


or ui 3 dy тїй 
dx bx’ ei 7 bx 
r^ 


the equation of the tangent at Р(х, y1) 18 


4 
fn “(<-х) 


ШШ 


= 


Я (D) an М (2) must be the same equation. So, comparing 


Application of dy/dx 
D-59 

say) cosu si 

Т ШІН Lx) Г() аа. 2. 
ot. y УІ bx, my, "XQ — (men) 

E ay; cos о. 

e with y =0, -=g (7x) uU іе, qs 
solving XT bx, ту, (тап)у мы ne н)сов а 
(a + Б)ху sin a p 
ix) oa Е ‚ ie, د‎ i. 

55 bx, =4(* D) а n  (т+п)хуу, ей (m + n)sin а 

3 E " mono * 
solving (1) with x = 0, у-у = г cx) As Gru yı) is on the curve, упут =а"'" 

ЧА Е | mp" т |" amen 
: ? LM (а + DY, (т + п)соѕ а (т + n)sin a 
о уәл e b 

қ b р" "ттеп" ЕКЕ 


+b a+b 
A= Ez о] вт |7) 


Let P. divide AB іл the ratio À : 1. 


+b a+b 
1.0212 x Жет ntl 
TenPz| — 441 — ۸+1 


A41 


(ath, Math) |, 
6% MCA ] 


P divides AB in the constant ratio b : a. 


5. Pro’ ‘that the condition that xcosa+ ysina=p 
m” min s 


should touch the curve x""y”=a™*" is 


орта, m" cn! = men)" * a" *"  sin"a.- cos "o. 


.. (0 


Let the line xcos о. + ysin a =p 


touch the curve at (xi, yi). 


x'yzqmen 5 mlog x + тов y = (т + n)log a. 
Differentiating wort. x, 

puto d. n 

sey dx =. dx nx 


^^ the equation of the tangent at (xy, y1) is 


mn) 


(®-х\) 
Wy 


= 
nyc nny = (т + mxi 


€ 


ог xix? - 1)* 20; 


Өк SSS ИЕ ТЫ 
(m n)" *" -cos "a «sin "а 


p m+n MA" = (m+n) тап Пс "a sin "a. 


6. Show that the normal to the curve 
5х5 - 10x? +x 4 2y 46-0 
at P(0, -3) meets the curve again at two points. Find the 
equations of the tangents to the curve at these points. 


Here, 5x? - 10? + x + 2y +6 =0 20) 
Differentiating w.r.t. x, 
25x* - 30x? +1 +2 -0 
dx 
dy — l4 39,24 1): ял __1 
di 2(25х 30x^* 1) d. 2 
the equation of the normal at (0, -3) is 
praep ы .Q 
тЇ P" 


Solving (1) and (2), 
5x5- 10x? «x 22x -3) £620 


ог x? - 10x? + 5x =0; x(t - 2x? +1) =0 


x=0,1,-1 
and so corresponding y = -3, —1, =5. 
5 the normal cuts the curve at (0, -3), (1, -1) and 


C1 -5). 
. thenormalat (0, -3) cuts the curve again at the two 


points (1, -1) and (-1, 5). 
The equation of the tangent at (1, -1) is 


dy 
-(-1)-|-- “(х-1 
y-Cn ге «-1 
1 ий; 
ог у+1=-5 25-30+1. 5-1. 


ie, у+1=2(х- 1); y*322x. 


The equation of the tangent at (71, -5) is ы 


cce vail mee te 


Сени 


D-e0 


у-с®=[] es 1) 


or y+5=-3(25-3041)-(e+1), 


ie, y+5=2(x+1); у%3-?2х. 


7. Find the equation of the straight line which is a 
tangent at one point and normal at another point to the 


curve y -8t? - 1,x - 4t? 43. 
Let the tangent to the curve at Pt’, ie, (4t? +3, 
812-1) be normal to the curve at Qf’, ie, 
(412 «3,812 - 1). 
The equation of the tangent at ‘t,’ is 


y- (8 - БЫУ -dx= (412 +3} 
dx қ 


dy/dt 
ог y-(B-1) =, "x - 2+3) 


: 24 3 
ог у- (817 = вр" (0-61 +3} 
1 


ог y-(8t-1)-3Hx - (412 « 3) ... (1) 


Clearly, slope of the tangent at ‘t,’ 


= slope of the normal at ‘f,’ 
and (1) passes through the point ч. 
dy 1 s -1 
dx ) „ 


and (819-1) ~ (81? ~ 1) За + 3) - (412 + 3)} 
= 808-5)-385-402-12 
э 200+ +00) Зы et) 

2 


2 2d-n5ed, ie 2 [7 Au 12 


95 9 (using (2)} 


ә 2-9 +818! 


811 - 912 -2=0 
or (912 +192 -2)=0 
9 alata 4 
2 
9-2-0; hei 


putting in (1), the equations of the required lines are 
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or 27(у+1)+ 16V2 = + N2(27x — 105), 


8. A ladder 15 m long, leans against a Wall 7 m hj h 
a portion of the ladder protrudes over the p 
that its projection along the vertical is 3 n: Hon 
does the bottom start to slip away from the sui] a 
ladder slides down along the top edge of the а) the 
2 m/s? all at 


AB is the ladder of which the portion BC is protrug 
over the wall whose projection along the кз 
CD -3m. 5 


Let OA - x m, BC- y m and ZOCA - 8. 
As АВ = 15 m, we get AC = (15 — y) m. 


апд 


By---3D 


Also, from the question, A =-2m/s 


“(аз y decreases with time!). 


Жү: 
We have to find di 


Now, from AOCA, x = 7tan Ө 

From ABCD, усоз 0 =3 

Also, 7sec Ө = AC = 15 -y 
у= 15 – 7ѕес 0 


т s 9 
Differentiating (3), 4 =-75ес Ө tan Ө 2 


Or -2--7sec0 tan Ө E 


Differentiatin, —- 29 — 
ating (1), di 7sec “Ө di 


dx ' 2 (4) 
Ture 2. 0l 0 е 
dt 7sec0.tang 25051 


From (2) and (3), 3sec Ө = 15 – 7sec 0 


the bottom starts to slip away from the wall at the 


6 
rate of g M/S: 


9, A lamp-post, 4.5 m high, is 4.2 m away from a straight 
. footpath. А boy, 1.5 m tall, walks along the path at the 
rate of 1.8 m/s. Find the rate at which his shadow is 
shortening when he has 14.4 m more to cover in order 
to arrive at the point on the path nearest to the 


lamp-post. 
The height of the lamp-post = AB = 4.5 m; 
the height of the man = PQ =1.5 п; 
the distance of the lamp-post from the path 
-ВС-42т. 
LABO Y m, BD = y m and ОС-2т” 
2 the length of the shadow = QD = (y – x) m. 


We have to find fax 


whenz - 144 m. 


From the question, Z =-1.8 m/s 


Now, from ABCQ, x?=z? + (4.2)? | а) 


45 Вр у 
As AABD ~ ~= ie, 3= 
APQD, 157 OD ie., 3 ТЕЗІ 


Or Э(у-х)-у-(у-х)-х; 2y-x)-x 
2 2-ю ах nD 


dx dz 
di =2z d^ 2z(-1.8) 
1.8z В 

Nz? + (42)? 

dx 18x14 — 


dt ТУТАЕВ 


-1.8 x 14.4 


Differentiating (1), 2х 


Application of dy/dx ра 
3. MS L1 -18х144 
вс0-2) (іц З “з 5 ee 
diay 4r 16 =-0.06 x 144 m/s 
from (4), dir 437-2? 5 
= -0.864 m/s. 


his shadow is shortening at the rate of 0.864 m/s. 


10. A man is standing on a straight bridge over a river 
and another man on a boat is on the river just below 
the man on the bridge. If the first man starts walking 
at the uniform speed of 4 m/min and the boat moves 
perpendicularly to the bridge at the speed of 5 m/min 
then at what rate are they separating after 4 minutes 
if the height of the bridge above the boat is 3 m? 


In thebeginning, the man is at A on the bridge and the boat 
is at Bon the river. After t minutes, the man is at C and the 
boat is at D. 
From the question, АВ L AC and BD 1 AC. 
AC is perpendicular to the plane of AB and BD. 
. AC is perpendicular to each line in the plane ABD. 
AC 1 AD. 


bridge 


Also, AC = 4tm and BD=5tm and AB=3m 
from the right-angled AABD, 
AD = AB + BD? = ҮЗ +(5)° m 


and from the right-angled ADAC, 


DC = Ар? + АС?. 
If DC=zm,z= УЗ? + (5092 + 49? = N9 +411? 
dz 1 
کے‎ x4lx2f 
dt 29.417 
att-4min, 
dz 41х2х4 


164 : 
=} m/min = = m/min. 
dt 2V9+441x 4? i У665 


11. The time of а complete oscillation of a simple 
pendulum of length ! is giyen by the gelation ~ 


АЛ й=(©- Аб) е? 
Т=2т. rE where g is a constant, By what per cent 


should the length be changed in order to correct a loss 
of 2 minutes per day? 


P ре ete ad Mut учы Н RB PETS TW AE Pe bac oe eue =з To e 
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|! dT 28) 3: 
Неге 72525422 й Ng 241 
dT х 1 
Ти =. a 
zt (2) Xe Vi 


. dT 14 
Б т * 10 =5- 1 x 100 
inT-2 inl 0) 
or per cent error in Т => x per cent error - 


Now, in per cent, 2 minutes ina day, Le., 24 x 60 minutes 


x 100% = z^ 


24x60 


. loss of 2 minutes рег day- 25 error (gain) in T 
(1), Š ж 1 x percent error (gain) in! 
. by / 367 2 * Pe 


5 
^ рег cent error (gain) in] =2 x 5% =i” 


5 l 
. changed length =I +73 x 100 


while the correct length = [ 


. percentchangein! 


:. the per cent change required in the length „ 10, 
361 


12. Without use of tables and any standard ү 
logarithm, find the value of log, 7. 


alue y 


Letf(x) = logar. 
We know e = 2.72 (nearly) and so e? = 7.3984 
2 when x =73984,f(e?, i.e., 7.3984) = loge? = 2 


and change in x, i.e., ôx = –0.3984 


Now f (х) = i 
бу =f (7.3984) x ӧх 
1 3984 
Sy = 739g, < 03984) = 73084 


108,7 =f (7.3984) + Sy =2 -73984 = 1.95 (appr! 


Exercises 


1. Determine the quadratic curve y =f (x) if it touches 
the line y = x at the point x = 1 and passes through the 
point (-1, 0). 

2. Find the constants a, b and с so that the two curves 
y=x? + ax +b and y = cx - x? will touch each other at 
the point (1, 0). 

3. Prove that the curves 2у? = x? and у? = 

у = 32х cut each 
other orthogonally at the origin. D 


4. Prove that the curves xy =4 and x?4 y2- 
each other. vidi 
.,, Points where the curve cuts the x-axis. 
ó lox 
6. Show that the Jine: ag fU touches the curve 


y=be-™ at the point where the curve cros: 
А 
y-axis. UR 


5. Find the tangents to the curve y = (x? — 1\(x—2) at the : 


= COST 


7. Find all tangents to the curve у 
-27 < x < 2r, that are parallel to the line x + ?" 


8. Find the equations of tangents drawn to the ў 
у*-2х3 –4у + 8 =0 from the point (1, 2). 


а mne 


9. If the tangent at (ху, уз) to the curve x? + Y 4 
the curve again at (x, уз) then prove that 


» Сиб 
10. Prove that the portion of the tangent to th с the 
Ў yeen ^ 
x +y% =a which is intercepted bet" 
axes, is of constant length. 


И. Show that the sum of the intercepts mad sain" 
axes of coordinates by any tangent t° - 
Vr + Vy = a is equal to л. 


Application of dy/dx 0.63 


Prove that the tangent at any point on the 
rectangular hyperbola xy = c?, makes a triangle of 
constant area with coordinate axes. 
1з. Prove that the segment of the tangent to the curve 
a. araa ЖЕ келі 
¥218 Тут 

contained between the point of contact and the 

y-axis has a constant length. 
If a, В are the intercepts made on the axes by the 


А 3, 
t at any point of the curve x = acos"8 and 
fangen y P un 


a 
д у= bsin 29, prove that 7 7-1. 


12. 


14. 


Show that the segment of the tangent to the 
2 
i: 
= d between the axes of 
hyperbola y =~ intercepted between 


coordinates is bisected at the point of contact. 


n n 
16. Show that the curve B + П =2 touches the 
straight line т + = = 2 at the point (a, b) whatever the 


values of п may bé 
17. Find the condition that the line xcos æ + ysin a = p 
may touch the curve 
n 
х-аүз-1 NUES bai. 1 
a PE. > 

18. Find the equation of the normal to the curve 
у= (12)! + sin (sin 2х) at the point x = 0. 

19, Find the equation to the normal to the curve 
x? + y?” =a” at the point where Ө is the angle that 
the normal makes with the x-axis. 

20. Find the equation to the normal to the parabola 
x? = 4y which passes through the point (1, 2). 

21. Find points on the curve 9y? = x? where the normal 
to the Curve makes equal intercepts with the axes. 

22. Show that the normal at any point of the curve 
қ x=a(cos f + tsin t), у = a(sin t — tcos t) / 

Is ata constant distance from the origin. 

3. Show that for any point of the curve x? - y? = a? the 
Segment of the normal from the point to the point of 
intersection of the normal with the x-axis is equal to 
the distance of the point from the origin. 

24. Use calculus to find the condition that the line 
Xcos Ө + ysin Ө = p is a normal to the curve 
Bix? + a 2y2 = a22, 

25. The volume of the cylinarical trunk ‘of a tree is 
Proportional to the cube of its diameter and the 

Meter increases uniformly from year to year, 
Prove that the rate of increase in the volume when 

diameter is equal to 90 cm is 25 times the rate 
When it is 18 cm, 


26. Astick of length 100 cm rests against a vertical wall 
and the horizontal floor. If the foot of the stick slides 
with the constant velocity of 10 cm/s then find the 
magnitude of the velocity of the middle point of the 
Stick when it is inclined atz with the floor. 

27. А man running along a circular track has the speed 
of 10 km per hour. A source of light is at the centre of 
the circular track. A wall is along the tangent to the 
circular track at the point from which he starts. 
What is the speed of the shadow of the man on the 


wall when he covers E of the track? (Assume the 
track to be a line.) 


28. A point is moving along the curve y? = 27x. Find 
interval of values of x in which the ordinate changes 


faster than the abscissa. 


29. A particle is moving along the parabola y? = 12x at 
the uniform rate of 10 cm/s. Find the components of 
velocity parallel to each of the axes when the 
particle is at the point (3, 6). 

30. A spherical balloon is being inflated so that its 
volume increases uniformly at the rate of 
40 cm? /min. How fastis its surface area increasing 
when the radius is 8 cm? Find how much 
approximately the radius will increase during the 


next i minute. 


31. The time T of a complete oscillation of a simple 


pendulum of length 1 is given by T = 21 V - where 


$ isa constant. 

(a) Find the approximate error in the calculated 
value of T corresponding to an error of 2% in the 
value of I. 

(b) Find the approximate percentage error in the 
calculated value of | corresponding to an error of 
0.25% in the value of T. 


32. A spherical iceball is melting, such that the radius is 
decreasing at a constant rate of 0.1 cm/s. Find the 
amount of water formed in one second when the 


қ ^ 22 
radius of the sph 7 cm. (Gi ==, 
phere is 7 cm. (Given x 7’ SP- 8r of 


їсе = 0.9.) 
i 
33. Find the approximate value of ғо -[25) x 
+х 
х= 0.15. 


34. Use differentials to obtain a reasonable approxi- 
mation to (8.01) + (8.01)2. 
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Objective Questions 


Fill in the blanks. 

35. Let С be the curve у? - 3xy + 2 = 0. If H is the set of 
points on the curve C where the tangent is parallel to 
the x-axis and V is the set of points on C where the 
tangent is parallel to the y-axis then 
Н= ‚У= 

36. A spherical raindrop evaporates at a rate 
proportional to its surface area at any instant. The 
differential equation giving the rate of change of the 
radius of the raindrop is 

37. The law of rectilinear motion of a body of mass 
10 kg is given by s = 2t? + 3t + 4. Then the kinetic 


energy 5 mv? of the body after 5 s from the start i5 


38. The slope of the tangent to the curve г? = а “со 20, 


п. 
where x = rcos Ө and y = гіп 0, at the point 0 = 15 
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the change of ordinate at (5, 2) is o 


40. A balloon is pumped at the rate of 10 3 
The rate of increase of its radius will be "y 


its radius is 15 cm. UN 


Choose the correct option(s). 

41. The line ax + by t c7 0 is a normal to i 
ху = 1. Then Фу, 
(a)a>0,b>0 (b)a»0,b «0 
(c)a<0,b>0 (d)a«0,b«0 

42. The angle between the tangents to the ^ 
y = sin x and y = cos x ata point of intersection s 


(a) 3 (b) tan (22) 


(c) tan "n Са 


43. If the law of linear motion of a particle is given b 


(d) none of these 


s= ; t? - 16t then the acceleration at the time whey 


; the velocity vanishes; is 
39. A point moves along the curve xy = 10 such that its (а) 0 | M (b) 4 
abscissa grows at the speed of 1 unit/s. The speed of (98 i ipii tit (0) none of these 
Answers | 
MEET E pla ә О ee 
1. {у= (x1) Bard bo Bier) 30. 10 cm*/min, 7— cm 31. (a) 1% (b) 0.5% 
п 3n ; | Mik Poir: ң 
5. Зх+у=3,7х - у= 14 7.2у+х= у, 2y txt 2 =0 32. 5544 cu cm | ЕСКІ 
в. y + 2V3x = 2)1 + V3), у-2/3х-2(1- УЗ) 34. 80.1867 | А 
17. а"соѕ "о + b"sin"a = (p – acos a – эт о)" 35. (x, у) | y= 0, x e КЕ}, ((1, 1)} respectively 
18. x* y -1 dr ! 
19. xsin Ө - ycos Ө + acos 20 =0 ig dT A i FILE 2615 
j 8 “ү ү i ; ; d ] | 
20. х+у=3 21. (0,0), Е 3) 38.0 i. sit 39 reduces at unit/s 
24. p “(а sin 20 + bcos ?g) = (a 5 b 7) ?sin 2Өсо 20 Xd ; | АР | 
26. 10 cm/s 27.20 km/h 40. gq, C min, 41. ©), (© 
28. (-1,1 LT PNE | 
(-1, 1) 29. 52 cm/s each 42. 6) 43. (с) 


we PUE іе іш дес 
"e R 


6. Maxima and Minima 


Recap of Facts and Formulae 


1, Relative (local) maximum and minimum of functions 


of one variable 
function f(x) is said to have a local maximum 
m) at x=a if fora-h<x<a +h, f(a) is the 
reatest (least) where h is an arbitrary positive 

number (which may be taken very small). 

fafa) хе (a-h,a+h) 
> f(x)hasa local maximum at x = 4 

and f(a) <f(x), хе(а-һ,а- h) 
> f(x)hasa local minimum at x = a. 


‚А 
(minimu 


Note 
() А function may have local maximum 


(minimum) at more than one point. 


(i) The value of the function at a local maximum 
may be less than the value of the function at a 


local minimum. 


2, Global maximum and minimum 
‚ А function f(x) is said to have a global maximum 
(minimum) at a point x =4 if f(a) is the greatest 


(least) among the values of f (x) at all t 
interval of values of x. 


he points of the 


3. Determination of points of local maximum ог 


minimum 


If the function f(x) is differentiable in R then at the 
Points of extremum, i.e., local maximum or minimum, 
the following will hold: 


Ро), іе, ш =0 
x 


Нах =a f'(a) = 0 and 
P f (9) <0 then at x = а, the function f (x) has a local 
di т and ће maximum value is (о). 

(a) > 0 then at x = a, f(x) has a local minimum 


and the minimum value is f (a). 
D-67 


Note [ff"(a) = 0, nothing сап be concluded. In this case 
we have to take help of other methods. 


o Ifatxz а, (а) = 0 and 
(i) f'(a- €) > 0,f' (a + €) «0 
then x = a is a point of local maximum. 
(ii) f'(a - €) « 0,f' (a + Е)> 0 
then x = a is a point of local minimum. 

(iii) f'(a- е) and f'(a + €) both have the same sign 
then x=a is a point of neither maximum nor 
minimum. | 

The above knowledge points give the method 

of finding maximum or minimum value of a 

function of one variable. If a student is 
required to find the maximum or 

function of two or more variables, 


minimum value of a 
where the variables 
are connected by one or more relati 
function into a function of one varia 


ons, then change the 
ble by using the 
relation(s), and then work with the resu 
one variable. 


Iting function of 


4. Critical points, point of inflection 

. The function y=f(x) has a critical point at x «a if! 
f'(a) = 0 or f (a) does not exist. 

. Afunction can have maximum ог minimum at critical 
points. 

. The function у =f (x) has a point of inflection at 
(i) Қа) = 0 or does not exist and 

(ii) f'(a) exists and f"(a — €), f" (a е) have opposite 


signs. 


Xx = «a if 


5. Maximum or minimum value of a function in a closed 
interval 

The maximum or minimum value of a function in a 

closed interval is generally used in the global sense of 

the term. 
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For the function y = f (x), x є la, b] 
* max f(x) = greatest among f (a), f (b), f (a) 
min f(x) = least among f (а), f (b), f (a) 


where a is a critical point of f (x) over [a, b]. 


6. Convexity and concavity of a curve 


. Itf") «0, x € (8, b) then the curve y=f(x) is co 
n X 


in (a, b). 
« Iff" (x) > 0,x € (a, b) then the curve y 7 f(x) is con 
in (a, b). Р 


Selected Solved Examples | 


1. Determine the points of maxima and minima of the 
function f(x)= > log x - bx x^, x» 0 
where b 2 0 is a constant. 
Here,f'(x) = ghe «+ (1) 
For maximum or minimum, f'(x) = 0 


or ЗЕГЕ 
8х 


ог 16х?-86х+1=0 .„. (2) 


8b + 64b - 64 . b+ Nb -1 
(Us E cr ey 8 


It b*.- 1«0, ie, 0 <b < 1 (given b > 0), 
the roots are imaginary. So, f(x) will have no point of 
maxima or minima. 
Ifb?-1>0,ie,b>1 (given Б> 0), 
the roots are real and unequal, and they are 

b+Vb7=-1 5-97-21 

A 4 

both of which are positive. — * 


Differentiating (ура) өз 6) 
x 
AY = А 


16 


рт 
f"()-2-2(b - Nb? 21)? 
=2[1 - (b* +b? -1- 2p 57-1] 
-4[1- b? 07211 
-4Vb7-1(6 - 557-1)». 0 
b 7-1 


Fa) has a minimum atx = 7,1, 


АНЕ жес z uL 


16 
P'üjet- i: ытта: 


Рд-2-20 7-1)? 
24[1- b? - 557-1] 


i =-4Vb7=1(b + 7-1) «0 
f(x) has a maximum at x = 2= 1 SEE ыт: 


Ifb?-1=0, i.e., b= 1 (given b > 0) then the roots of (2) 
are real and equal and itis x= 0). 


from uf" [Du 5 422-0. 


1 
Now, we use c-test for x = 7 


{using (1) and h - 1! 


e 1 ЕФЕ 
` 2044€) 2 
3 24e) 


__ 6e? B 
` 211 +4e) 
„ү 16(- €)? 
(6-9) 55 
2 26е? 
-8e 
S € isa very small positive quant d 
t 
> f (3) has neither a point of maximum nor а РО" 


>0 
ty) 


minimum atx = 2. 
Thus, if b> 1, f(x) has 


а point of maximum at x 2 b 


— та -— À mm. 


Maxima and Minima 


2 b Nb? -1 
a point of minimum at x = 77, 7 


bp Л m 
2. Let Јо) = sin x + Asin^z, «xe 


Find the interval in which A should lie so that f(x) has 
exactly one minimum and exactly one maximum. 


Here, f'(x) = 3sin ^x - cos x'+ À - 2sin x - cos x 
> sin x «sin 2x + Asin 2x m 
For maximum or minimum, f'(x) = 0 


sin x: cos хат x + 2A) =0 


or 

-2A х 
Î х-0 or біп29--2- d xyet 2) 
Differentiating (1), 


1 

f(x) = cos 2x(3sin x + 2А) + 2 sin 2x(3cos x) ... (2) 
When x = 0, f^(0) = 22. 
When sin Хо 7 -22/3, x, will have real values provided 

-1 <-24% <1, i.e, 3/2 > } > - 3/2. 
If A 2 0, sin Ха = 0 which gives хо = 0. So, for x =0 there 
will be only one point of extremum. 
11 Муе ауе -3/02 <А <0 or 0<4 53/2 
Using (2), sin x9 = 22/3 gives 

| f) = а — 2sin ^xyJGsin xy + 22) 


+ 3sin хо(1 — sin 29) 


-fı 9 Ae: Aen i$ اھ‎ 
Soba ы 59-25) 
9 
=- = А з + 2A)(3 - 2А) 
When -3/2 5<0, 
од = (-ve)(-ve)(+ve)(+ve) > 0 »s (3) 
Май <А<3/, 
ОЕ ‘Eve)(+Vve)(+ve)(+ve) < 0 ... (4) 
Also, when - 3/2 <A <0, / 0) 22. «0 ... (8) 
When0 «3 < 3/2, f" (9) 221 » 0 ... (6) 


7 from (3) and (5), 


exactly One minimum and one maximum 


OW 


3 -л 
But, when A = +5, xo = 
when 2 Хо d 


Hence, the required interval of values of À is 


(-3/2,0) (0, 3/2). 


3. Find the polynomial function f(x) of degree 6 which 
1 


satisfies lim | d =e? and has local maximum 


x20 


atx = 1and local minima at x = 0 and 2. 


Let f(x) = ax * e ax? ах + asx? + a,x + asx + 0. 


* 
e e 25 % 
э ax? tax? taken e fx 
x" к 
E 
Now, lim fı Je 
x20 x 
til (х) 
lim Z log D 
X0 x 2 
>e =e 
fe) 
log 11 + 
1 хз] 
=> lim ———— و چ‎ 
r0 x 
а, A: 1; 
з 2 эу. Ж. ЭҢ 
log fi +a tax + aax +03 t фота 
= lim =2. 
x20 $ 
The limit is = unless аз = 0, a, = 0, 45 = 0, а, = 0, 
іе, f(x) = aax ° +x? Жа,” 8 
log (1 + (aox? + a,x? + а,х)) 
Inthatcase, lim Бетми AME тани 
x20 E x 
(aox? + пух? + пух) 
-3 Go axi + ax)? +... 
or lim =2 
1-0 Ж 
ог 4-2 
F(X) = ag ° + ax? + 2x* 
f(x) = 6х5 + 5a,x4 + 8x3 ... а) 


From the question, 


£0) = 0, f'(2) = 0 and f'(1) = 0. 
Using (1), we get 


/'0)=0 = ag and 4, can have any real value 


/'@)=0 > 6х324,%5х164|%8х8-0 


Maxima and Minima D-71 
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D-70 
4= .. : „zis the maximum when ¢ = > 2L : 2 zi 
а. :os zisthe 1 д; 7 Р. l| Ry > В - № f +=] 4-6) | 
Ғаз-0 > 6a, + 52, 8 =0 .. 3) A: “5 P, Т $ Ra + Ra- К. | 
e, the point is |асоз 7, sin 2) TET 1 1 2 
Soe => 64-4-0 kea fae po | 2 2 (q-pa*p 4%Р : sla a] 
; ty 1 р. : t 
TM 212 the required point is (0, 2). 27 Ge r+ (+ Ф е $ 
5 н 9-р 1 : E E R 
“چ ب5 ل26‎ : == ЫЙ [11 5l 4° 16 
fins xt et £X Dos Let A(p^ P) B(q 9) pu C(r?, -r) be the vertices of 207 Ls es $ 
Қ ; E: ini : triangle ABC. A parallelogram AFDE is draw. SEES «8------ . (3) 
= minima : n 1 = $ 
с елү that f(x) has maximum atx = 1 and Rand B onthe Ini вереш BC, СА ни s -1 sancasp-r* 4) 1 dt 2? 4 
atx-0,2. : : 
ч respectively. Using calculus, is that the maximun 1 yp -n : For the maximum or minimum value of z*, 
БЫ БҰТАСЫ а 
4, Find the point on the curve area of such a parallelogram is 4 1 р * qXq + rp - n 4 Шы dio 
5 t 
ax! + aly" a Aca! <В : ly DE | = AF and ACDE ~ АСВА : 
that is farthest from the point (0, -2). ч Clearly- БЕ] ? в, What normal to the curve y =x? forms the shortest iow B MEO тыге. 
xt у? ; „ CEDE chord? 5 2° 415 
Here, the curve is а 3 1 р Any point on the curve is (f, t°). The normal at (1, t?) has : so 32t6-6t?-1=0 
Any point on it is (acos ¢, 2sin $). Dos L Я = ; the equation. 1 ог 409 -3Q07)-1-0 
Let the distance between (0, -2) and the pointbez.Then : vie A uo а) мо (2-116 +8? +1) =0 
" where DE = x, AE = y. Eu : : 
= = (acos b- 0)? +(2sin ¢ + 2)* М (8) ^ 1 ог (2-14 +1) =0 
2. DT : 
= a'cos % + 4sin 7% + 4 + Ssin ф AE Ж ox get ... 4 
But y=x? > = 2x. : 
ع‎ 2а Cos psin ф + 85іп pcos ф + 8соѕ ф ... (1) у m : From (3), 
So, (1) becomes : d'(z?) 9 
2215 maximum or minimum = ae’ =0 і ы : care i 2% at " "ar Vd inen 
d : B(q4q) р С(г2-г) y-Psgre-n : 
: : д o z?is the minimum when 
ог (8-2а?усоз $sin ф+8созф=0 Now, ar(AFDE) -2 x ar(AFAE) or x4 2ly=t+2t° axe 
А : : 2t?=1,ie,f= 
ог cos 48 - 2a?)sin 9+8] - 0 : =2xpay sin A. Solving (2) and y =x, we get : E 
4 : 2 3 11 
== : г = = hi t chords. 
= с05ф=0 or sin ф=—— F : Denoting the area of the parallelogram by 4, xt s t+2t ; the normals at Е 35 2) ота the shortest chords 
: or 2t - = 
But4 «a? «8. : QNUM с 2 " x^ + x—t(1 + 2t*) «0. 
Б = zy sin A =% (b-y)sin А 1 T : 
E -1+ V1 + 8t“(1 + 2t*) P Қ р 5 
СЭЭР 4 —— 5 а  ” DA conical vessel is to be prepared out of a circular 
41-4 SIE d i у E sheet of gold of unit radius. How much sectorial area 
. 4А csinA Б 
dzd 2284 © b lb- 2у} —1+(1+4?) is to be removed from the sheet so that the vessel has 
4 = 0 when cos ¢ = 0,1е.,ф 52 or 31 : 2. 4t maximum volume? 
2 : d^ ; 
Differentiating (1), : B rs Oify= H d E 1+22 Let the angle ACB of the sectorial area removed be a. 
: TUE : 
2 : 4 их б ‚жй Ар... қ 
m 26). (8. 22 cos*8 sin?) - "TM : The question of minimum area does not arise (being U' B qu | Thearc AB=a.-1 (sing e =F] 
yt, т” 
х ded A is the maximum when y == - = 5 2t Dos the length of the remaining arc ACB = 2n- 1- a 
ato=>- — 1 -245-8-8 : е normal : 
2 ae US и ee ( Куа d points al chord is the line segment joining the : „ the circumference of the base of the cone 
2 mer- 75 |5 Sin А, from с : 
=2а?- 8) <0 for4«a? «8 : 6 2) ite 2 à : = are ACB = 2r - a 
11 A (Pana f- 1+2 (1.2! | : Р 
22 15 the maximum when $- 2 А ^32 bcsinA- — 2 ar(QABC) E i ? 2t 2t * : If the radius of the base of the cone be 4, then 
p? ў zbe the length of the chord, X 21). =2-а 
Clearly at$ ==, thi _1 1 гр 35 : 
2? is the minimum. 725 41 {т A-E ET, i = و ے‎ а 
5 2! : 25% 2л ` 


КҮШ бетт». в T ee. i 


or 


V-ixai.0D : 
-1. a2- VI-A? : 
к 2 а 2 
TED 5] 
сх рер. аја 92 
"31 2х) x dz? 


For maximum or minimum value of V, Z- 0. 


dv 
Prien ia : 
-2(2x а). ха —a? 
+(2z-a)?- Д -(4z-2a)=0 
2Y4xa - a? 


-2(4ra - a) + (27-0)? 


Nixa - a7 
ог (Qx-a)(3a?— 12xa + 4x7) =0 


12x + (144524817 
6 


or (2х-а) 0 


а=2х, 
2/2 
cxx VOR. 


242... 
Clearly, a = 2n + 7x 15 impossible because 0 < a < 27. 


Also, when a = 2r, nothing will be left for the cone, ie, 
the cone will have 0 volume (minimum) when а = 2л. і 


the volume will be maximum when 


20 : 

a-2n-—— s 

R үз 7 2 

the required sectorial area = 51. : 
л 


Or cos Osin 6(1— sin Ө) ) 
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19-0-2265) 
( de эсе x 


8. Find the vertical angle of a right circu] 
minimum curved surface area that circu 


given sphere. 
Let the radius of the given sphere be а, 


Let the radius of the circumscribing cone be , 


semivertical angle be Ө. 


Then, Ар = rcot 8 and OA = a cosec Ө 


OD =а= AD — OA = rcot 0 — acosec Ө 


a(l + соѕес Ө) = rot Ө 


5 = лгі = rr - rcosec Ө 


: 2 
= xcosec Ө - pn) , using (1) 
cot 6 


Cos Өсіп 6(1 — sin 0) 


аг cone y В 
Scribe. 
I 


and js 


Let the curved surface area of the cone be S. Then 


— (1 + sin 0)(cos 0 — 2sin 0 соз" 


de í sin 6(1- sin Ө) 
For maximum or minimum 5,5-0 
ө 


— (1 + sin @)cos 0(1 - 25 


| 
in 89 


or 


or 


Cos Ө [sin 0 — sin 9 — (1— sin Ө — 2sin 6) = 0 


cos [sin 20 + 2sin 9 21150 


2± 4+4 1,02 


2 


cos 0=0 or ~sing 


Maxima and Minima рэз 


9-2 or sin (42-1) 
[7 sin 82-1- X2 «-1is absurd) 
Now, бұны = Ais оп the sphere and in that case the 


radius of 
surface area <<. 
-5 is minimum when 6 = sin 72-1) 


the cone is infinite indicating the maximum 


the required vertical angle = 2sin “(V2 – 1). 


9. Towns À and B are situated on the same side ofa 
straight road at distances a and b respectively from it. 
Perpendiculars drawn from A and B meet the road at 
the points C and D respectively. The distance between 
Cand Disc. A hospital is to be built at a point P on the 
road between C and D such that the distance APB is 


minimum. Find the position of P. 


Let CP = x; then PD =c- x. 


b 


Н 
Cx Р CxK D 


Let the distance APB =z. Then 


z=AP+PB=Va7+x" + Nb? (c- x)? 


dz 2x ^ 2(-х 
dx -2Ya?«x? 202 +(с- х)? 


zismaximum or minimum = d =0 


х с-х 


a+ x? “Nb? e (c х)? 


or. x?(5? + (c 2 x)?] - (c - x) (a2 x?) 


or 22+ 0с ху? = a) x)? x c-x)? 
Or 62? а с-х)?=0 
Or {bx + a(c— x) {bx — a(c - x)) = 0 
бт [(5—a)x + ac]((a + b)x - ac) = 0 

a 4C ас 

ab a+b 

e 
Kez a=b. 

c T be _ bc А 
E a-b a-b b-a 
“either CP or PD is negative, i.e., P will be outside CD. 


He құдасы 
nce 2 is minimum when x =, 
un eo s a+b 


because z is greater for x = 0 (or c). This can be verified 
as follows. 


= + ec! c2ab (on simplification) 
When х = 0 (or с), 


z=a+ Nb“ +c“ 


= Va + b* ec? + ас > Na+ b e c+ 28b 


Thus, z is minimum when 
“=, езара. 
а+Ь а+Ь 


х=СР= 


10. A window of fixed perimeter (including the base of 
the arch) is in the form of a rectangle surmounted by 
a semicircle. The semicircular portion is fitted with 
coloured glass while the rectangular part is fitted 
with clear glass. The clear glass transmits three times 
as much light per square metre as the coloured glass 
does. What is the ratio of the sides of the rectangle so 
that the window transmits maximum light? 


Let the length of the rectangular portion - x m, 
the breadth of the rectangular portion = kx m. 


the area of the rectangle = kx? sqm 


2 
the area of the semicircle = 7 x 6) sqm. 


TA 


kx m 


xm 
Let the light transmitted by coloured glass = a/sq m 
the amount of light transmitted = L 


Thus, L- Tx? + Зах? ... (1) 
From the question, 


2x + 2kx + z -Z =p = constant 


2k = p~ 2x x 
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TN NUES 0 


n 
by (1), Lene их) 


—-3a- 


6 3 eee 


dL (za _ ت ہو‎ Зар 
wiles ra 2 


oes wp ЧЕ 
Lis maximum or minimum if zx 0 


> irse) =o 


8 ! 
Зар 
2 3 1 
or 2 San UP 5х 
2m 34> 
8 
= Эр ер. 
BUESETE 
2 


The question of minimum light transmitted does not 
arise (~ itis 0 when x = Q, kx = x). 


Lis maximum when x с 6Р4 
24 + 5х 


R 
from (2), k= -1-5 


„Р 24+5n т 
26773 
24 + 5л т 


=————-4.- 


12 4 


ee 


12 4 


213. tz 
ГЕЗ АЕ 


the required табо = (6 + л): 6. 


п. А lane uns at right angles out of a road а metres 
wide. Find how many metres wide the lane should be 
if it is just possible to carry a pole b metres long 
(>а) from the road into the ing i| 
horizontal. DE iae 

Let AB be the pole and AB = b m. 


Let the inclination of the pole with the lane be @ when 


the pole is about to clear and the wi 
uia е width of the lane 


Then AB = BC + AC 
= ш cosec @ «a sec 0 
b = wcosec Ө + asec 0 


w = bsin Ө - atan 0 


Sous - 3 - (20 -x)c1). 
О UD. 


0 
(5-х)? 


Here we have to find the largest w for 0 е (0 2 


2 With 
ends of the pole on the lines as shown in the figure. 
Now, = = beos 0 — asec 20 Базы. 


dw | 2, и 
es b= =0, i.e. 35 
"do 0 if bcos Ө — asec 20 = 0, i.e., cos 9-7 


and EP уде 0 — 2a sec “бғап Ө. 


n "Pis maximum when x = 5 - V5 = 2.76 


2 the most profitable number of grade A tyres 


As осе 5, <o 
2 de 


, 


ш is maximum when cos 30 = 


13 
ie, cos 0 = В 


from (1), the maximum value of w 


=Ь. М соз 0 – а. Узес 0—1 


= 528 WR 425 _ 0з 4523 7128 


= (b% 423)32 


тіз 


pole which is inclined to the vertical. The foot of the 
pole isat the centre of the circle. The greatest and the 
leas angles which the pole subtends at his eyes are 

‘an = and tan 15 respectively, and when he is 
midway between the corresponding positions, the 
angle is 0. If the man's height be neglected, find the 


- length of the pole and 0 if the radius of the circle is 


Note Here b»a. If b <a then whatever might be the 
width of the lane, the pole can be cleared. Al? 


ees "à will give no Ө other than 90° in which 


case the pole is cleared irrespective of the wid? 
of the lane. 


12. A tyre company is able to manufacture x (hundred 
Brade A tyres and y (hundred) grade B tyres per 49) 
where y(5—x)- 10 - x), 0 < x «4. If the profit °" 
each grade А tyre is twice the profit on grade B ty"? 
what is the most Profitable number of grade А ty! 
per day to manufacture? 


Let the profit function be p. per day. From the questio™ 
Pz2xps yp 
where p is the Profit/hundred of grade В 


(and OZ as the x, y and z axes. 
int on the circle. Let ZPOY - $ and 


Maxima and Minima D-75 


> E 2 
OA = [зїп a j + Icos a К 
> э > 
AP=OP-OA 
> > > 
= asin фї + (acos ф - [sin a) j - Ісоѕ ak 
> 
AP z |AP| 
= Na біп 7 + (acos ф -lsin a)” + [cos Ta 
= Ya? «17 — 2al cos ф- sin a 


OP? + AP? - OA? 
20P - AP 


a?+a?+ l? - 2al cos ¢ - sina - 1? 
y 2avYa? +17 - 2alcos $- sin а 


z a-lcos ġ -sina 
7 Va? «1? = 2alcos $+ sin a 


cos y= 


а? +1? – 2alcos sin о. 


12 
— (a – [cos 6 - sin а)? 
tan a-lcos ф-та 
— == 
_ JE соз "$. sin a. ...@) 


а – Ісоѕ ġ -sin a 
y and so tan y is maximum or minimum when 


d(tan v) _ 
d$ 


1-(21%соз ф - sin ¢ - sin ^a) 


SS (a - Icos ф- іп а.‏ ڪڪ 
е 0а а 4 hose‏ 
Vi? = l'cos?$ - sina (lsin ósin a) = 0‏ = 


or 1%со5 ġ- sin $ sina (a — [cos фѕіп a) 


0 


- (I? — [cos 3 - sin alsin фвіп a = 0 
ог cos $-sin ¢ sin a (a — 60$ фѕіп a) 
— (1 - cos ^$ - sin "a)Isin 6 = 0 
Or сіп ф[асоз фѕіп a — Icos 2фѕіп 20 
—1+1соз %ф . sin ĉa] = 0 
ог яп ф[асоѕ ¢sin a — 1] 20 


sin ф-0,іе,ф-0 or x 


Or acos $sin a =I, i.e., cos b = i 
$ ге (not possible) 


2 V 15 maximum when ф = 0 and it is minimum when 
=n. * 


When ¢ = 0, from (1), 


Pres Plus йз ИТ Мает Ау 


M 


9 “Гаа kasa 
262 .—— 
tan y = Бец е u ~ Ка 


Ча - 9lsin (ta Neos а 


Scos а + 9sin а 

2005 AFNI 

Scos а ~ ósin Q 

15cos а - 18sin @ = 10cos Q + 18sin а 


3 
>= 


: 5 
or Sas бок а + Ysin a) 0) or 5соз4-36зіп4 .  lna- 36" 
When e = x, from (1), 36 5 
ТЫЧ _ еза `o œe aT ° SIN (= EIT 
Vagina atiina 
я ба 
Sas obin a= Sesa TET 
ба = [(5соз а - 6sin Q) < 3) 4 
Nr 06а NIE 
When the man is midway, ¢ = + So, from (1), 5x36-6x5 25 ^ , 
3 Ү1321 
1 
tan 0=- .. (4) Var 2% 
i by (4), tan Q= ŽL Os tant WI 
From (2) and (3), қ = 
Ехегсіѕеѕ 


Find the maximum or minimum value if there be any: 
1 40 
` 3x" +8 - 18+ 60 
EE Ba 
1 + xtan xX 
3. 2x- tan "x - log(x + VI +x°) 
4. (a) a(log x)? (b) Qx* + 3x? - 36x) ^ 
5. Show that f(x) = Vet — 1 has its extremum at x =0. 
Also mention whether itis a maximum or minimum. 

Find the maximum and the minimum values of the 

following: 

& x*log x, x e [1,2] 

* da -х?уох? y xe [1,1] 

8. EE хуу-х)= 2n", (@>0) then show that y has a 
minimum when х=а. Determine the minimum 
bus а Show that y has а second value at x=a 
which is less than the minimum, i 
samda? How do you explain 

9. Using examples, Prove that the condition dy =0 is 

dx 


227 а necessary nor а sufficient condition for а 

ction y = f(x) t i ini 

н nu J(x) to have a maximum ora minimum 

10. Ро) =х?-12х. Prove that the equation 
x 712х-К=0 hasa root -2 if k = max f(x) while it 
will have a root 2 ifkz min f(x). 


11. Find the value of a and b if y = alog x + bx? + x hasit 
extreme values at x =—1 and x = 2. 


12. If the function y = —Pg - has an extremum at 
(x-4)x- 1) 


PQ, -1), find p and q. Also, show that P is a point vl 
maximum. 


13. For what value of k does the function 
у=х? -3(7 -Ex*-3(9-k*) & 2, x 20 
havea point of maximum? 


14. Find the shortest distance of the point (0, c) from the 
parabola y = x? where 0 € c € 5. 


15. Find the coordinates of the point on the parabol 
yox? +7x +2 which is the closest to the straight? 
у=3х-3. 

16. Given an interior point A on the axis of the paraboli 

У? =2рх, (p >0) at a distance a from its vertex: ! " 

the abscissa of the point on the curve nearest 10 (" 

Biven point. 


17. Find the coordinates of the point on the curve 


€—d $ thi 
y- lex? where the tangent to the curve has 


greatest slope, 


18. (a) The parametric equations of a curve are 
x72(0543)-312 y 2212 +3) +3 
„Y =2)? +3) he 
Find the maximum slope of the curve ptt 
Corresponding point on it. 


QA function is defined parametrically as follows: 
3 
xat- 50 - 20087 |. ІН <2. 
y= 4 - 913 - 180 3 
Find the maximum and the minimum of the 
function and mention the values of f where they 


are attained. 

kj bea fixed point, where #>0,К> 0. А 
assing through this point cuts the 
axes at points P 


19. Let (t, 


aight line p: t 
зеге direction of the coordinate 
and Q. Find the minimum area of the triangle OPQ, 

O being the origin. | 
20. A 12cm-long wire is bent to form a triangle with 

: one of the angles as 60°. Find the sides of the triangle 


ifits area is the largest. 
21. Find the largest area of the rectangle whose base is 
; on the х-ахіѕ and two of its vertices lie on the curve 


i ETÀ х d 

2. ЖҮ sides of a trapezium аге each equal to k cm. 
Find the greatest possible area of the trapezium. 

23. A 4-m-high flagstaff stands erect on a vertical pillar, 
5.6mhigh. A man, 1.6 m tall, stands facing the pillar. 
How far from the pillar should the man stand so 
that he can see the flagstaff at the greatest angle? 

24. One corner of a rectangular sheet of paper of width 
a cm is folded over so as to reach the opposite edge 
of the sheet. Find the minimum length of the crease. 

25. In the printed page of a book, the combined width of 
the margin at the top and bottom is 9 cm and that on 
the sides is 6 cm. Find the dimensions of the pageso 
that the area of the printed matter may be maximum 
ifthe total area of the page is 1536 sq cm. 

26. A wire of length Гі to be cut into two pieces, опе of 
whichis bent to form a circle and the other to forma 
Square. How should the wire be cut if the sum of the 

_ areas enclosed by the two pieces is to be minimum? 

s Canitbe Cut to make the above area a maximum? 

27. A poi | Pis given on the circumference of à circle of 

к е chord QR is parallel to the tangent at P. 

; - Find thé maximum area of APQR. 

2 aoe length 2! divides a circular area of radius 
21:0 segments. Find the sides of the rectangle 

TBeSt area that can be inscribed іп the 

ent. 


252 +y?=1 cuts the x-axis at P and Q. 
Circle with centre at Q and radius variable 
id the first circle at R above the x-axis and the 

"ament PO at 5. Find the maximum area of 
Pd thé point (a, В) on the ellipse 4x? + 3y? = 12, in 

St quadrant, so that the area of the trapezium 
the lines y = x, y = D, x = a and the x-axis 
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31. Find the maximum area of an isosceles triangle 
2. 2 


inscribed in the ellipse = + = = 1 with its vertex at 
a“ b 


one end of the major axis. 
32. Prove that the least intercept made on the tangents 
% Q4 
to the cllipse + is 1 by the axes is a+b. Also 
g^ Б 
find the point of contact of the corresponding 
tangent. 

33. Let PQ and P'Q' be two double ordinates of the 
parabola y? = 36ax such that РО < P'Q' and Р’О’ 
passes through the focus. Show that the area of 
trapezium made by the two double ordinates is 
maximum when the distance of PQ from the vertex 
is a. 

34. Show that the semivertical angle of a right circular 
cone of given total surface area and maximum 


"i 
volume, is sin 3 

35. Prove that a conical tent of given capacity will 
require the least amount of canvas when the height 
is V2 times the radius of the base. 

36. It is desired to construct a cylindrical vessel of 
capacity 500 cu m, open at the top. What should be 
the dimensions of the vessel so that the material 
used is minimum, given that the thickness of the 
material used is 2 cm? 

37. A manufacturer plans to construct a cylindrical can 
to hold one cu m of liquid. If the cost of constructing 
the top and bottom of the can is twice the cost of 
constructing the sides, what are the dimensions of 
the most economical can? 

38. A square-based tank of capacity 250 cu m has to be 
dug out. The cost of land is Rs 50 per sq m. The cost 
of digging increases with the depth and for the 
whole tank the cost is Rs 400 x (depth)?. Find the 
dimensions of the tank for the least total cost. 

39. A box of maximum volume with top open is to be 
made out of a square tin sheet of sides 2 m in length 
by cutting out small squares from the four corners of 
the sheet. Find the height of the box. 

40. А gutter is to be made out of a long sheet of metal, 


4 cm wide, by turning up strips of width 3 ст оп 


each side so that they make equal angles 0 with the 
vertical. For what value of Ө will the containing 
capacity of the gutter be the greatest? 

41. Find the altitude of the Cylinder of maximum 
volume that can be inscribed in a given sphere. 

42. Show thatthe cone of the Breatest volume which can 


be inscribed in а given s i 
phere has an altitud 
to 2/3 of the diameter of the sphere, av 
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43. Prove that the cone, circumscribing а sphere of 
radius r, has the minimum volume if its altitude is 
4r and its semivertical angle is sin 71 (1/3). 
44. Show that the radius of the right circular cylinder of 
the greatest curved surface which can be inscribed 
ina given cone is half that of the cone. 


45. A tree trunk, | long, is in the shape of a frustum ofa 
cone, the radii of its ends being a and b(a » b). It is 
ired to cut from it a beam of uniform square 
section. Show that the bear of the greatest volume 

al 

3(a - b) 

46. A metal block of volume V is to be cast into a half 
cylinder bounded by a rectangular base and two 
semicircular ends. Show that the half-cylinder so 
made will have the least total surface area if the ratio 
of the height of the cylinder to the diameter of the 
semicircular ends is x : (x + 2). 

47. The stiffness of a rectangular beam is proportional 
to the product of its breadth and the cube of its 
depth. Find the stiffest beam that can be cut from a 
cylindrical log of given diameter. 

48. Aswimmer Sis in the sea ata distance d km from the 
closet point A on a straight shore. The house of the 
swimmer is on the shore at a distance L km from A. 
He can swim at a speed of U km/h and walk at a 
speed of V km/h (V > U). At what point on the shore 
should he land so that he reaches his house in the 

shortest possible time? 


49. A cable will be laid from a small island I, which is 3 
km from the nearest point P on a straight shore, to a 
town T on the shore which is 12 km from P. If the 
cable costs Rs 4000 per km for laying under water 
and Rs 2000 per km for laying on the land, at what 
point R should the cable leave the water in order to 
give the minimum cost? 


50. A firm has a branch store in each of the three cities А, 
B and C. A and B are 320 km apart and C is 200 km 
from each of them. А godown is to be built 
equidistant from А and B. In order to minimize the 
time of transportation, it should be so located that 
the sum of the distances from the godown to each of 
the cities is the minimum. Where should the 
godown be built? 


51. Two townships are to get their water supply froma 
river. The townships are on the same side of the 
river and Шей reservoirs are 6 km and 18 km away 
from the nearest river bank which is straight. Two 
points on the river bank are 10 km apart which are 
nearest to the two reservoirs of the townships, Find 
the location of the single pumping station by the 

river bank supplying water to the townships so that 
the amount of pipe required will be the minimum. 


that can be cut is long. 


je 
e» 
F 


ivate telephone company serving a sm 

52. A P makes a profit of Rs 12 рег subscriber i 
it has 725 subscribers. It decides to reduce the rate 
by a fixed amount for each subscriber over 725, 
thereby reducing the profit by 1 paisa po 
subscriber. Thus there will be a profit of Rs 11.99 on 
each of the 726 subscribers, Rs 11.98 on each of the 
727 subscribers, etc. What is the number ot 
subscribers which will. give the company the 
maximum profit? 

53. A factory D is to be connected by a highway with a 
straight railway on which a town A is situated. The 
distance DB from the factory to the railway is equal 
to a and the segment AB of the railway is | long. 
Freight charges on the highway аге m(> 1) times 
higher than that on the railway. Locate the point p 
between А and B such that the highway DP will 
ensure the least freight charges from factory to the 
town. 


тє R with 0 « a, « 4 <... <a, then P(x) has 


actly one maximum 


ctly one minimum 
maximum and one minimum 


(b) ab 
(d) none of these 


right cylindrical vessel of a given capacity is 
еа using least possible material. Then the ratio 


Objective Questions 


Fill in the blanks. 
54. f(x) -x?*ax^ will have a minimum at x-2 if 


a- 5 (d)p=2,q=4 
55. The maximum height E the ME ze point (0 , 3) is closest to the curve x? = 2y at 
y = 6cos x — 8sin x above the x-axis is В (b) (0,0) 
f the greatest area that can 5 
56. The area of the rectangle o! gn (d) none of these 


be inscribed in the semicircle у= Үл x7 ,y >0 is 


57. Let х,у be such that x» 0 and ху= 1. Then the 
minimum value of x + y is А 
58. № x+y=12 then the maximum value of w 5 


59. The sum of the squares of the roots of the equation 


n 
x?+(2-a)x+1=a has the least value whe where cos @=о; 


d 1+sina 


60. 20 m of wire is available for fencing off a flowerbed 
in the shape of a sector of a circle. The bed will ha? 
the greatest area when the radius is g қ 

61. The total cost of making n pocket radios рег d2 S 

n 2 


e E 35n + 25| and the rate at which they тау? 


——— 


lcs p Where сов B--p 


mum value = 3 . /3, 
samum value =- Vf 


sold to a distributor is кр (100 - п) ar d 
Р В d be 

maximum total profit, the daily output shou! ез, min. value = 0 

3 

Ag min. value = 0 


E m 
62. A telephone company of a small town has € 
subscribers, from each of which the comp?” 


ides 
charges Rs 300 per annum. The company decid" 
upon a surcharge on annual subscription, Kou 
fully well that every increase of rupee 1 will д 


Maxima and Minima 


P(x) = ao + ix? + а,х*+... + aux?" bea polynomial 
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68. For the function f (x) = xe*, the point 
(a) x =—1 is a minimum (b) x = 0 isa minimum 
(c) x = -1 is a maximum (d) x = 0 is a maximum 
69. If f(x) be such that f(a) = 0 then 
(a) f(x) cannot have maximum at x = a 
(b) f(x) cannot be minimum at x = a 


(c) f(x) must have neither a maximum nor a 
minimum at x = a 
(d) none of these 
70. N characters of information are held on a magnetic 
tape in batches of x characters each, the batch 
processing time being a + Вх? seconds where a, В 
are constants. The optimal value of x for fast 


processing is 
N NI 
OVE ( Vo 


State whether the statements are true or false. 


g B 
өз өс 


71. The function f(x) 2 x? + с cannot have a maximum 


at x = -3 for any real value of a. 

72. A function f(x) cannot have a minimum at a point 
where f'(x) = 0. 

73. If f(x) is a differentiable function and two of its 
points of maxima are x = a, x = b, (a < b) then f(x) has 
а point of minimum at x = c where a < c < b. 


Answers 


13. k« -3 ог <k 


1 1 
14. -= =< 
€-3 where; <с<5 


15. (-2,- 8) 
16. a- pifa» pandOifaxp 
17. (0,0) 


18. (а) 3, (5, 11) respectively 
(b) maximum value = 14 att = -L 


minimum value = -17.25 IE 


20. 4 cm each 


2 
21.-/- 
33 
mec 2 sqcm 


23. 42m 343 
24,— 
4 acm 
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0.80 
25. 48 cm x 32 сіп 20. елі. m ПО 
4 4m AMT 
27. 3V3 r’ 
4 
28. — ЧИЛДЕ „эү - 1^J, 
Lig VE PUE - yr! = 17) 
42 
4 3 
29, —- 30. [> ,1 
343 54 | 
3/2 32 
31. 33 р aa "m + Eis 
4 rs + T ' Ja ) 


215 
36. height = radius = ES БР m 
1/3 


1A 
37. radius = zi m, height = 2 5 т 
2r n 
38. depth = 25 m, side = 10 m 
1 i т 
39. 3 m 40. 6 


aa 
41. — x (radius) 


үз 


“ 
. 


47, depth ж ж (diameter), breadth = di; ameter 


Ud 
res km from the point i 
it | A towards his hou, 


AB. 70 
үу? 
49. үз km from P towards Т 
{i tance 320 k f 
50, at a distance "ja m {тот A(or В) on 3 
perpendicular bisector of AB 
51, between the two nearest points, being 5 km ay 
€ ‘ay 
from the point nearest to the first township 
52. 962 or 963 


3, ر‎ | == if^ s «m? -1 
i Vm -1, / 


0 if f> Уи? - 1, 


because then BE charge is Ше in [0,1] 


54. 16 55.10 |. 56.1? 57.2 
58. 36 59, 1 60.5m 61. 10 
62. Rs 100 63. (b) , 64. (с) 65. (d) 
66. (D, (d) 67. (с) 68. (а) 69. (d) 
70. (с) ` 7. шие. 72. false 73. гие 


sing and decreasing functions at a point 


1. Increa 
at x=a if 


‚ A function f(x) is ап increasing function 


f(a) 
A function f(x) is a 
fia) «0. 


decreasing function at x =a if 


2. Monotonic (or monotone) function in an interval 


‚ Ifa function (х), х belonging to an interval, be such 
that f(x) goes on increasing aS x increases in the 
interval then f (x) is said to be monotone increasing ог 
monotonically increasing Ог simply monotonic 
increasing (m.i.) in the interval. 

Iff'(x)> 0 fora «x < b then f (x) is m.i. in (a, b). 

Iff'(x) > 0 for a <x < b then f (x) is mii. іп [a, b]. 

. Ifa function f (x), x belonging to ап interval, be such 
that f(x) goes on decreasing as x increases in the 
interval then f(x) is said to be monotonic decreasing 
(m.d.) in the interval. 

Iff'(x) «0fora «x «b then f (x) is т.д. in (a, b). 

Iff) <0 for a < x < b then f (x) is m.d. in |0, b]. 


+ f(x) is mi. in (a, b) 
2 f(x)» ж) if x, > x? in (a, b). 
f(x) is m.d. in (a, b) 

> f(x) «f(x; if x, > хо in (a, b). 
Note 


(i) In the above, monotonicity is in the strict sense. 


ч Iff'(x) > 0 then also we say f (x) is m-i. 

d 1f") >0 in (a, b) then f'(x) is mii. in (a, b) 

(ғ) SIR « Oin (a, b) then f'(x) is m.d. in (а, b) 

: e sketch of monotonic functions are aS follows: 


= 
5 


гур 
Yet(x 


or-- 


t 


! 
! 
WE X O a 
еті. пар] | 
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7, Monotonic Function and Lagrange's Theorem 


Recap of Facts and Formulae 


3. Greatest and least values of a monotonic function in a 


closed interval 


If f (x) is m.i. in [a, b] then in the interval, 


the greatest value of f (x) =f (b) 
the least value of f (x) = Ға). 
n the interval, 


If f (x) is m.d. in [a, b] then i 
the greatest value of f (x) =f (a) 

the least value of f(x) =f (b). 

b] and m.d. in [b, c] then in (а, c], 


If f(x) is m.i. in [а, 
the greatest value of f (x) =f (b) 

the least value of f(x) = min (f(a), f (c)}- 

d mi. in ІР, c] then in (и, c], 


If f(x) is m.d. in [a, b] an 
the greatest value of f (x) = max (f (a), Ға» 


the least value of f (x) =f (b). 


о 
>< 


4. Invertibility of a function 


Let f: [a, b] > [c,d] bea function. Then 
. f is invertible iff is an one-one and onto function 


‚ а sufficient condition for f to be invertible is that f is 
strictly m.i. (or m.d.) over the interval [a, b] 
Note A function may be invertible though it is 
nonmonotonic. 


For example y = x, x is rational 
—х, x is irrational. 


The inverse function is x = y, y is rational 
—у, y is irrational. 
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5. Rolle's and Lagrange's theorems 

If f(x) be a continuous function in [a,b] and f(x) is 
differentiable in (а, b) then 

+ Fla)=f(b) -= /Ғ(О-0 wherea«c«b 


5 te Ла) = f'(e) where a <c <b | (Lagrange's Theorem) 
-а 


6. Use of Rolle's and Lagrange's theorems іп equations 


+ If the equation f(x)=0 has two unequal real roots a 


(Rolle's Theorem) `: 
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and B ( <р) then f' (x) = 0 will have a rea] тоогу ац 


that a «y < В. 


„ Ifa, В are real such that f(a) and (В) are of opposi, 
signs then f(x)=0 has a real root lying between T 


and f. 


e If f(x) =0 has two real roots a, a (repeated root) then 


Ро) = 0 will have a root a. 


Selected Solved Examples 


1. Prove that the function f(x) =2sin x + tan x – 3х 
is increasing in the interval (- 1/2, 1/2). 
Here, f (x) = 2sin x + tan x - Зх. 
| — Clearly, the function f(x) is defined at all points in 
(- 1/2, 1/2). 
Now, f (x) = 2cos x + sec x - 3 


1 
-2с05Х%--;--3 
cos 2х 
_ 2c05?x - Зсоѕ2х +1 
cos?x 


_ (сос x - 1)(2cos ^x — cos x - 1) 


cos?x 


feos x - 1)2cos x + 10соѕ x - 1) 
соѕ 2х 
2 (cos x - 1)? - (205 x +1) 
cos 7x ў 
Clearly, 2cos х + 1» 0 for all x є (- 7/2, x/2). 
So, f'(x) > 0 for x e (- 12, 0) and x e (0, x/2) 
f(x) =0 forx=0 

Hence, f(x) is increasing in (— 1/2, 1/2). 


2. Find the interval of monotonicity of the function 
F(x) 22x? - loglxl, x «0. 


Ifx «0, f(x) -2x?- log(-x) 


f'n-4x- Lg cay 1 

—х x 

Ға>0 = drip 
x 


ог 4x?-1«0 (7 х<0) 
or (2х+1)2х-1)<0 


from sign-scheme 
aei ПР 
d t 
72 2 


Ғод>0 when- 1/2 « x « 1/2. 
But x<0. $0- 12«x «0. 
Similarly f'(x) «0 when x < – 1/2 or x > 1/2. 
Butx < 0. So x <- 1/2. 
- f(x) is monotonic increasing іп (-1/2,0) and 
monotonic decreasing in (- c, — 1/2). 


If x» 0, 
fGG»0.- 4x?-120 (as above) 
or (2х-1)2х-1)>0 
from sign-scheme 
(+) (-) (+) 
zi 1 
2 2 


f'@)>0 when х<-1/2огх>1/2. 
But x > 0. So x > 1/2. 
Similarly (х) <0 when - 1/2 <х< 1/2. 
Butx»0.So0«x« 12. 

F(x) is mi. in (1/2, + ©) and m.d. in (0, 1/2). 
Thus, f(x) is md. in ( о, - 1/2) u (0, 1/2) 

Ки) mi. in (- 12,0) (1/2, + о). 


3. For what values of b, the function Ро) =sin x - bx * 
decreases for all x є Е? 


Here f(x) = sin x - by +c 


Ро) = cos x = b; f(x) will decrease for all x е R if 
f')so 


cos x- BE, ie, cos x&bforallx e К. 


or 
pa the greatest value of cos х = 1 


bel, +). 0 


4. Letf (9 =€ х<0 
xiaxi-x) х>0 
where а isa positive constant. Find the interval in 


which f’ (x) is increasing. 
Ast" (where п isa non-negative integer) and е“ are 
continuous and differentiable everywhere, 
fo) is differentiable everywhere except perhaps at 
х=0. 
вш f'(0 -0) = fe" + xae*], 0 =1 


f(0 +0) = [1 + 22x - 337], 97 1 
+ we get f'(0 - 0) 2 (0 + 0). 
Sof (x) is differentiable at x = 0 also. 
ро) е" + axe™, х<0 
14 24x 3x3, x >0. 


We know that e°% and polynomial functions are 
differentiable everywhere and the product and the sum 
of differentiable functions are differentiable. 


So, f'(x) is differentiable everywhere except perhaps at 
х=0. 


But f^(0—0)— [ae“F + ne^" + ае, = 2a 

РО %0)- ра- 6х], -o =2а 
Э We get f"(0 — 0) = "(0 + 0). 
So,f'(x) is differentiable at x = 0 also. 

f") = 2ae™ + a?xe"*, x<0 

3 2a — 6x, x » 0. 

Now, f'(x) is increasing if f" (x) > 0. 
So, when x < 0, 

Due" a xe" > 0, 16/2 + ax >0 ( a>0, 0) 


¥ S0 as well as x > -2/4 


2a ~ 6x >0, ie, x<aB 
X? 0 as well as x < q/3 
0<х<аз i 


F's) increases in (= 2/2, 0] v (0, af), іе, (-2/a, a/3). 
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3 
5. Prove that x» sin x» xL forall x> 0. 


Let f(x) - x- sin x 
f'(x)=1-cos x > 0 forall x> 0, x #2nr,n e N 
f@)ismi. 
x>0 => f(x)»f(0-0 

for allx>0,x42nn,n e М. 


But, for x = 2nn, f(x) = 2nx — sin 2nn>0 


f(x) > 0 for allx>0 
x-sinx>0 
or x>sin x for all x >0 0 
x? 
Next, let $(x) = sin x -x+ г. (2) 
р X 2 
$'() = cos x-1+ x «s @) 


$"(x) = — sin x + x > 0 for all x > 0, using (1) 
ф'(х) is т.і. 

х>0 => ф(х) > ф'(0) =0, using (3) 
ф(х) is mi. Юг all x > 0 

х>0 => ф(х)>ф(0)=0, using (2) 


x? 
sin x -x +> 0 for allx>0 


3 


or sin x>x—7 for all x » 0. 


Hence,combining with (1), 


хз 
x > sin x > x-y forall x > 0. 


3 
6. Prove that tan x > x + for all x efo 2) 


3 


Let f(x) = tan хх HD 

Clearly, f(x) is defined at all x є (0, 1/2). 

Now, f'(x) = sec x - 1 - x? ws (2) 
f" (x) = 2sec?x - tan x - 2x ... (3) 


f" (x) = sec *x + 4sec x - tan x - 2 
= 2(1 + tan 2х)? + 4sec?x . tan?x - 2 
= ап ‘x + 4tan 2x + 4sec 2x - tan x > 0 
for all x e (0, x2). 
f(x) > Oin the interval (0, 1/2) 


f" (x) is monotonic increasing in (0, 1/2) 


AXIS 
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= (1-х)(1- Зх). 


itgi2)-2tC6-2)«1 . j Ateritical points, f(x) =0 
2 1 or о (1-х)(1-3х)=0 > rx-115 
Now, }(0)=0, 


1у 1 iy 14 4 
6)33) $7 


f2)-2.0-2)!22. 


the maximum value of f(x) е 2 


о: 
itive in the interval (-~, 1), 


: and the minimum value of (х) = 0. 


Second Method 

As above, f'(x) = (1 - x)(1— Зх). 

sign-scheme for (1 - x)\(1 - 3х), х є R: 
CE) (-) (+) 


н 
1 1 


Е il 
3 j [ 

. in (0, 1/3) and (1, 2) the function f(x) is m.i., and in 
(1/3, 1) the function is m.d. xr. OE 


But the function is continuous throughout. , 


^ the maximum value of f(x) 


the greatest value = maximum (-1, f(2), 3} : no» VG ) ғо) 
i i = тах rz ) =2 


TO Ж SN 
the closed interval | , |. 


: and the minimum value of F(x) 


= min (-1,-1,3] = -1. i 
lynomi 1 functions are continuous everywhere, = тіп (f(0), fC} 
continuous i in (—c, 2), (-2, 2) and (2, +). : = min (0, 0} - 0. ; 
By the (езі of рату denly f(x) is continuous at 
: 12. و‎ icd РИИ 
i b7+3b+2 Е 
25-1553. L 


; Find all possible values of b such that f(x) has the н 
: smallest value at x = 1. EU 


In0 x «1, f'(x) = -3x? s0 
f(G)ismd.in0sx«1. 
In 1<х<3,/(х)-2>0 
AS lynomial function and every polynomial : | ) 
co tinuous and differentiable everywhere, pos {@ismi.inlsx<3 


аш 5 and differentiable in 0 < x < 2. Doc f() will be the smallest value if fa-02 fo 
hat the maximum (or minimum) value of : 


taximum and the minimum values of 
=2(1-х) 05х52. 


Xs sed interval - the greatest (or least) among : ог —-(1-0)?+ porre 2 SIEG 22.1-3 
apes critical points and the values at end : b°+3b+2 
efinition,: : қ bb 4-1 
гоог. -1+ = 
: РЕН 


3 b24p-1 
а а +з 
or (62+1)0-1)02+35+2)20 
{multiplying by (6? + 3b + 2) 
or (62+ 1)(b - 1)(b + 1)(b + 2) >0 
+. (b-1)(b + 100+ 2) 20, because b + 1 > 0 


by sign-scheme: 


because at b = 0, (b — 1)(b + 1Xb + 2) is negative. 
-2<Ь<-1 or 521. 
But b?+3b+2 #0; sob#-1,-2 
-2«b«-1 or b21. 
So,b e (2, -1) о 1, +). 


13. Find the range of values of a for which the function 
Бод-х + (a + 2x? + 3ax4 5 
is monotonic in R. Hence, find the set of values of a 
for which f (x) is invertible. 
Here, f(x) =x? + (a+ 2)x + 3ax +5 
Род = 3х? + 2(а + 2ух + За 
For monotonic function in R, 
Ғ0)>0 forallx or f'(x) «0 forall x. 
As3x? + 2(a + 2)x + 3a is quadratic in x and 
coefficient of x? = 3 > 0, it cannot be always negative. 
f'() >0 for all x. 
For this, the conditions is D « 0, 
ie, 4(042)? -4.3.3a«0 
бг a?-5a+4<0 
ог (a-1Ya—-4)«0. 


By sign-scheme: 
(+) (-) (+) 
-————oQT e. 
1 4 
1«a«4. 


Thusf(x) is mi. in R fora € (1, 4). 
We know that a monotonic increasi 

2 ng (or ї 
decreasing) function is necessaril z Terr 
1<a <4, the function is invertible, 


Whena-ly-fG)- x3 +3х® + 3x + 5= (+ 1)3 +4 


(х+1)2=у-4 


х=-1+ Чу - 4, which is defined for ally e R. 


y invertible. So for : 
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When a = 4, y -f(9 =° + 6x? + 12x +5 
=(r+2)°-3 
(42? -y*3 
x=-2+ Ny +3 which is defined for all у ER. 
Hence, f (x) is invertible for a e [1, 4]. 


14. Prove that the equation x * e* — 0 has only one real 
root. 


Let f(x) =x+e"=0. 
Clearly fe) = « +e“ = о 
}(«=)==+е®== 

2 Ро) = 0 has a real root (lying between -« and ғ). 

Let the real root be a. Then f (a) = 0. 

Now, (х) =1 + e* > 0 for all real x; 

so, f(x) is mi. in R. 
for any other real number В, 
f(»f(a) or f(B) «f(a). 

But f(a) = 0; 50, (В) #0 

<- f(x) = 0 has no other real root. 

Hence, the equation has only one real root. 


15. If f(x) and g(x) are continuous functions in [a, b] and 
they are differentiable in (a, b) then prove that 

10 fO |a o [fe re 

g(a) g(b) ga) g'o 

wherea«c«b. 


Consider the function ф(х) =f (a) g(x) -gf — 
Clearly, from the question we get ф(х) is continuous М 
Ia, b] and differentiable in (a, b) 

by Lagrange's theorem, 


Ф) Й 
LM pr) whérea ec eb. QU 


Now, $(6) - фа) = F) (b) — g(a) Қы) 
- f(a) g(a) - КОШ 


-|Ға) fe) m 
НОВО) 
+O =F) аа) аа) (ху {differentiating (1) 
“О-о-о ГО | 0 


P g(a) gl 
"ng in (2) from (3) and (4), we get the result. 


Е But 


Monotonic Function and Lagrange's Theorem 0-89 


olle's theorem to find the condition for the 


к 
16. Use mial equation f(x) =0 to have a repeated real 


0 
РЫ rience or otherwise prove that 
$43 n 
XXX. Aag ep cu 
1*11*21^31 n! 


cannot have a repeated root. 


fo 0 must have two real roots. Let them be a and 
= 


pla <В). 
E f(a) = о, f(8) =0 
fo) being а polynomial, is continuous and differentiable 


everywhere. . 
2 by Rolle's theorem, there exists y such that a < y < B 


andf'() =0 
НЕО has two real roots a, В then f(x) =0 will 
have a real root y lying between a, В. 
„ if f(x) 20 has two real roots a, a then f'(x) = 0 will 
have a root a, 1.е., 

f(x) =0 will have a repeated root a if 

fla) - 0 and f'(a) = 0. 
If possible let 


%..%---0 ase (1) 


have a repeated root а. 


Then ¢ (а) = 0 and %%о)-0 


а а а 
$()=0 > Itiiti +60 ww (2) 
2 n-1 

wee A 2a 3a? па 

EH CE tact srt Ep 
о 1,2,9* g^ 

Tit or nD! 0 e9 

Q) a” 

dQ) э 2 Lo, ES 
^ the repeated root must be 0. 


di 
ei 15 not a root of (1) because it does not satisfy (1). 
се, (1) cannot have а repeated root. 


17. If LEE ei =0,(п=-1) then prove that 
nil n S 


the equation a,x" + a, 1x" "+ ... +a, =0 has a real 
root lying between 0 and 1. 
Consider the equation 


1 
n+ 


1 
1 ap x" + an a X" +... +40 =0 


-() 
Clearly, x = 0 satisfies it and due to the given relation 
x = 1 also satisfies it. 


$) = 


So x = 0, 1 are real roots of (1). 


~ $(0-2$(0)20. Also ф(х) is continuous and 
differentiable, being a polynomial function. 


there exists c є (0, 1) such that ф'(с)=0 (by Rolle's 
theorem) 
Differentiating (1), 
(= a,x" as x" 7 +...+щ=0 -. (2) 


x=c e (0, 1) isa root of (2). 


18. Prove that 
(b — a) sec?a < tan b — tan a < (b — a)sec?b 


where 0 <a <b <: 


Consider the function f(x) = tan x, x € (a, b). 


Clearly, f(x) is continuous and differentiable in f 2) 
and so in (а, b). Therefore, Бу Lagrange's theorem 


f(b) -f(a) 


= = (с) wherea<c<b 


ог tanb- tana = (b — а)зес?с, where a « c <b. 
But a«c«b => seca<secc<secbh 
(b — a)sec "a < (b — a)sec ĉc < (b — a)sec?b 


(b — a)sec^a < tan b — tan a < (b — a)sec ?b. 


Exercises 
Fing the i, 
e intervals of monotonicity of the functions: 3. 2x? | ogx 
“Ұш 
=x 
ELM 1 а хх? 
1+х+х? 
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5. xx -2)? 
6. 4x? - 21x? + 18x +20 
Find the intervals of increase and decrease for the 


functions: 


7. log(1 - x?) 
8. = | 
"14x? 
9. sin x + cos x, x € [0, 2n] 
10. 3cos x + 10cos їх + 6cos x -3,0 € x ST 
11. If f(x) = (x - De? + 1, show that f(x) is mui. for x > 0. 


12. Prove that the sum of two mii. functions on the 
interval [a, b] isa m.i. on [@, b]. Will the difference be 


a monotonic function? 
13. Show that log, (1 +2) < x forall x > 0. 
14. Show that 1+ xlog,(x + Vx?«1)2 NETZ 
for all x 2 0. 
15. Show that 2xtan “zx > log (1 + x°) forall xe R. 


a 
16. Show that z- A stan "x forall x20. 


17. Prove that 2sin х + tan x > 3x where 0 < x < r/2. 
18. Prove that sin x + tan x 22x Юг0 < x < n/2. 
19. Шуе (0, 1/2), show that 


2 
x 
(а) cos x»1- ot 
3 
> x 
(b)sinx»x- $^ 
20. Prove tha! for positive values of x, 
x?>(1 x)llog(1 +3). 


л 
21. I0 < а < В <=, prove that tan a — tan B <a - В. 


22 ]fa,be (0, 7/2], prove that 
(i) [cos a cos b| < |a- b] 
(ii) |sina-sinb| < la- b]. 
23. Show that (1 +x) <1 + x^ forüsps1,x»0. 
Also prove that (a + Б)? sa? + БР where a, b >0. 
24. Use the function f(x) 23 x > 0 to determine the 
bigger of the two numbers е" and л“. 
25. At what value of x, the greatest value of 


213-3! - 12r e 5 for -2 Sx < 4 occurs? 
Alsofind the greatestvalue. 


26. Find the maximum and the mini 
Hauer minimum values of the 


fes Ix*- 5x 6| on the closed interval [o 
anb 


27. Find the range of the function 
fe = [2x41] -2|x-1| -3. 


tive Questions 


28. Find the maximum and the minimum Values of obj ec 
: 2 2л E 
/@)=1 + 2sinx + 3cos x, 0S x s. vill in the blanks. 


29. Find the greatest and the least values of the function x2- 2x is mi. in the interval 
f(x) defined as below: 
f(x) = minimum of (3* - 81° — 6t? + 2461 NI 
А Isr 2 
and the least value = 


17; 
maximum of pre simt; 2<1<х 


25х<4 


"applicable here because 


30. (а) Prove that the equation 3x 5 + 15x — 8 = 0 has only 
value occurs at x =____ 


one real root in (-1, 1). 
(b Let -1<р<1. Prove that the equation 


4x?-3x-p-0, has a unique root in the closed 
interval [> 1 ana identify it. 
31. Verify whether the function y = x? + 3x is invertible 


32. Р(х, у) and Q(x, уз) are two points on the parabola 
y 24ax? and R(x уз) is a point on the arc РО such 
that the tangent at К to the parabola is parallel to the 
chord РО. Show that x, is the AM of x, x». 


33. Prove that the equation 4x? — 9x? + 6x -3- 0 has a 
real root lying between 1 and 2. 71 DU 
0, 2) ,m..in (2 Й =) 
34. Prove that the equation 2 2 
x*a4x* + 2x? + 24x £24 =0 


does not have a repeated real root. 


BE (2, же) m.d. in Е 2] 


35. If ax” e ax" "+... 04 1х =0 has a real positive 5 


root a then prove that 
nag" "e (n- 1x" 24 +a, 20 
has a positive real root less than a. 


1 гц 
7 29 (3, +), m.d. in б , 3) 


36. Let f(x) and ф(х) be continuous in [a b] 454 
differentiable in (п, b). If f(a) = ¢ (a) and 
F0)» ф(х), x € (a, b) 
then prove that f(x) > ¢ (х), хє (a, b). 
37. If f(x) and g(x) are differentiable functions " 
05х<1 such that /(0) =2, (0) =0, f(1) = 6, 3\1! =? 
then show that there exists c satisfying 0 < c < 1 4" 
Рб) = Җ (с). 
38. If f'G)z0 for all xe [a,b] then prove №" 
f) f(x) for all x,, x, such thata < x) <3, <b 


4 


b- 
39. Prove that ^e log cB, where 0<a<b. 
a 


40. Prove that Va+1—Vy <4 if п> N} n being ® 


natural number, 


4) у ЕН , 2a) , decreasing in Е , Al 


2n 


10 increasing in |, 2 ing info, 9] (29 
7 È ing in( з) decreasing ino. 2] [5 


Monotonic Function and Lagrange's Theorem 


Ay x is m.d. everywhere except at the 


inction y=1-x** becomes zero at the end 


ae of the interval [-1, 1]. The Rolle's theorem is 
. However, the 


for the given 


- 


DG 


Choose the correct option(s). 
x 
tan x 


45. If f(x) = TF and g(x) = where0<x<1 
then in the interval 
(a) both f (x) and g(x) are increasing functions 
(b) both f(x) and g(x) are decreasing functions 
(c) f(x) is an increasing function 
(d) g(x) is an increasing function 

46. А function f(x) which is invertible must be 
(a) monotonic 
(b) one-one and onto 
(c) continuous 
(d) none of these 

47. f(x) = tan К x + cos x) is an increasing function in 
(а) (0, 1/4) (b) (0, 1/2) 
(c) (= 1/4, 1/4) (d) none of these 


Answers 


4 


=) 


12. not necessary; take f(x) -2x,g0)2x 2, (х>0) and 
verify 

24. e" 25.х = 4,37 

26. maximum = 6, minimum = 0 

27. [- 6,0] 


в 13 "P 
28. maximum = 547” minimum = 3 


29. greatest = 14, least = 8 


30. (b) cos E cos ^» where -1 <p € 1. 


31. yes 41. (1, +) 

42.0 43.5, - 5 respectively 
3 3 

44. y is nondifferentiable at x = 0, 0 respectively 

45. (c) 46. (b) 


47. (а), (с) 


primitive functions, antiderivatives, 
ri 
integration 


"a 4 
у= F(x). Equivalently, 


or antiderivative of F(x). 
e indefinite 
symbolicall 
constant, called constant of integration. 


[ ۾‎ (x)dx is an integral and ф (x) is the integrand. 


Ж Standard integrals of elementary functions 


Standard integrals a 

constant of integra tion): 
п+1 

. [а= (n + -1) 

nl 


. E -Іор,х (where x is positive) 
x 

. [ei =е* 

loga 


' [sin x dx =-cos x 


۰ a “dx 
| 


' [cos x dx = sin x 
$ [tn x dx - log sec x 
ы [cot x dx - log sin x 


+ [sec x dx =1ор(вес х + tan x) or log tan +5 


à J cosec x dx = log tan 2 or -108(созес x + cot x) 
| 
| 


sec х. tan x dx =sec x 


cosec х. cot x dx = —cosec x 


indefinite 


df ©) _ F(x) then the derivative of f (x) is F(x), i.e., 


f(x) is the primitive function 


integration of f'(x) is f(x)*c, 
ы у, | родах =f (x) + с, when с is an arbitrary 


re as follows (without writing the 
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g. Indefinite Integration o Elementa Functions 


Recap of Facts and Formulae 


e J sec?x dx = tan x 


. | совес 2x dx = -cot x 


3. Derivative of indefinite integral, integral of derivative 


d 
. > fax - feo 


. [годах =f(x)+¢ 
„роо фо) +) 6 GOMx = FO)“ 4) * ° 


: Jent- ae 8 fc) .. 
{Ф (х)} ф (x) 


4. Rules of integration 


‚ [AO Ef +... 8 fuCOMx 


= [лбдах + Гьодах 7 E IAE 
(rule of term-by-term integration) 


. [кодах =k f fdz, where k is a constant 
f(ax + b) 
a 


. [fax + b)dx = 


5. Methods of integration 
Given the integrand our primary objective is to change 
the integrand into algebraic sum of standard 
integrands. This objective can be achieved in any of the 
following three methods: 


4 mp Ration or fransormgtion- Nie change the 
"i 
integrand mto зір лем eurn of standard integrands 
Бу sarnpliicaten, using algebraic or trigonumemncal 
таттар саты аһ 
+ Substitutun—We make surtable sutetitunon for the 
фует vetioble in termes of sume other vanable wo that 
the integrand changes into a standard integrand or 
algebraic sum of standard integrands in the new 
variable 
By parts— 
fren 904: «fij II [11e T4777: 
This method is applicable when the integrand can be 
put as the product of two functions of which one сап 


be integrated easily 


6. Forms of integrands suitable for specific substitution 


There із no fixed rule for selecting a function as the new 
variable. While selecting it, we always remember that 
the resulting integrand after substitution must change 
the onyinal integrand in algebraic sum of standard 
integrands in the new variable, However, there are 
certain forms of the integrand which indicate the 


appropriate substitution 
+ Form 
[rion tote 
ф(х) 


— dr 
ф(х) 


substitute ф (2) = 2. 


substitute ф(х) =z 


substitute sin r=Z 


[e ғұ біл" ах, пе М substitute cos x =z 


[sn Px cos "x dx, where p + q = negative even integer 
substitute tan x =z 


Selected Solved Examples 


EE 2x-1 „4 -58іп х 
x'ü«x) (x41)? созу 


1 
t= + віп 2х. cos 3x} 
віл *y - соз x сыры 


1. Evaluate f | 


1+х+х? 
х(1+х) 


3 - 5sin x 
MI orm ME в 
cos x sin x cos x 


2x-1 


Hee t=] (r+)? 


+ J sin 2x- cos 3x dx 


Pritam Plas in IT Mathew? 


integrand are L and A, select L (the first one among L 
and A in LIATE) as u and the other as v. Similarly fo 


other pairs of functions 


8. An important result 


2 Form 
ЕА 


substitute r = ain 6 ar 
ы” 
^4 


етті? 
fro. Тя dz substitute z = gsx y OF a. 
M 
$ 


substitute x = otan f or 
LU 


mm 


е еч 
ро Gas. va ox’ yr substitute r7. 3 
Й "4, 


ny 


7. Choice of и, гіп "by parts” 
The method of “by parts”, 

| И B u f od: - Шы dr, 
is used when the integrand is thought of as a prod 
two functions While using this method, one Һау wot 
care of the following “ 


(i) the second part v must be а standard integrang 
can be easily integrated by simplification a 
a 


substitubon 
f 14и 

ш) the integral |74 must not be ту 

complicated than the original integrand 
Though there is no hard and fast rule ” 
selecting the two parts, we сап obserye the 
following 
Follow the order of letters in LIATE—L standing іл 


logarithmic function, I for inverse function, A фу 
algebraic function, T for trigonometríica) function and E 


for exponential function И the two parts in an 


Ісее f'a dx =e” fa) 


LEES LE 
x'(1*x) 


2(х+1)-3 
(х +1)? 


йс 
+ | (sec ?x - Stan x sec x) dx 


dx 


itx 


1 
+5 J (sin 5r- sin x) dr 


4а mnm -5 J ton ame x ds 
ем ,2ة‎ dı $ > f in Sede -3 fimm ts 


шелек риа 
х(1 + xj х») 


= log 2 - logi] + х) +1 
х 
1+2 


*2logix + 1) + 


1 
fansite rel 
+ tan x - 5sex х ~ 2cot 2x 
113 5. T r+ 
аа” r e € 


+ Stan x — sec r) 


1 
зн ы Da arem 


1 
~cotr-— om бл + = COS I +С 
10 2 


(because 2cot 2x + tan x = cot 1 from trigonometry) 


-j sin(x = а) 


jee COS a + SE = 0) sna i 
„| 
sinî = a) 


«ficos a + sin a- cot(x = a} dx 
= ros a + sin û Јоу sin(x- a) +c. 
dx 


sin(x а) - cos(x - В) 
(ii) f [1 + tan x - tan(x + о) dx. 


3. Evaluate (i) J 


üj r-a- 1 
sin(x = a) cos(r-)  cos(B =a) 


€———M— y Г ега 


РСТ, 
ts 
By + i be 


оғыз — чу ектів - Р) >. 
Jon) amo pt 
= س‎ | pesats - өз tos „ёл dr 
"мыр - в) 
келе 202 [Log ыма = t) e Ұқ n Hoer 
ама - Bi 
vent ~ ©) 


-sia - D) 1% жыл ~ В) Ka 


{f + uj 
жал. ыл ел, l д2 
«е» ат ¢ и) 


өтіл 
-І- 
c» х 


(à) efh 
) fi . 


3) 
tl ga 
444) 


P 


da = 
ama єл» 0) 


win(x +a- x) 
-= — M 41 
cos X (сө(л + U) 


сох ¢ a) 


co x 
= cot а по 4 a) - tan aide 


= cot allog sect + uj = Joy suc x] +c 


со» Х 


= сажа log x ve 


As integrate [= РЕТТЕН 


le 
101 И 
Ма? +b Е я 
-1 1 dx с 
Ма? +6? соѕ(х = a) 


а 
where а = сөз! 7775——3 
"TH 


5. Integrate [tant - а) - tan( + а) tan 2x dx. 


bits GA IG CU A И tanir- 9) 
1- tan(x «а) (x ~a} 


or tan2x ~ tan 2x - tàn(x + &)tanéx = û) 


= tan(x + о) + tan(x = а) 


- 
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tan(x - a)tan(x + a)tan 2x 


= tan 2x - tan(x + a) - tan(x - а) 
1 = f {tan 2x - tan(x + a) - tan(x - a)) dx 
1 
= 5 log sec 2x — log sec(x + a) - log sec(x - a) +€ 


= log (\5ес 2x - cos(x + a) - cos(x - a)) * c. 


6. Evaluate (a) ът 
+х 


№ 

Б) {== 

e [^ 
dx 

(a) 1=| pe F 
х°.х ее) 
=[ dx 
ғ 34 کے‎ 


Putting 1 + 1 «2, 
x 


-4 Я 
used ы-і 


1-І 1 эй 
[= wu aedis dz 
A 
т zf 
Di TA 
n 
Я E 
= 4 
herz) жс 
x 
1 
2 a+r’ 
a x 


(b) Here we have second and third roots of x. 
The LCMof 2 and 3 - 6. 
So, put x = г“; then dx = 62542 


=a on Oz Sdz 


=6| 1 шына, 


cie 21) dz‏ شع ام 
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=6] 22+ DG? - Ddz + 6log(1 +z) 


2. jy 
-e[ei-ithzuz +2- 1)dz + 6log(1 + ر¿‎ 


-45-5 ЖУ ЭО z + 6108(1 + z) о 
گے‎ a” 2r" + 319 — 6x 


+ 6log(1 + x "a с. 


AA Л -x 
7. Evaluate IE - dax le 


Put x = cos 20; then dx = -2sin 20 d0 


Л = 
1= cos 2cot 7 Ba cos 28 (-2sin 20 
1 + cos 20 )40 


= Í cos(2cot "tan 6)C-2sin 20)40 

= | -2sin 20 ‘cos e Ё — tan "(tan ө) 49 
--2 Í sin 20. сов(л - 2040 

= | sin 20 со 20 do = f sin 40 do 


"28949, e t (2cos? 20- 1) + 


8. Evaluate рга + log x) dx. 
Let x* =z; then xlog x = log z 
> (о к Цш-іш 
x 2 
і-|Е-1а-Ма-азс 
2 
=x жс. 
віп Wx - cos Ух 
9. Evaluate ——————- d 
І sin "Vx + cos "Ух 


We have sin “Ух + cos Vx = S ‚ from trigonometry: 


2-25 Tux 
"i saab 


z 
2 
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Indefinite Integration of Elementary Functions 


-Jh CUN ^de 
ч x 


_ 2 fx? cos Nx dx 
п 


E STU 
- = x.x IE enum m”) 


using by parts 
Ar os the- 2 m. d 
[exc 608 =| for ^^ e 
pe 29; then dx = -2cos 0 sin Ө 40 


dx = j EÊ (-2008 0 - sin ӨМ 
‚ [к= * 74 Vi - cos 0 


1-х 
=- [ 2cos?0 40 = - [1+ cos 200 
= 
2 
= -соз Wx- Ух. Л =x +c 
. from (1), 
3 cos e - 1 -cos "Nx - Хау х + с} 


І-Х- 


БРА A - 2xyeos “Nx + Z Ve -х)+а- 
n 


10, Integrate о [ES +a)? 


(b) f log( + Vx + a7) dx. 
(a) 1= flog x -(1 + x) dx; using by parts we get 
3 Gtx? 1 
[=logx-[(1+x) ar-[ چ “.ا‎ 
(027 1 
zl ———— — es 
987 -2 2 ТРЕ x ч 
Now, 1 1 (1%х)-х 
x(14 x)? x(14 x)? 


-| d ces d 
ШЕ ШЕ T 


i T T je 


= log x -log(1 + x) + lx 
1+х 


from (1), 


E М 
2(1 + x)? 


6) 1- 
; ЫРА Vx? ға dx; using by parts we get 


{== 


1 
log x + 5 log +1. 


qu 
14x 2 1+х 


T=log(x + Vet +a). f x dx 


каз зи)“‏ و 
x+Vx?+a? 24x? «a?‏ 


= xlog(x + Vx +а?)- [== aa P 


> 2 
= xig + VT +a )- у [o3 40 V d(x? a^) 


X 
= дов + Та?) -3 сз с 
2 


= xlog(x + а") Vx ^4 à? жс. 


11. Find. | К + ей + Wl dx. 


Here, 1-]—— dr + ا‎ Qe К) еер кі, 
4х + Vx Vy + x 


Now, 1, Safe putting x =z °, we get 


ара үш 
24423 4 2+1 


4 4 (94 
+12 И e» ED 1) т +121ор(т +1) + с 


e «coz? - C07), 
z-(-1) 
+ 12log(z + 1) + Cı 


-n[e* +1 


= 12 [(=*+ 1)(z + 1)(2 - 1)42 + 12log(z + 1) +c, 
- 12[(@°*+:*+:2®+ 1)(2 - 1)dz + 12log(z + 1) “сі 


=12 [27-26 +2821 429-27 +2 -1( 42 


+ 12log(z + 1) +€, 


ET UE Жы M 
БИ ЕГЕ МЕ У. 


+ 12log(z + 1) + c; 


„= 0-94, putting x =°, 


Nx + У X 


log(1 +t) log(1 + t) 
= [SEIS erii 6 | 7 Pat 


putting 1+t=e°, 


інге иеге f Liesunenany Fare uns 


2-10 Problems Plus т ИТ Mathematics 
mN |3 14x77 
D 2 Mer) [1g Me sinh р 
se E ВЕ) = |2 х2" er - 
B ef e? (e^ - 1) 'e^28 9n x | ЖТ Р (es 8)- f - сое ё eU => 
2,32 srogi +c т 
[ L] 3 2 0*1? ЕЗ Р PET TIS 
мы eros 2-5 i1?" joe Tin 9 mee - m fe cos 8 23 the general rega = siege ten 
? М : 2 аз = с; 
-efoe* - зе +3 - 16 z x [legt +x- Satog x} „¢ sin A + "соз 8) - mL, using D , ndun Е 
: | I" fier logre Et o y 
Hem opem cl oret Г) : a em ee Tin + mes 6) 1& Izeg Зе  fucctun шєт 
=в|!е-©—-[©—4ө!-3|ө-—--)-у- or 2 : 
° 3 Is | 2 2 ETT with respect oo е 
e? : 3, I= 2 ілтіз- [Мое тр =) 21 
А . б йс $ cos x ec 1-7 [Атчёт = | ogee т = = 
*319 «€ -[‹ 23| 3E 2213. Evaluate [ sin "x dx. ium : : ieg г 
4 / : general integras 5 Ije 
T! a 271 = Putkgr-rliesr-(2 bm ROUTE 
= 6 Qe Me -310.—-— M БИ |>: І 
sia" : (o2 4] : 1- [ cos x sin а dr. Ter x: 
8n 5 Е : 1 
«309-99-71 |*%9 ің 3,2l _ 4 = negative even integer. Е и а 
& 5 а = фа ЕР E 
So, put tan x = z; then see Px dx = dz се 
Ne. ИЛ az wun 55 == 
тои 4 аа Эх ¥ +9 
+ Dkgize1)*6/ 67-67-26 *4* ИРЕНЕ 
+ 
Е a 3|٤ : pi Фү 
2 1-і) & E b Li 
1 Find wfe ҰҒЫ er dix 
here = 17, 8 = bog + Зап е*=1+1 Y ТИРЕ Се 
қасымнан м! log(1 + cvs x) -rtan $ dx. xis ече = x 
f 1-2: x7 = rloglog х)-; r.c 
12 Integrate a! 1=]е" дез її рө. log х 
t XI- r” Пәгі- - x} 
ru x oa ) – 2xlog жесек s у РЕ М 
x x z - 5,4 
ede ther! Ox 17. let, =| — y how that 
He (Ue ЕЕ, 1 " 1 (“+a 
о о pe oy) МЕ ER 2 i z x 
жил, y =fe Pxt ds тж ігі Aa - Dal = (2t * Sas 
ue Howie. po ae 
Sad 2 lere, = > وچ‎ = A А 
: dur TU? ана t wa) 
ы ^ we know that fe if + Райх =e F ТЕС 1 е.м 1 9 
Рт w w ferw Го)Мх eT)! = —-x-Jr i. > — ds 
14. Evaluate f dx. RR (7-22 = {eas 
(12х35 b) 1= оза + cos nix - f rtan Î dx x | —"-2х 
2 = : = eee 
Put tan “x =6; then x = tan 0 and so, dx = sec 929 1 Е (x +a” (1**22)*7* 
= log(1 + cos х) xem (-sin хіх А : 
- -cos x : x 
1- | —— s seco 29 : =——— +] 2 т 
$ (1+ tan 79)? х Ў E m?ta)" беи)" 
: - f xtan ax (using by parts) : — = 
d 1 : Y ix? +a - a? 
: eeu 51048 a etl ar 
: sec 9 2+ sin} - cos 5 : (х2+27) {7-20 
= rlog(1 + co گے گے‎ : 
: = [279 соѕ 6 do egt + cos x)+ fx ane : unc Ee сч 
е 2cos 5 (+a) (x +a)" 
= e. (sin 0) - [sin 0-e. m de i 2 dx 
- | xan ax -2ға”|-----; 
2 хона) 


=e". sing-m{e™- sine 49 


м of Elementary Гын cons 


m Probes Phos im ИТ Моби 


«№ So, taking н -1 
x This is true for a x ^ Plac, %, + Лат з dr sz. | » 34 — 54. вте 8% соно 1) 2 
i,» р-р +291, - 2a? fac we get [ене 2 7 Хил r сат DA 
(а. 47)" s. »* s. | — 5 3 4 
А n Ддт-1м° 1, 5. lowing: а. (t + log t) 
е one... + (29 - 1) 1, и fron : 
ТЫСТЫ! In м. [лао 1)? dx ss fe (tan x - log eos xiv 
n jlo! эм 
; р Дока sa? ве 11, = f e T con "x dx then prove that 
Н Mx 56. Cea Mr ШЕР 
s logta LPS: Ton!) pum e (mcos x + маш Yos 
Exercise: "E, : бен) enin- Сы, г 
о dog tan 5 do 
^ нап “Чу? s fo» y 87. иі,- f sin "r Ах then prove that 
Evaluate the following: > etia [= кз аш! а log (sec 0 + tan өкмө ENE 2% T 
2] Ter as, | ein nla = (n <= Ul. > 
N М = f E jog com X 60. | sin x -log tan x dx ка. З "a sin их dx then prove that 
1. { 1+ sın dr 21 1-0» di E [ее І EUR | 4 ] Itt s fe x si » 
iSc M (cos 9 + sin 9). im on) 1 ті. 4447 COS nt 
1 sin x Е кү log [f ————— 
з. js с” js 4 2. [ia 1 (2— ly ө. feos 20 OR | сов 6 - sin O j 89. a, us Ја" 1(1 - x) "dr then prove that 
is 1,37 
p) в 1%1-х)” 
5. j= ef P j^ j— 1 4 a Fea Ба зик = 
VI + cos x кенде т 29 - Бас 1 over’) 
34-47-3 zlog x - logtlog 1) a [etas $0. 1f f. » [ент cos т0 20, prove that 
Integrate the following: | dı > UR LUE vies А ae wa ii nO 
22 жері ias xix" +1) 1 Ty Цора?. D- 2hog zl gy (me Mla a ты ти те сов 
[1 4 
[E x + 2sin x СЕ [m f - dx ; 4 x A 91. 1(1, = f tox r) "dı then provesnat 
EE Е БЕ x N1 ex ы [ec n 65 foin nt la snl, Ve x(log x)" 
x + 2sin x 1 - cos 2r) 47 Evaluate the following: Е ха » then provethat 
cos т "ree zi] PI в [sin t 'N —— dr € [un ^ 2 жин тх Р 
зь. f asx , 
4 = кет 
жеуі Sees 1 tan (e) la o — al, amr" Nea 
Evaluate the following: x A и [222 РР 69. [ 7 dx mI ap pm n 
>, 53 Р 
cos xdx dr 33.] x? 1l 41 
EE D Ep sinir +a) mi T Í \ d 70. f sin "(vay dx Obj ti Q tions 
ective Question 
10. f Ti "m i317 IAL Integrate the following: 
Coax e oi = sin[x - та : э». | س‎ д.)- Y Fill in the blanks. 
ҮЗ te рег afl Vx) А 1 
Sp n Гое з cot y dx 72. f sec(tan xkix ne 
12 | PRO af My Nis Vat dr 93. If f (sin 2x + cos ит = TT sin(2y - с) +a 
sin x -sin^ a ; Evaluate the following: then с = 
13. [11 + соцу- а) cottx + wild Integrate the following: rania ТРЕ x 
—M— ы т b then a= and 
с. Lex’ y те x 74. qe м.и ]—2— ain Pme 
Integrate У 45-1 т РЯ 
کا‎ ЕН жге “de 76. Í sin log xMx f 
14. —————— 95. и. —— 
300s x = ors x x x 44. 1 
cos 5 + sin 5 ies yy л. [cos {Mog 314, (cos x + sin x) 
| ] 3 3.3! 
16. fran x tan 2х tan 3x dx жаза, ЕУ 96. 3-2 273 due 
"m 1 + Ух Find the following: 4 
Integrate the following: : 3 » - 
j E: x 'dx 
x 1 1-%Н 4 : f e'dy 7. [1 i! dx 97. | iil -———* 
пе, Г sin 2х dv as. [a 23 2+1 Пот (log x)? xc 
m [e s i 4 cos "x + b?sin?x [XC 23 x cos И 20). я 
4 РА і eft: Тұ ا وو‎ 98. The primitive function of жс рде Ме 
x 
19. | — 20. Inti ing: 4 
1 + Jews "x и = sin ‘9 integrate рае rds кту 2 1 dx 
dx by et 9. | گگگ‎ 5 
21. f sec 3x dr 22. f cosec *x dr e [LE so. f sec ^x - cose l*cos x dx рк жинү tv « b fain x 


О-ки РЕР Pius е ПТ Maier mais 
17 Xx 
w[-—5--.. m [га 
(anos x – be z}? же 
tt {View os x &!= Baki dz = Ax + Bog Зе? - 
} и if e 08, Hee ¢ 
و‎ A Ет E 
pilezye * 2 14 
м.) = 7 Ее из. The value of f x? eo zars 
А di^ -1) 
m. fra. шетке off ae = سے‎ 


as. Aan. 
enm “Eh < kog 2) 
dz 
(er? 
value of y тей тзв} 


м7. Ге. Se 


ик VE v «f and y=0 when 120 then the 


еке — 


[gs 
Los E: 


5 мы ہے‎ dx is equal to 

n5 [ча 1+ 41-27 3 ES 
Choose the correct option(s). 
п Жы ы 
115. Ef 21.5 dzek-5" thenkis 
cs fb) -2g 5 

Ses „=? 

(d) == 

РД +525 


117. ffo (y) = f(x) + xf (2) then [ Ф(х}4т їз equal w 


(1) 0 К (b) tx - Их) ek 


(e) ftx ek (d) nore of tee 


Answers 


rx z Win. ях 
L Nine > - Fire 2; 2 nin С 
3 y~ tam с h-aran stl ee 


Я 
PILIS 


z ГА x 
ЕЯ 212 у- 20% vec ats} 


(ж 
6. “etn erste 
) 


5 
7. > овес x + sec y + (эт x- cos x) + Wan x - ¥ + с 


8. (1 + тулж + sm a Jogsec(x +) + с 
9. солес allog sm x = log sintx + uj = с 


10, comet u - Поу, sectx + 0) – kgr іс 
le f Ri 
13. 2 (log sin x - 5 | log com x! + ¢ 


12. log (sire? - sin 24) LES 
13.2- cot 2allog coser (x - U) + log sintx + rjj 


3 


1 
14. zz Беса 0) + tantx + и + c, where a a соз! = 


р 25-17 
15, Ч210% |в 2 SOF ү 
16, ор sec 3x = log wee 22 = log мсл + E 


17. in(xe")* € 


18. трн? сов x + b sin x) + € 


i af 

hm = | 

19. gn pu 
1 П 

20. Pitan 0+ л (42tan Oj * c 


1( DNE 
21. 4 tan 3z + = tan эе 


1 2 : 
22; eut x iz cot + 3 cot "x + Doc 


3 
CHK .3 1*cos X 

23. - = cos xw 3, АЕ 
Znz 2 B 1= cos x 


1 
24. qn r +c 


25, -241- x7 - Sint tse 


Ж. 
Eb. cte 
Ғы ТТІ; 
fit xd (1+2 °, 
34-08 Ep .It-x ptg 
Е 
ші-ірізі |2 35.2101 + Ух) +c 
3x” 
ж2 1-3 12-6 & "ix - blogil e x) e c 
zu "еза e rj ec 


x 5а yi y^ ear 


-$a +r” 


сирли + 1+ x) +c 


5. id d 


Фф 317 +c 


40. 12an 
* 
п 2. rr өс 
3 Е 1-52 +c 


Ed ид 
421% 1 2 


£e же 
t 


11-242 МЕРЕ | 
и 2220, 45. - 2! +€ 
Wasa 31 x 
M. logta + 1 + x + چ‎ жс 
0, “1x + cos Ух dx NT -x +6 
4 20054: 21 25 LE ee 
Ух 
ý 1 
49. 2 t3 tan ^s tan х+с 


3 1 
Stan? 1 
5.7 tan x- > cot x + 3log tan x + lan x +c 


SL с 52, ЗО + ап?) 


1 
33, 1 2 
70 -Doga жау ez жс 


2 
ТЕРЕ 8 
37 Пов x)? - 2. Vt. xau 


—— + 
Btan 2x - ап x 


“с 


іле беде integration of Eiomeezary Funes 


+ صمو ے م 2.2.9 55-1 

s 2924 ) "d 4 

55. zlog(1- x) - 2x + ел "x +6 
а 

57. ein 9- log tan -6+с 


55. 9- cos 6 - юды + tan 8) + € 


59. mnr-logeosr-tenr-r-96€ 


x 
60. “O3 log tan x + logan y 7 € 


1 cos B+ sn B8, 1 4 
61.2 9 loy ТР 4> hg соз 20 + 
2 9 E | зев) 25 


1 а 
6272 gr 91 +z“ +С 


х2 +132 12 2 : 
63. کے‎ - logit +7) ~ дедг 
3x а М 
64. rcir- r-l +E 
65. (өп r) + 25m %-%1-27-22ес 
ME +» 
65. (г + ajan М Van +c 
x ET T 
67. 7 es LEG ASE 
1 1 1 z 
ВА. -— ten tr- Ll +e 
2? е? 3 54. 


69. e - tan Hejar- gti LET 


У% 
70, -Ziren dx + 3 sin ize x оя 3z 


ors 


1 
--— sin Зух +с 
Ire 


1 ж.1 
т 2108 cot 5 — 5 сес x ent x «c 


72 bx Vise + log + Vea) +0 


а -i 
aycu f e. 


Чї+х 
74, 2 lx Tx -sin ^a] 
+ sin ssa cci ox 7_1 x ах ec 
| 
75, 21" tag msn 12 6 
14m? 


6 5 - cos(2log x) - 2sin(2log x)] + ¢ 


x 2) i zy 
тогі (cos [tos a] bsin [blog ales 
В. Е жс 79. жс 

ЖЕТЕ “log x 


ea 


Ў cos 1- log rec 


S2. xsinlkbg x) + € 


Pros Pics be HT МоАН 


8& -e ys D t€ 


94. ЭЕ arbitrary constant 
1 А 


зух 

RU EDEN 

— — — te 
нч 2 


1 
— +С 
10 Aa - btan 1) 


1 * keit «xD + С 
EA ` Ost 

юз 5 (1+ 

jok ogre sin 2945 105. tan(1 + log «c 


X 
107. ileg io 2%6 


1 
1%. — 
Ne 
2,2-2 АА 1 
108. “= 2 ex +е 109. log x ов +14, 


PCT tac лүм? 
TET Mtr с 


‚ arbitrary constant с respectively 


3 
2. ~3 


1 {л x? 5 
ni 39 өлбүт +e 
+ ТАРА 
114 -N2-3546 115.5 [sin Ne TERM 
n7. (с) 


116 (a) 


Ind 5 t P 
dadasar Besrgoatim of EXomenzerq Быз» 


Chapter Test 


Tivar: 170 нача 


1, In each of the following, All in the blank so that the resulting sentence becomes 


af d 
The value of | ————— ge Nien : 
(a) ase ac Nis equal to — — 


(b) The value ot f oss r sin dr = 


sinix + a) 
А 


(© The valueat | = 
os (1 + G) + ces(x- a) 


پو 
Na - х“‏ 4 
(d) The primitive function ot the function f(a) = р S ==‏ 
x‏ 


dx 
ن‎ 


е) ! sin *y +008 *t 


рома the Avlonvng: 


4 % 
- sin VY 
Аа у | 
\ 1+х NI =x 


5j ыы ДЕ гейі cr 

sts Шы 

s [sans СА J 4+ Viet dx 

10, fos С ^ и. |--- ж ЖАЗЫ 
М2 02045 (sec x + tan А) 

12. Prove that Г E s als : рсе = + Qn -эГ я =. | ne N. 


Hence, compute the value of Í соз *x dx. 


Е 


13. Prove that Jet bre ҒЗ Јер “Мо j** 
m (A 


x ‘eos  - xsin teer], 
IE da 


2 2 
X COS СА ] 


Hence or otherwise evaluate IE ах. | 


14. Evaluate f (a Ana yM +x т)" + 3x" 6)" dux» 0, те М. 


trac 


Dx 


Әке 


Problems Plus in ИТ Mathematics 


Answers 
ANSWETS 


1-1 


19 1 
1. (а) p De жс 


х") 


2 Tum 
(с) 5 log sec x жухалағс 


№ 


(е) зо ee tan ze 


xm). 


1 
2 2 495 —— ———— 
He x^-—log E 


3. 2(Ух - Ух. эт Vy) «c 


5.2V1«x«3. М1 +x +6. N1 +x + Glog (V1 cx -1) +e 


II E 
быз ty тп xtc 


3x 


— 
1+ vtanx 


1 
8.— ———===-! 
2 log 1- Мап x а 


10. (x + vec 2 


-I Vtan x өс 


EH), ogtts) +e 


(b) ag cos “r (бооз x - 9) 


(22-33 


cM 


2 
aire жс 


logx 
EL LM 
7.sec x AGLI 


4 2 
9. zog 8 + 3+2) "1-8 +9 =8) +e 


n. 


3 2 
12. sin x-cos*x +5 (к + sin x "cos x) +c 


14. 1 
6(т + 1) 


mel 


2x " e 31? & 6x") " 4c 


1 1 1 1 
x. + $ ; tc 
2 (sec x + tan x)" 71 n-1 п+1 (sec x + апх) 


19. 96 Er т 


же 


1 
xcos x 


+ 


9, Inde nite Integration of Rational and Irrational Functions 


Recap of Facts and Formulae 


tegration of some standard rational and irrational 
nctions (fractions) 


d integrals are as follows (without writing the 


1. In 
fu 


Standar десте 
constant of integration): 
ы x 
т ыы 
. ТЫ а а 
dx E 3 u „(х>а) 
poses 2a 18 mv 
а х 
Í dx = = log „(х <a) 
41-х! x 
" ا‎ log(x + Vx? =a") 
х2-а 
[ ERES 2 
Киз" 


2 


[2 = loge + Va? ex?) 


2 
. T+ x dx = x +а? + 2—10 (x+ Xx? ea?) 
2 298 
2 АТ 
[ez axe оп. ені 4- 2 


2 
[Va ак 5 2а? -F loget xx? =a?) 


2. Integration of rational fractions 


Let Lı, Ly, ete., denote polynomials of the first degree 
and Q, Qs, ete, denote polynomials of the second 
degree, and N denote the numerator. Usual methods of 
integration of rational fractions are as follows: 


Substitute L, = 2. 


Put Q, = £ a? +(L,)? and apply the 


suitable result from Section 1. 


D-109 


3. Use of partial fractions in the integration of rational 


fractions 
* Form 
LÊ 
ха, where О, = L, - L; and degree of N < 1 
1 
[5 ‚ where О, cannot be factorized and degree 
1 1 


Nd: : 
40, where О, cannot be factorized and degree 


Ndx + where Q,, Q, cannot be factorized and 
о-о; 
degree of N <3 
Ndx " 
I < where Q, cannot be factorized and degree 
17 MI 
ofN <4 
In each of these we use partial fractions to change the 
integrand in algebraic sum of standard integrands. 


Method of changing 2 
1 
in partial fractions, where Q, = L, - L, and the degree 


ofN < 1: 
N N A + B where А, B are constants 


о Lib Lı Lb 
=> N=AL,+BL,. 
Equate the coefficients of similar powers of the 
variable on both sides and obtain two equations in 
A, B to obtain their values. 
Or, put two suitable values for the variable on both 
sides successively and obtain two equations in A, B to 
find their values. 


N 
• Method of changin, 
of changing T=; 
in partial fractions, where Q, cannot be factorized and 


the degree of N < 2: 


D-no „т IIT Mathematics 
Problems Plus т ЇЇ Indefinite Integration of Rational and Irrational Functions 8 
B Яр +N 
N A ‚Зх +С М AD +? Tr ns 
gee ee PC RE Е E А 
Li Q, "h Qi Еге! р gquatinê coefficients of x? on both sides, 0 = A + B. Second Method 
w үс A, B, С are constants and x is the variable ар q TU T] ч - E 
т coefficients of x" on both sides, 12 A - C Я 21 
> = AQ, + (Вх + СИ. Obtain three equations in =A je BJS [Ras Equatin’ ^ 4 Putx-1-7 y then dx = " dy 
a etc ene of icis Ê sn a тжс зы ысы lec i з 
above point and solve. = Ax + Blog D [Ra 3 (1 Ы Au : ls š y" 
D A Вх+С wm eR м, 1 йу =Í —— dy 
TREE m ах 1-| cd 1 
+ Method of changing — 1= Í got THR lf quu Я 2%- 
12.0, where [Sa can be integrated by Using py ЖО, yy y 
in partial fractions, where О, cannot be factorized and qe Lite de 1 : 
fractions. -Í Z x-1 21 4x? : 4у %3у 
the degree of N € 3: s : s А 
N A,B +P HE -Hi : 
12:0, Een 8 Qi 4. Integration of irrational fractions x-1 14x 1+х x -f че, +y dy 
p: zi А H 1 x 
ptos du ci т Іш Substitute L, =z. oh loge = 1= 1 ов +x 2 - ап” lir | Я д . 43 Q 2)-1|, 
+ Method of changing 7 о 1 == ( LIE rel у = Ц y 2у+1 
CI dx 2 2 
4 --- =± 
in partial fractions, where Q, cannot be factorized and • Form Г VQ, Put Qi = + (11) апа apply the Г 3+1 s --2 fv dy- 1] dy + dz улі dy 
the degree of N < 4: suitable result from Section 1 з. Integrate Z3). (x1) : 
МА Вх+С DrvE Lyix dQ, : 3+1 A B C D : =- зуд ЮВ +1) +e. 
qc ES s — 5 =А—— و کے‎ + + + : 
Leu Oe x Fom fg, РРА +B wheea, TED 1-0 &-05 x«l i i М 
S T ints. ; artial fractions) : а жене; 1|+с 
Find A, B, C, D, E as in the above points. are constants. ч (partia. ctions) e af heed + 4 ek ET + | 
Ох а 4 1S A(x 1) +1) + B(x- Do 1) 
Note If the fraction is М where the degree of N > the . Form Іс Express О; = AQ, + В Re a кіні I СЯ 1 1 
à 5 УО, h x +C(x+1)+D(x-1)*%. TIE 1 TOE б 
degree of D then write jp where the where A, B, C are constants. , 4 
2 dx E Dutingr--L -2=22% + ред 
SECO 5 Н » Form г TL Substitute VL, = t. e | 
degree of N, « the degree of D. Then exp D | 2 а Equating coefficients of x? оп both sides, 0 = A + D 4. Integrate 1-35 with respect to x. 
" $ ET x E 
in partial fractions. < Form Í 110 Substitute Lı = 7: Equating coefficients of x? on both sides, yis 
Method of integrati [5а PD A+B-3D Нее] Е 
+ Meti тісуғайтп | TOL, 0=-А +65 – «= 
ethod of integ SID! . Form J ae Substitute VL, = Ё. 4 
dD О,» Equating coefficients of x^ on both sides, Putting x^ = 2, 3x dx = dz. 
where N= А0 + B+ М, and A, В are constants, 
dx di Л Qi 1=A-B+C-D 1p x? ip z 
and the degree of N, < the degree of D: + Form І Substitute Ў = = 23 5 4-ҙ| عو‎ 
оға 0; 1 A 1-x 1-z 
А=-р=-=; B=A+3D=-7+3-7=5 
4 4 4 2 S | zdz 
7:2 -2 zz? i 
Selected Solved Examples C=1-A+B+D=1+ +L, L2, UME) 
4 2 4 2 А Bz+C 
xi+x43 1 П Г C D Let а Xi Тарт ыт" 5 
Int | львы = اس‎ Is Ф + ; — =)(1+2+2 2+2 
buses | атт = [зу ale Ies 2 m iar (х-1)? seni re^ Я 
i s қ = лв4А(1%2%27)%(В: +С)(1-1). 
_4_*\+3__х+ї+3 (к^-х-2)+(2х+5) а E dx -+ 1 _dx sf „ах i 
(-2Xr41 х?-х-2 x!'-x-2 4 х- 2” (x-1)? (x-1)? Puttingz=1, 1-34;  - А=х. 
2 
cse 2 Evaluate [ ах А 1. dx Equating coefficients of z 2 on both sides, 
(x - 21 +1) (x - 21 +x?) 4 x41 
; i45 0-A-B; =А=т 
Now, ie A B La 1 A Вх+С то t) cheek > 1 ей 3 
(ї-2Их+1) x-2 x41 а + 2 2 x-1 (4-1): А 9n ° ; 
ғ; (х-1( +x?) x-1 1+х Equating coefficients of z " on both sides, 
> 2х%5- Аі» 1)» Bix-2) 12 A «x? 1 1 
> =А(1+х°) + (Bx + С)(х – 1 —-log - A 5 cA en 
Putting v= - 1, 2 successively we get ( X ) : +1 log(x + 1) +с 0=А+С; 2. С=-4 5 
3-Б(-3)ап49- AG); А-3,.В--1 Putting x =1,1= AQy 2 A-3* X1 1 1 ) 1 A С 
= - жс. => а 
х-1 2(x-1) (x-1)? 3 тестен 


0-12 


- c 
+ 
N 
+ 
N 


Sch 1 
=5 OEC 


EDS 


22+:+1 


= Flog: -1) += dz 


= =1 1 pd(z2 +241) 
=» logG - 1) +75 


2+2+1 


S NETT 
ЕЕЕ 


2 2 
1 Au iar 
-glog (2 - 1) + gg 1080 +2 +1) 
z2 
ИСЕ an tee 
se p 
2 2 
= aiji (х®°+х?+1) 
998 18 ^8 
Ere ue NN 
343 v3 à 


1+х23 
5. Int Ее: 
integrate 14x 


with respect to x. 


25 


1 
Here, 1 = | Am dx; putting x 2 z?, dx = 3z |dz. 
* 


1+22 2 
LIE 25-3224: 


(2+102^-2+1) 
Bz+C 


22-2+1 


21-2 А 


(z-1G^-z41) 2+1 


4 


z?-zs Az? -z « 1) + (Bz + Cz +1). 
Putting z = -1, 2= A(1«1 +1); 4-3. 
Equating coefficients of z? on both sides, 

1=A+B; 


Equating coefficients of z° on both sides, 


Problems Plus in UT Mathematics 


-2 
0=А+ С Gs 
2-2 


dz 3 pa қ 
3 vg 


2+1 


3 2 
1-3233 dz 


2108(=+1)+5 dz 


3 Qz-1)-3 
“2 ; ha -241 
M d(z!-z41) 


3 2 
= = 2+ 210р(2 +1) +5 
2: 8 ( Sor 


3 i 


2 


1 
-is + 2log(z + 1) +  logiz? -2%1) 
1 
E RC 
TU ape 
2 3 
22.29 дова"? + 1) +5 loga? - x41) 
42x -1 
- ҮЗ tan + 


ах 


6. Evaluate са mag . 


=f nid — sin x dx 


=] sin x dx 
sin ?х(3 + 2cos х) 


(1- cos 2x)(3 + 2cos x) 4 


Put cos x =z; then -sinxdx-dz 


а‏ ال کا 
"(G*1(G-10z43)‏ )22+ 2711-2203 


1 А В с 


t (11)2-1)0243) 2+1 z-1 


or 1=A(z-1)(2z +3) + B(z + 1)22 + 3) 
+ C(z+1)(2 71 


Putting z = 1, -1, - i successively, we get 


ecl 1 20202 5956 
= - 510602 + 1) «35 logG ¬ 1) + g log 


= | (сов x * 1) + 15 
lont 


1. Integrate ls "d 


Tidrfinite Integration of Rational and Irrational Functions 


тая x- 1) 


2 
* 5 log(2cos x + 3) * c. 


1 ыы Га 


Here 175 14x 
2 
1 +1 1(1- 
еттім ТҰСТЫ E 
241 1+2, 
ррхі+1 _ s 
Now, һ ин bin 
2 
x 
1 LCS = 
putx- = a; then (1 * dx = dz 
1 dz ely dz 
kel 1 "zs 


Next, == 


2N2 v2 
1 
1p1-22 i 
dx-- dx. 
4 
IRE 2 lae 


8. Evaluate 1 


letcos g = 


-dt 


cos C+ cos x 


2(* £1). Then 


1 
"ala 


v x?-N2x «1 
| 4/2 °Ёу?+үзх+1 


s where a is a constant. 


4Q : 1 


р 1% 


2 
] 24: «f 24z 
а(1+22)+1-22 ° (a-1)2^ + (@+1) 


42 
(a +1) - (1 —ayz* 
2 Í dz 


2 
1+a 


\ 1-а) =z? 


Шы 


positive for -1 < cos 4 < 1j 
} 


1*4 


+2 


2. 1 log 1- 
КЕНТ NITT =; 
1-а 1-а 


X‏ سے 
N1 +a + 1-a -tan>‏ 


.. (3) 


+ с. 


U Са 
1 Op ug 
=— + log с (. а= соѕ а) 
sina И ten = 
5952 5л 5 2 
1 "T Pd dee. 
If cos a=1,]= Із” | se ME 
x 
=- - 1 9005+0: 
пешая levem 1«cosx > i 2:55 
"t 
а-х 
Thus, we ен1=—1— 1 ло +c if ажпл 
Wege na В а+х 
2 
tn 3+ if a@=2nn 
cot 3 6 if а= (2n + 1)л. 
sinx 
or Find | ————— 
9. Evaluate Е ( Е ) 


жены 


РЗ АМ Б 


n ШГ Mathematics 


Dm 
Problems Plus i 
dx 
z DETUR 
t-f dx =Í dx =Í sin x dx 1 Now, | aces x + 4sin x 
1-cot x cosx "sinx-cosx d 
sin x [ы MEN Б 
= эх х 
Let зтхедД a (sin x — cos x) + B(sin x - cos x) 1-tan > 2tan 2 
dx 6+3- 2 А 
= 2X Ж 
= sinx = A(cos x + sin х) + B(sin x — cos x). 1 + tan 2 1+ tan * > 
Equating coefficients of sin x and cos x successively on 
2х 
с^ = йх 
sec 2 


both sides, 
1=A+B and 0-А-В. 


Solving these we get A = B= > 
A t їп x — cos х) + B(sin x - cos X) 


| А 


-ijai cos x) 
724 sinx-cosx 


dx 


sin X - cos Х 


=F logisin x- cos x) + r+. 


3+2cosx+sinx 
reus 
10. Evaluate [Es x dsl du 


Let 3 + 2cos x + sin x= A (6 «Зак x + 4sin x) 


+B(6 + 3cos x + 4sin x) + C 
= 3+ 2cos x + sin x = A(-3sin x + 4с05 x) 
+ B(6 + 3cos x + 4sin x) + C. 


Equating constant terms, coefficients of cosx and 
coefficients of sin x successively on both the sides, we get 


3 = 6B + C, 2 = 4А + ЗВ and 1 = -3A +48. 


ape 


? 
From the last two we get, B = Е andA- 


C-3-6B-3-6x 


оты 
wale 


І 
ЫЗ "H (6 + 3cos x + 4sin x) 
Р 


ныне eae ыссы аа Ыру) 
| 6 + 3cos x + 4sin x d 


. Іш 


21 dx 


olf as + 3cos x + 4sin x) 
57 6+3cosx+4sin x 


qa CRER 
6 + 3cos х + 4sin x 


log(6 + 3cos x + sin x) «2x 


-$J 


g 
5 


piedi S 
6 +3cos x + 4sin x 


neoe Ж N өті. 
sf + tan ^ ҮН — tan 22) ыша 
І 24: 

=) 423) 43(1 -2°) +82 


" X. m x 
{putting tan 9545 we gets sec? ҙФ-4 


dz 


1 24: 


al 
کچ ع ےا‎ 
3:2+82+9 3 


2743243 

dz 
2 16 2 

(3) %3-% (3) 5 


2 
3 


dx 
cos x + cosec x 


11. Evaluate Í 


dx sin X 
их 
m= sin x- cos X + 

sinx 


ap an 2sin x а=]: (sin x + cos x) + (sin х = 05 9 gy 


2+sin 2x 4 2 + ѕіп 2х 


ín ree, 
2 + зіп 2x 


sin x - cos x 
LL dx 
2+sin 2x 


ЕКТІ Cos x) -A (gin x + cos 2) 


[rana (1 -sin 2x) ат 1+ (1 + sin 2x) 


pris 


Indefinite Integration of Rational and Irrational Funchons 


d 
— (sin x + cos x) 


4 (sin x - cos x) is 
-| м 2 х-) 9 X 
= 3 - (sin x - cos x) 1 + (ѕіп х + соѕ х)? 
жіті 

gor hy put si x-cos х = 2. Then 
dz ГЕ 
1-53 zi des cos x| < 2) 
V3 +2 


¥3+ sin x = cos x | 


ig E. log 35 TH +созл * 


put sin x + cos x =t. Then 


For ly 


_ AL tan 7 + c; = tan "(sin x + cos x) + C2 


УЗ + sin x - cos Х 


TT 
= 3 - sin x + cos x 


— tan ^ (sin x + cos x) + c. 


х?йх 
=. 


12. Evaluate i 
(xsin x + cos x) 


= [sin + xcos x — sin x] 


(xsin x + cos x)? 
-xcos x 


die eum 
asm x+cos X 


(xsin x + cos x)? 


-хс05 X ee 1 0) 


(xsin х + cos x)? xsin x + cos x 


Y | =. -xcos x ds 


FOSSE (xsin x + cos x) 2 


LUE 1 
cos X ysin x + соз ¥ 


| 1 d {ù -x 
Je dx 
xsinx+cosx dx bx :) 


[using by parts and (1)] 
Cos x(xsin x + cos x) 
f 1 -cos x - xsin x 
چ‎ T dx 


xsinx + cos x cos ^x 


2 -x 
E І 2 

Cos x(xsin x + cos x) + | sec “x dx 
= тх 


cos x(xsin x + cos x) AN * FE 


cos x(xsin х + cos х) COSY 


-x + xsin ^x + sin x COS X e 
cos x(vsin x + cos X) 


sin x - xcos X 
کے‎ +С. 


xsin x + cos X 


13. Evaluate [pue 


dx 
Ss 
V-x7+ (a + B)x = af 

dx 


= : < 
m -ap 


Here, I= zj 


Ep 


а +В 
ea ыр a2x-a-B.. 
=sin +c=sin +€ 
B-a x 
2 
Second Method 


Put x = acos 20 + Вѕіп 20; then dx = (В = а)зіп 20 40 


x (В - a)sin 2040 
=f Х(а cos 20 + sin 20 - а)(В - acos 20 - Psin 1) 
=f (В - а)2іп Ocos 0 40 
VB- a)sin “0 - (B - а)сов 0 
= [240 - 20 +e. 


snos YES 


But x - a = (f — о)ѕіп 20, 


1=20+e=2sin "' 


2x 
14. Evaluate EET 
xtX 


1- 222023 ae = din (да 5 
Viextx? oon ЖТТ х 


сі d1 xx?) 
аз, а t 
pase 


Ол 
— Prob Plus in ПТ Mathematics 
2 are 
starii je x ы 
KES Sods - 
1 € ЖЫШ 
“501 
1 
| Е 
(,. 42 
D. 5 т 
+ Dog |x + 5+ C1 ^r 
ЖЕ. 15 3 
2 БЕН 1 dt 
т----т ——— -e—wND ы = 
ее Ч КЕЧИН ресе 1 he 22 ih? 3 
2275 ) ы 4і-- ДЕ 
: еа) 8 
15. Evaluate [(3:- $9 ЕВЕ: dx : سے‎ 
5 =- Wb +#-1 
Са. 2% : 
А-П : ; | i - қ 
pos : -5 55|! +4 + ftat) -y | 
D سے‎ 2 IV \ ( 4) fay pe 
Cx-3)- +35 -Е` êz : V 
Е =- OSX +o 21 
lf TET 
4:-217Х2%51-х 
: 14 e mee сө ӨЗІ 1 
5 ae | 1 dU ры 
2 \ б 
1:4) 
C Белае [— 4 
` 2 na — A 9 
5 I TG-xr)»lex 
2 = ta хм? 34 3 
=-= = -351 э 00-64 Ж х س‎ : 
- 2 1 № - p = DoPutvlerctie.l-r-f5tfthendrz2Ht 
DI 
4 
241 


± کا‎ + 2X17 - 66-2) 


At > BX? — хы: + 2) + (Ct DAE? + М + 2} 


Equating coefficients of £3, £7, t, t° on both sides 
0-A«C,0--N6A- В+ N6C «D, 


2 Q=2A ~V6B +2C+V6D, 1 = 2B +2D- 


D-n7 


Indefinite Integration of Rational and Irrational Functions 


1 1 1 : dx 
я CN : Integrat ` 
ове ате 


Put 1- x= $; then de = 3 dt 


1 1+6 1 -t+V6 
r E eo ey Bowe $ 
"Né 17+ 6+2 216° t^- N6r«2 : la 
$ id p [сл 
(2t + 6) + ¥6 1 [Ct-YO-N6 i 2 E 2 1 
ава ат #А/2-=.- 
qe] 3+ 61+2 46° 02 véte n | tj EB 
Log ) + N61 +2) =f at —=-1-[——&— 
“446 — М -2+1 2 3 
x t€ 
Ly dt : 
Ф ) А & M 4 
РВ. 3) 5.8 
( +2 2 P +2 1 
1 met 
-——leg(t^- ۷6+ 2) 
46 
1 ¢“ +\6 +2 
= —— log 


lex I Үх7%1) 
Бен Зе. жаа 8 


№2 7121-х) V2 1-х] 


x 
d 
19. Evaluate [————— Ы 


1 QP x +2 аз) Мег 


2 Pute* ==; hene "r = d= 


{ 3 : 
| 3 3 | : Г a ( dx j 
] +! + ЄЎ | Do 1 Fom: |= 
1] 1 е ү5 ИР V5 : Заз: аа: 
*ilve tan ш; wu we ЕЗ i : ач: ( M pes 
{ \2 х2 2 } 2 thie 
-l ye 62 : Е o. 
RTT : ^ 35га. 1571 
16 Ве m зык ГЇЇ +) а= ryt, 
: (6 y? 
1 g E Р * 
Hem {tan (2t + N3) + tan "(2t - V3)} +e Ec -2HM 
ali 3+х+\6 + 6 : 
-log ——— М 
%6 “зу Бүбү ^ 
жазы РВ 
A2 an (V2 +2x + ҮЗ) 
2 аны 2% : poses 2d 
CEE E = {2 . , 
+ tan (2t2x — NS) же, wa ae? 


; Problems Plus т НТ Матч 


-iff сел „ к) dz + j tan x - 
CO Fj gy 


ШШ: Vio у tee 
a = 
; * Now, 1, = Tan x + eot x) dx 
=== sin 
х a2 sin x + COS X 4, j eime ck 
=f e 73 sin xcos х sin 2r 
ma ett = 
TR „| کے‎ 
* X1- (1 - sin 2x) 
4х 2 disin x - cos x) 
. Eval И SE : 
20. Evaluate ILI 2 [m 
те ; \ 
a s -21 АБАТ СЫ САҒ» 


Putx-vx^-x^41-z 
х?-(х?-х+1)=җх- ух - x + 1( 
0. „@ 


2 sin 7z + сү = V2sin “(sin x - cos жс 
s 


sinx-cosx 


or x-Vx7—-x4+1= = 
: = tan x - ^cot x) dx = | —————— 
x : h Іс Vein xcos x 4 
(1)+(2) = 2х=2+ ; so,2xz=z°+x- 1 7 2 D 
- + COS x 
-0] (sin x -۷2 (sin x + cos x) 


oin 2x 
z?-1 vsin 2x МІ + sin 21) 1 


or Qz-1ro2z'-lie,x72—1 


d(sin x * cos x) 


= -0 | Тт 
V(sinx + cos x)“ 1 


Z са а 2-12, _2:°-2:+2, 


z= z 5 
(22-1)? (22-1)? : di 
3 : --М2/ ———' where 2 = sin x + cos x 
n = 2:22-2:+2 =: ТЕ -z*1 z : №2-=4 
2 — 
z(2z - 1) --X2log(z- Vz" - 1) + 2 
22-2 
Z zel Ph em e ; = -v2log(sin x + cos x + vsin 2x) + c; 
zQz-1)? 2 22-1 (22-1) 
1 1 
= :®-:+1=А(2:-1)®+ Bz(2z- 1) + Cz. I-5h*5h 
Putting z - 0, i ‚ 1 successively we get - = sn -\sin x - cos x) 
1=А 3 ie 1=А+В+С. : 1 
AT арыса ji : -gz log(sin x + cos x + vsin 2) +€ 


А 3 
These give A =1, C254 B= 5 


122 [8.2.3 گر‎ = ат 22. Evaluate Man x dx. 


Let tan x =z; then sec?x dy 22 dz 


= дор 2-3 ев, : dz 
a= 3 1 3p. z 
г= [ 332.5 dz => | 42 
-2log(x + ух - x 1) І ^ Pies > 
3 z 
~ > log(2x- 1+ 2x5 - x 1) -3 2 T 
(+2) -z+z7) 
3 1 E z A Bz+C 
-5 — re | Let ےگ‎ = ВЕНЕ. 
2 2x- 1427 -x «1 : (1+2) -2+27) Tez 21-241 22 


= = А(22-2 +1) + (Bz + С)(1 + 2). 


21. Evaluate janx ax. 
Putz = -1. Then -1 = A(1 + 1 + 1); so, А = 


1= ] мап x dx 
Equating coefficients of 2 ? on both sides, 


22-2+1 
1 .1(|02-0%3 
NE dz 


d(z?-z+1) 
„оваа 21-241 


-241 


= Liga +2) + ەا‎ 2D 
-— 
За re В 
+=.— жс 
Da в 
2 2 


-— log(1 + tan 25%) + log(tan Sx — tan “x + 1) 


УЗ 42tn"r-1 
12 ant —— 


23. Evaluate Ju * sec x dr. 


Here, 1-| S 
1 + cos г 
| ax 
үсоз x 
V2cos 5 
=| —= a. 


y -2sin? i 
1-2sin 7 


МЕ =e. Д а 
Упр = 2; then 5 cos dx = dz 


Now, [= f 


y 


179 


dx 


E PRES EEE 
sin 2х Vcot x -1 


- | ее ET 
Vota- 


Put cot x = z; then —совес ^x dx = dz 


hz [prc ese +a 


sin x 


NRE cr m re аа 


= -log(cot x + Vcot x - 1) t €. 


putting cos x = =, -sin x dx = dz 


from (1), 


= -log(cot x + Усок - 1) 


+ V2log 


cos x * 


di -2f sux dr 
sin x Vcos ^x — sir “x У2соз x - 1 
w(t) 


E 


азо!» 
2 


> 1 — 
uso. Dues & 55 ане. Мела arx ed Na dO fs. ы amana Салым. 


БАМЫ ен 
SESS 


~logtl + sim x) + logiZ + sinx)+¢ 


Тея £ 


af 41 ~ cos r} -4iog(2 + cos rp +e 
» ul. І-«а: 2 + si t x = ғ 
беле i Evatuate- ивр 9m I Boden. i E 29.2seca-tn" ian 7-an V] re 
eA Е = i-smr 242 v2-simz x * 
f íi yj: x dx dr 
=: 1-1 ж су 1 man > 
Í Ter r SE ТЕСТ, pe POEN ме oe i 
+e 
» ар sf — چک‎ Тю Псозт-1 z 
^[x[ «1 57. -Z4bgí2cos x- 1) +є 
1-Тәег G-r -r Ы; а-:у1-т Зс 
E ж, тез i ` و‎ в] 
2%- sinr 1 Icsmx р 5 31 сыл 7+7 5 "sit 


= ст : 
= | - -aele Ei - 5 zx 53. —————. 
t2 L3: Jn 7 Esas 2 7%-апж 


D.122 


6 
i 
v6-1*un2 


32. — Ie 

ye ОЁ CAE 
641 - tanz 
2 


33. log [1 + tan 2) 


+c 


xe ed 
34. 24 > log(wm x + cow д) 4 4 
2 
15 1 
35. 55 Y^ 35 log (Sein x 4 om O +c 
36. log (сок x = uin 1) *« 
37. 1 3 " ^ ^ 
37 im 50 605 ыйы Зай аеры 
[tanas +1) 
E {+4 
y X5 jd 


1 
—— lag Wa + В) - (a ~ Eos 231 € € 


39. = (xin А - сок 2) 
AY x jr-—hee 
See 506 шы e 4174112 | 
wA» мп л. COS 


X sin 3 * СОҚ) 
44 ——————— et 
P SES UE! 


45 ыл "ix - Dec 
46 sin (21 Sree 


i oa 1 = 
چ‎ Nart- 42-3 0 с log {21-1 e Vs - 41-31 ve 


ОБ ++ Next) ec 


Теге Piss $n Г 


TT Matheus 


51. -2N| «cos + Q8 Т 


арт 
+ log cos x + 1 + 2۷1 + cos ,с-з- 
«з?г, 


an 
И зи +а y 


"D ee: 
ТЙЛ Mon pepe NES 


м aa N жа 


ағыт 


where + Xn 


4$ ا 
p PE- tog (cas аатта]‏ 


a? 


MÀ + C 
Nr + Vr +a 


1-1-3 lok Uts- un LÀ. | 
EEST 


where t= ЙҮ, 
1 


*1 


54. log ( 


М2 


1-1 1 
П 1. = log: 
| 5 |3 ose «n 


- logs? 2+ 1) + c, where z* = 
p 


56. - 
E 1+2 
57. DET. s& N— oc 
lta 1 
1 27 1-і” 
9,--% cte 
j 2 lex? 
LT 
lenaitt), e 
یں‎ 
60. log TT 
=: а= арр ТГ 
61. -log(2e * + 1 + 23е „ы + 1( +С 


Ы 
SOHO] ج‎ И ETE Ы 
228. Con e o ppc ito L^ 1 +2Хх + 
2174 vro ex 2, 10802: * 


67. “Тыл "(sin x - cos x) «c 


Lan 


«2 


m е іт, 
ahe |! е of Fatima) aed irrational E ате tio 
owe tae 


E 
74 т ec ос sin "(tan x) +С 
cos 


sin x — COS £) 


1 
+! мл r+ cos x а Vin Bt) oe 


fein x 7 соз 1)*€ 


> ^. 
cos re V2 + sin 21] «с 


7$. -ema sin 


(ест + c a) 


ue 
- sin а loyfsin + Ysin 


«+ uu tts 2 
sec ———— + ——} • 
2 2 | 


where a = cos 


22 
13 
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Tyo une) +с 


10. nit 
Defi Nite ] ntegra tion 


Recap of Fanı 
P of Facts and Formulae 
pefinition of definite integral 
1. 


3, E 


ite integral of f(x) А valuation of integral from the first principle 
definite integré f(x Over the 
, The b 


interval |а, b], 


, n h 5 4 Ж 
S oid by Í f(x)dx, is defined as the limit of a e 185: lo find the value of | fGylx from the first principle 
a 1 f 
as follows: i.e., definition, obtain 
n 


| f(xjdx = lim У hf(a & rh) 


Ию rel am т hf (a + rh) 
n-1 £ п-1 
or lim У hf(a+ rh), ' or lim У hf(a«rh) where nh=b-a, 
H+m r=0 ; nan ү=() 


where nh = р q 


: ! nel, 
| | Let 

is said to be integrable over [a, b] if the : 2 T : 
Код said to be integrabl Ia, bliftheabovetwo | ° Í, fx = lim 5 ls | or lim X 57 | 


Non ral Пэ re 
limits exist and are equal. 


4. Limit of a sum as definite integral 
2. Fundamental theorem of definite integration 


, n 
: gos ' elm X rent) 
dim È hf(a+rh) or lim У hf(a 4 rli) : Пьют ” n 
Nan Г=1 Нью r=0 4 қ 
п-1 
= F(b) ~ F(a) or lim X parr A) годах 

ы n-o r= n n a 

where nh = b — a and F '(x) =f (x). : 


п-» 0 гы] 


Ы п 
: 1 r 
b А «Шт E'— ті 
Consequently, | f(x)dx = F(b) — F(a), i.e., [F(x : ^ n f т 


; n-1 1 
where F (х) = f(x), i.e., F(x) is the primitive function of : or lim У = drj g f f(x)dx 
f(x). : 0 0 


П-э=о fe 
"x b ; 1 (ry [P 
$: In computing a definite integral [ fex : .lim X E fz) f(x)dx 
тр Where f(a) = f (b), it is convenient to break the . 
interval j two parts and use : where a = lim — whenr =1, 


N -+ о 


b a+b 
| fois =| 2 
я а nwa 


b s r Ў 
f(x)dx + f. ap f Cod. : В= іт > when r = ри 
Ей s 
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mu Problems Plus in IIT Mathematics 


Selected Solved Examples 


1 : [ [1 п T n 
1. Use the method of summation to evaluate | е dx. ; pol Tct es 
Or Integrate from the first principle: J e" dx. | та [L,,, ии 2) 
; ть " 
Т | Р 
ЕТТЕ 
] oq uh 
[ «?4х=ит yd ¥ М 
е пет red 3. Find lim $, if 
; n „м n zt " 12 
= tim |Д, чей ФЕ” +... же ] 5, 5 ПЕР "HS + a 
= lim [r (e +e uut «eh, Г Wie Коржын i SU н 
ы s А я 
un : ra Nan)! - (r-1) 
where h = : - 1 
: E V(2n)* -r? 
=0 
«1 eM. e? -e° 4 
-lim A zi =limh ЗЕ 2 n-1 
LE 1-e Р] 1-е : =7 1 1 y 
= г=0 ry 
= (1-e) lim le e=1| : m 
h¬+0 1-е : 
h : п-11 1 
=(1-е?у imi — —. 5 қ НЯ 
ны н ОНУ? P Butweknowthat lim Х.Д [rox 
i= I++ or ET 2 п-кш r= 


2 


2. Express | x dx as the limit of a sum and evaluate it. қ ELS 
1 А 1192 5 “Al 
=2 1 = бп 2 
We know that f(x)dx = lim ; eret 2 | 
n-orszl n 
x 
2 "n 4 ==. 
5 J хах = tim z Eget 6 
1 nox r=) n 
Ы т 1 
zl - - —+— 
c [+] 4. Show that imf тук иЗ 
=lim ri 14 : е : Неге limit- 5 1 жа. 
ne rel ( a) оез : i ratr gn" 1+5 


: қ 5 п-1 1 
MENT h ; 2 Шт 6р = іп Z£.—: 
has 2h QN — : non non rnd n ЕНІ 


Definite Integration 


E 
fj = lim — when r = ön, 
narn 2 5% 


bot 
ie, welim == 0 and f «fim 5n „5 


4 cV P д 
1* | log] - cos 29 +41 + cos 29 у-2% 24045 


; 
«-2| (0л 0 + con 6jisin 29 29 
4 


29] 
3 


яз» Бе 
4 > dx 2 f E —<06 28 
limits f Lax : = —2 |в {12(sin 8 + cos 0)» =, 
= 10201 + JF „= log 6. „(26—20 veo? - өт 8j 2 
2 Pisin 8 +059) ||, 
ЖЫ : =-2|- ов %2 
5, Evaluate lim ЕШ А А 
vine i Sf (cos 20 — sin "cos 8 ~ sin 5j 
lim log fx) 2 cos 6 + sin Ө 
We know that lim fx) =е” "^ е) i 
х4 : в 2 -[ (cos 0-sin 4 
1 E 
; nin 4 
E log || = log 2f a -sin 2046 
2298: 1-2:3-. «n 5 
‚йе кесу Mt -ю2-|% اھ‎ 
aA 
“їй ізі Ls 5 1x 
- lim ов = : =log 2-5 + 4 


noc rat 


j ogre 
0 


x2 1 x 
x& ar tan z 
z 


т dz. 
o sinx 


7. Prove that 


1,3 1 
|в feras] = [x3logx - x], 
х Jo Let = tan Ө; then dz = sec?^0 40 


=-1 - lim xlog x 5 
Ss Aloz-0 => 8-0; z-1 = 0=, 
Sot [ig EE = $ 
хо 2 RHS =2 f в зе %% 
Е 3 0 
2 xA 0 
1 : -2] sin Ө - cos Ө 
= -1 lim —_, using L' Hospital's rule : г 
x ..L 5 2 20 
x Е 721 sin20 
=-1~lim(-x) =-1 : п 
ae : NC i 1. xdx а e» 
Е = J, С ur (putting 20 - x) 
using (1), lim mts etal. = LHS. 
naan" є 
w2 
dx ZI 
6. l dcos + sin 
Evaluate Í log(V1 -x + М + х) dx. кеш ° ¢ x+ x) 
0 
Let x= cos 20; then dx = -2sin 20 d6; sere р Г вес? dx | 
» сеа 
DOS DU du yan dee oue: cos *x(1 + Мал x o (+ алк 
4 Put tan x =z; then sec x dx = dz 


› үзүү чш 
SA — Dfa эре oe 
andı ~ 0 ТТІ > tee = EI | 
2 1-6” 2 кен» | "Em £ whane я ls aa > 
" 
1-) 4: $ leta e vier! =s, hen! — = 4 
HIER -2 _ : Ж EO , i * 13] LES II 
» AE T je 
Le Le Veet, then dz e di (15% i : rl Amo zeÜ ә 1-1, o pee ә te 
2“ - ( . ' " м. 1 Р 
. t Р , я 5 a di 
Eee 224 1- am * жа -1 Р а un * A24] TT ues? 
1-4 194 ), 
ы а» Q1 - ow. Ө) көзе : 
e i ыты Ы - а» 
sap tow е" ^ 12 qu^ '0 - tn el. when act 
1 
0 ۰ ترپ‎ - leig? -1 j a pum. oed 
ее 
к thas problem we did not ulia O as be kae ; iten 'O~ tan (5 when e > d E seyler 
Ты М banat to find the value of the integral Ь з ТРЕЕ es руы д 
әре 3, 29 at û сыла baumes x. In such ощ 2 * vim нат 3 ostes Ar- Е" ea! -g 
at e 1 21” 
$ o us 2239 
а [к fis hêr te found by obtaining him J fdr. Tha ў ў ss E NTTTT) o (1) gives 
3 
Dai Г LL T| when 4>1 1 
бш) -е = с” me then] fix is obtained iato - 
“ by finding АЕ 55% 4% „ҖЕ і 142 
К >. š . es 7% . 
4 Show that [` мах log sin x dı = log 2 - 1. к= Г fasts 2y hena < 1 amd T att Л "وا‎ atn 
ы i= plett "ы 111° 
E ^ m + i 
Lett=f sinx log sin x dı 82% 21-821 -и-241), 
% * 
4 » 
* 14-1 1 1 $3 
Clearly, the required integral « lim / M Evene } 1 acerca! «41. "ia Rr pim: 27 
LII = 1 
"em. iex ist: 4 11. Find the value of Í, PECES "T 1 Es он 
Now, 1 (log sin x -(-cos xJ , “| = cos 1 un; dt аа? а? тт Ы лаг 
2) I T disin 1 - cos 1) 
using by parts г ds e 9-161 - sin 2x) + 16 ^ 
"|. i қ aluate м «tan 40. 
= cos 0 log віп Ө + J ty, “а аав? ыы 13, Evalue |, э 
a 1 NOVICE ME Put2 « tan 10 = 15; then 2tan 0 кес 79 dà « zdz. 
“ 1 
> e = Ж (mex ^ < dr 1“ 4 М " 
m tog sin Of ا‎ ын дыз =. —— : : Ж, "mua ж Аһо,6-0 = Me => 3 
° 1 1 : 
: -4) сом +4 6 із! - 
= cos 0 log sin 0 а-4) 27 3 {у = ena eon a) * Г А В а ates 
1 
+ [- log(cosec x + cot 1) + coe x že at ; Pul sina coma = z then tan 0 XM a -2.G01-h 
gf è : coset 2“ 
= cos Ө е CA "m 22) 17 ea a 
а-а [eet |,“ arı ids 
6 \ / 
= cos 0 - log sin Ө + log 7940 себе 9 - zs [ 1 | Г dz Ж Uh 
А cosec * 5 dr uto 1 & à 1 3 «jo тігі sh +l 
` 2 Ax lays ac E Е S Же д 47-2 *a k*-20! 
= (cos Ө - 1)log sin Ө + log(1 + cos 8) ~ cos Ө " SEER EET = ul, 3)? ; 1 |: 3*5 Қ 
LHS « lim I (1*4) « (1-a) eet? 5 "Ы: {Ту 4 Ja naf 4: 
4... 2 Vr “Фу 
: x 1 22 5.4; dd rs aV sett 1f 1: t Eds 
= lim (cos 9 - log sin 8) + 108.2 -1 Put cot >= then 5 ом 7 nes «|е 81941-06) : “Дей + 27-237 
> : 0 ар : 
alo re0 ә rea;xen c F7 } 1 1 : Sa, 
pens * 3o 289 ^ 57 leg 3. : = log(V3 + 1) - log V2 = log 


- lim BMPS 2. : з ET 


oo? 


cos 0-1 *(1«20'«(0-2)z 


25: Problems Plus in IIT Mathematics 


ер 


№ 7202-10) ETE sa 


Te ce ТЕР сыла 
i= 1-t? 
22=1+ 1 2214 
1-12 1-0 
21 - 21 
buic Е 42-200) 
(1-12)? 
or 24:= ra 
(1-02)? 
Also,z=V2 = 1=0;2=\3 > = 
12 1 t 
=| х 
е 2-47 (At) 
1-42 
1 
х 
2-4: af 
pose 
i=? jis? 
Tem t M=-P 1 E 
о wv2-H (1-22)? ТЫ 1 
Ju Кеше ЛЕН 
imt 
1 t 1/42 
sin — 
| J 
SBi ql Е 
=sin 2 sin 0-52 
3341 n 
Izh4Izlog——— n Е 
4. Evaluate 
1 valu E 
x 
WB veo в  205?-2-1 
I=] =| Ж 4х 
о 1+cosx 0 — 
cos 2 


1B 1 (77 ak 
= dx-z xsec^cdx 

I Е 21, 2 

ym 

2488 tan = wi 

х | 2 z 
=|— Ех. EN x 
Е 2 | 2tan 7 d 


(using by рап) 


x 
ak i Е log sec 217 
“БРИЗ 3 "6 |+ i. 

2 J 
т? | 
pde lonse > 
18 zt 2 log see Z ~ log 1} 
2 
пол с 2 
71873229845: 
1 
15. Evaluate | cot (1 x? — x)dx. 
0 
= ^1 2. . 1 
1= [cot “(1+ x? х) x]. 
1 -1 
-| x —— r- Mie 
о 1+(1+х2-х)? 
1 
e A x(2x - 1) 
pom | Ss ek 
-Z J= x(2x - 1)4х 
04 "p x* «3x12 «2- 2x(x? +1) 


ud xj. x(2x – 1)dx 
747% (x? « Dx? 2) -2x(x? +1) 


LE zi x(2x - 1)4х 

74 (x? + 1)x?- 2x +2) 

=®+[ ! x(x? +1)-(х 2-2х+2)) |, 

4 (x? + 1)(x? -2x +2) 
Mu 1 oxdx 1 xdx 

4 "ox!-2x 42 “ox? +] 
dm ip CS > ! 2x dx 
(4 25, x! -2x 42 24, x? +1 


r l['dx'-2x42) (! — dx 
и 


4 2% х2-2х+2 


y 
7242 


[log(x?— 2x + 2j], - 2 ово" ET 


Sta 


1 dx 
f 


nt 
#412 


Integrate by using summation 
(or Integrate from И 


Definite Integration 02.132 


llo 1 -log 2] -$ flog 2 - log 1] 


+ [an "(x - ny 


Exercises 


1.| sin x dx 2f” "ozis 
0 
0 
1 1 
+ | а. 2%dx 
0 0 
D 2 
5. | e* dx 6. | хз dx 
1 
n 
Evaluate the following: 
7. li 1 + ER pad 
im rs 8«n* "7 ren? "7 2n) 
8. li t T. agi 27 дап. + іп 27) 
na ШІ an On 2n s mj 
9. lim si Lat 
Nave pay! 4n 


"2-12 


пә 


E "p 


4-1 
11. lim —(e + e" 3л 4e 


Nave 


12. lim 


LETI 


13. lim zm 1 
nel 


Naw 


B Lr 


+ 
"nas (nel 1+2 


Find tlie following limits: 


n?42? 


nip MT: 
п2+32 7 п?+п? 


чение: 


лу 


1 
tae 


QUE * Mh 
п+2 n3 7 zi 


where p e N and p 22. 


Evaluate the following: 
"л 
17. | соѕ5Х. віпхй 
d 2 sin x dx 
dx 
18. Ымд— 
J, (a*cos*x + b*sin tx)? 
ЖА pint... nne 
о (sin x + cos ° xX) 


1 
20. | xlog М +2 dx 
0 


16 
21. f tan! Ух =1 dx 
1 


Í ИХ 0>> 
o cos(x ға) 4 
1 5 
2з. + dx 
о 1+х* 
1 
24. | xdx As 


0 Ан. 
ха 

25. | cos 2x - log(1 + tan x)dx 
9 


5 E n 
26. Show that f cos 2x ‘log sin x dx =- 2` 
0 


Evaluate the following: 


l-sinx 
27. [ e 4 
ү. 1-cosx 
2 тох 
x 1 - pe 
28. I e sin + 2 
тА o Sin x, 25. е 
29. е (x cos "x — sin x) бы 
9 cos 2х 
30. [ Хах - х? dx 
[] 
a 
31. 
рет. 7 um 


2 (x? + 1)x*-1) 


DIM Problemes Plus t 


lex? 


«1 cos х dx 
з. | COS Xd 


3- 205 x 


35 r cos ^e do 
о соѕ 20 + Asin 6 


“4 
sec x dx 
37. | cx dx 
1 + 2sin ^x 
"4 sin x‘ cos х 


38. ——_ dx 


2 m 
о cos*xr+sin X 


39. үй sin x * cos x 


ML dx 
an Уып?2х 
n 
n 
40. | sinx вес? [x + 4х 
"А 4) 


=. 26 
o (М +x- x)? 
an 22535 
42. sec *x dx о та 


o (sec x + tan x)" 


43. If f(x) = x, show that 


шың лы. 


NT [o * М 2 | 


44. Prove that 


"2  ysinx-cos X 


oo itt = — 
J, (a2cos 2x + b?sin 2x)? 4nb (a + b) 


sec х cos x sec D + cot x ‘ cosec x | 


А 
45. If f(x) = |соѕ 2х cos x соѕес 7x 
1 cos °x cos?x | 


nr 
find f f(x)dx. 
0 


о 
46. lf A =Í O3 dx, show that 
v (х%2) 

V? sin 2x 1 


їх=т+ 
о E i 2 n+2 


Objective Questions 


Fill in the blanks. 
Ы dx 


47. The value ot f واا‎ 
о a cos 2х + b?sin?x 


A 54а 


wae e. 
48. The value о Г б+4+4у)* у= m. 


М X 2 
49. If} xlog 1%; dx =a +b log 5 


then a= ___— 


э 
f ж slog 
50. The value of [ килер) dye 


AT 


EX xe 


[CEN 


52. | | cos x dx] sin y dy = 
А 


Choose the correct option(s). 
*1 

53. The value of f E (1 + log x)dx is 
H 


(a)5 i (e (а! 
2 = е 


1 ы 
53. The value of f WT dx is 
o \1-х 


(а)0 . ыз 
(с) 2. (d) поле of these 
т 2-х : 1 
55. І V5 c dx is equal to 
(а)2 +1 (o)n+3 
(с)л +1 (d) none of these 


2 
56. The value of Í (px) + qx + ndx, where p47 № 
2 


constants, depends on the value of 


(а)4 (b)r (Ор (d) p andi 
2л r | 
57. li = سے ۽‎ equals 
ias n lyn? + т? у 
(а)1 + N5 (5) -1 «5 
()-1+%2 (d) 1+ 2 
1 2n r 
58. lim — У log (1 * a equals 
n-- rene n 
27 
27 
=> b) log — 
(a) log 4e e e 
4 d) none of thes? 
(c) log = ( 


Answers 
3522 log 2 
1.1 $ ^ 25. $ کے‎ 
1 4. log;e a 
uE 2 eem 
15 
P. et eu 1 
%/ 4 30. — ла? 
2 2 
1%2 &- 1 
7. 3 n 32. 2les6- 
x 
1.- 
2 bog 2 3 
9. = 06 4 34. ب & ۔‎ tan? 45 
4 + 
12.2 
$e: : ал 
13. log? 14.3 -log 4 2 “7 
4-% 5 т 
EN 1 38. —— 
5.1 16.22 ? 5 63 
е : 1 
{ - MON ж (х2 - 1) log (v2 +1) 
17. - | MISSE. : E 
7| ) jab 
n 
1 14.16. 3. 42, —— 
19.5 39482778 п? -1 
n 
21 KT وج‎ АЕ 
€ а Р а 
22. cos a -log q^ na : 49. 4 
2 ilt 51. log 
8 
u. —~— (0 -2AX1 +۴ 31 +p)? ү) 
‘Sane GS 5 55. (d) 


Definite Integration 


(2&9 -a yp | 57. 0) 


70" 
EIL. 
(50| 
29.1 «e " «M 
31.=-1 
Жа! % 
33. 3873 log 2 


эл... 1 ор + 02) 
"witaesd vi 


33-1 


4 
41.1+ 3 2 


32 + 157 
45. - 60 


9a 


7203 +a)? 


50.2 


1, Properties of definite integral 
b b 
z | fax =Í f(z)dz 
4 а 
b a 
‚| fenis - - | fen dx 
4 


b c b 
: | f(x)dx =| f(x)dx + | f(x)dx, where a < c < Б. 
а с 


4 
This property must be used for integrating 
EXE functions of piecewise definition. 
а 


. | f(x)dx =Í fa- x)dx 
0 0 
Г f(x)dx = 2 [ f(x)dx iff (x) is even, i.e., f(-x) = (х) 
-a 0 
0 iff (x) is odd, i.e., f (-x) = = f(x) 


А ШІ zn [годах 


0 0 
if f(x) is a periodic function of 
f(a +x) =f (x). 


1 | | f(x)dx = (п-т) [ходах 
та 0 


the period a, ie. 


iff(x) is a periodic function of the period a. 


2 Derivative of indefinite integral 
‚| ^ dy 
у= [ f(t)dt then -fe = f(x) 
a dx x 


t= 


1, E т 
Show that |, xf (sin x) dx = 3 || f(sin x) dx. 


win Hy ts WE а Чата 


1 


lz 
f Yf (sin x) dx 
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11. Properties and Application of Definite Integrals 


Recap of Facts and Formulae 


= 190) 


= ф(х) 


(х) 
«бре dy _ 
If y І f(dt then % fe) 


3. Inequalities in definite integrals 
b 
e Iff(x) 20 forall x € [a, b] then [ f(x) ах > 0, 
а 
equality holding iff (x) = 0 at all points of а, b]. 


<Г |е) [ах 


b 
f f(x)dx 


b 


b 
» Iff(x) 2 00 for all x e [a, b] then [ f(x)dx > | &(х)ах, 
a a 


equality holding if f(x) = g(x) at all points of [a, b]. 
e If minimumf(x) = т, maximum f (x) = M in [а, b] then 
b 
m(b-a)s| fGodx s М = а), 


equality holding for constant functions. 


4. Average value of a function over an interval 


The average value of f (x) over the interval [a, b] 
т id 
= dx. 
b-a J a Тик 


Forexample The average value of y = sin x over the 


1 к 
interval [0, х] = [ sin x dx 
л-07% 


1 1 
=- [-cos d eiae 
n 0 m n 


Selected Solved Examples 


= «-»f(sin п-х) ах 
0 


te ГҒодах-| fin-s 
0 0 | 


me гене 


а 
af «- 
г 


Fain avi 
-f хук лм =] хўл АМА 
г г 


x 
LES Hi f(sin ам - Ф 
è 


х2 
= ( fisn(t- 2х0) ccs x dx 


è 
M 

=| fin21)0514z. 
1 


Denoting each of the Erst two integrals by 1, 


қ. 
físin 21) $n ERI -fisin21) ccs x dx 
2 


fis 21)- (sm x + ccs xx 


ANS ES 
=2f fism 2х) сов |-- хіх 
è 4 ; 


{ $ a 
(7 [ люн--| fa) 


4 


M "T 
-4 


5,4 
=2*2] ficos 22) cos 22: 
2 


feos 22) cos zdz 


{7 Ка 2z)cos z is an even function} 


ws be ИТ Маме 


Oe ОТО ЛОК УОЛУ 


at 
feos Zi xs x dy 


„2\2 


Li 


M 


бс ух Xar, 
А 


a fa) is a monotonic and differentiable b 
function and a, bare two real тақы Sh ud 


Га» па) ах 2 
[чыгы 


As #(a) is monotonic, f(x) exists, 


Also ifx=f(2) then f(a) == 


and х=) = f а) а 
xf = taf t=). Then 
К 


RHS=2] FE)E-DFE) 2 
z 
Erfa “> 


> 
=| *-2AUfFENT 
2 


è 
=[@-21f@)! i? - f FOr- (-1м:, 
а 
using by pet 


ә. › 
БАТЫСЫ: 
è k è 
--[ م‎ z+ rore 
4 a 
è 
=f uror аа 
г 
LI 
=f tfe)? {F(a} dx, using property| 


b 
= [део а) fe - fn ік. 


981. dx =—F log2 


Хї-х* 


Put x= sin 6; then dx = cos Ө 20 i 2 


4 show that / 


5 Evaluate Г 


ош 


Propertins asd Applicitaon of Definite Tnteyrals 


д J E log sin (- e 40, 


М 
n 


1 ы * 
using f ELI 
р 0 


log ees 0440 


^S 
= 


x2 2 
EE ( log sin 040% | log cos 0 d 
ы ° 


à 


2 
=f log (sin 0- cos OND 


R? sin 20 
= log 


49 


log sin ¢ - log 2 ie" {putting 20 = 9] 
2 18 
ИЯТ leg sin ¢ аф 
= at 


- log 2-3 using property 


Now] ks ETE 
м ° ‘ 


nja 
* 
n. 


{putting e= 


= 

=f log cos ¢ 20, (using property) 

д 1 a2 " 1 x2 

=z kg sine de+z] deese -lke? 
24 Ё 2 


г x2 
=] log sin 0 20+3 f log cos 0 40 - log2 
0 0 и 


(using property) 
и д 
22 рар ЕГЕ gos 
21+51 2952 AS 2952 


xsin жан [$e] 


2х-к 


х 
E ы Ж 6-2 
and x-0 = 0-0; х=1 > 2 ұшы тш) 
2 297 71------ш 
& de NE os ego-[ 10897 s 2х-т 
° 


lo = R) sin Zv sin [Fos 4 


| | 


‚үл 
+ min 2v sin | ERE | 


1 * 
a= ——— dx 
2 ж-л 


a 


Le". "Li 
asf sins si ax DE 
21 2 


1 
„2 ak aw a) 
#х= heh, 


+ ED 
24% ж-қ 
i lee R 
Now, h= EI sin 2x sin s сов ya 
27, 2 


R =f, 
Put Fos xs в then sin x dv dt 


x R 
and ха0 => fet; хак = 12-3 


E 
BS ees 2sin x сов x: sin t^ "n 
вы. - ах 
^. У bod 
=- = sin tat = | tsin tat 
Жад К ja 
$ LI 
2| smi 
к° о 
{сг М = Sin t= f(t) Le, МО is even] 
> (eos )- J-cost at] 
x2 
x 
d cos tdt 
xe 
$ 8 
== Dn 
к x" 
sin 2x sin [S eo x] 
x 2 
Agai = = 
gain, 1 2 rm dx 
2(x —- х) -sìn [E costa xi 
==] 98 
2% 2 -х)- 
(using property) 
Sin 2x - sin Ts у | 
Ed 5 р. 
2% x-2x uh 
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8 
Із|,%і,«--%0«-;: 
л л 
л 
в. Evaluate f 
Evaluate Jj os ae 
"n kr" х 
= dr + T ے‎ 
[ ] GOES jd ee 


al, +h 


3 x 
Let ғ; - cos 2x 
{== 2(-x) 
LÀ =-f (x) 


2- cos 2x 
f(x) is an odd function, Hence I, = 0 
(using property). 


Let Li Lire 


tona 2 - cos 2(-х) 


1 ? 
72-cs2x = em 


л ф(х is an even function, So, by property of definite 
integrals, 


Dx pP dx 
2747 42-7608 2x 
n ah dx 
эх 2f 
4 ә 2-соз2х 
np“ шт 
2% | 1tn 
1+ tan х 
x 2 
қ вес ^x dx 
«> سس‎ 
27) 1 + Stan °» 
1 


dz 
= —— (putting tan x 2) 
2 m ! id 


ni 


к [ dz қ (Ене) 


0 


1 
з 

7. Evaluate | 1-х* ү. 
E 


=l +h. 
For I, put x = -y; then dx = -dy 


1 ы оё i 
and xg > Ита Оса 


° cp -1 2(-у) 
l= ———— соз -d 
| ran eet C 


о 1-у* 1+у 

1 

ашы 4 Ж 

=|” = cos ^! = dx 

о 1-х* 1+х 

Бы | 2 

мэ x -1 x EI X 
ә + cos ^! —— 
1-] 1 x} 1ex? n 


1_2х 


because for x е |0, 4 , c08” є first quadrant 
Уз 14x? 


1—2 = second quadri 


whereas сов” 


considering principal values. 


1 Y 4 
MM er $31-(-1) 
BX va зей (зей de 
= —— dren 
l ый 1-х“ А : 


1-х 
a. 4. 
= geere dx 
о 1-х 0 
1 
dx ani 


nj“ — 
o (ї+х”(1-х°) 


d 2 n 
TW 12x50 dr- 
на ae 


0o (exer?) 


1+x? JE 


3+1 л 1 
n z= al nx 
240845 1*2 p 
л (340)? n m 
=— log === 
4 2 12 {з 
л УЗ +1 т 1.4 
"ies (5 s 


dx (7 хх m 


t = TRR 
в, Prove tha Í, 14x* 0 1+х* 242 


dx 


Put х= 1 in the first integral f 5 


-1 
Then dx = E dz; also 
x20 => 2-%; X=« = 2-0 


e di v AC 222 


m ls mj -= dz 
odex' "= z? gyt 
24 
- 2 - 2 
=f zdz =f уйу ‚ using property 
0 1+:* о 1+х* 
= dx * хх 
PEU 
o 1+х* 01+ 
= 2 
3 1+х dx 
о 1+х* 
pine 1 
= Е dx 


x ley 
ul со 2275 
0 2 
+2 


Е 


3 Е 1 
Ei Put = >= 6 шеді "pent 


Aloxs0 = [sw and Хе 


‘ee = tan(79)] 


1 > 
5%; lun 
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3 
9. Evaluate р Ixsin mx| dx. 
-1 


The modulus of f(x), ie, |/(х)| has two 
definitions, one for f(x) 2 0 and the other for 
f(x) < 0. So, in case the integrand is a modulus 
function we have to divide the interval of the limits, 


here ЕР) in subintervals such that in each 


subinterval f(x) has the same sign and then use the 
following property of definite integral: 


b с 
J f=] fex | : f Q0dx, a « c « b. 
a а € 


Similar is the case for all integrands whose definitions 
are piecewise, like step functions, etc. 


Here, xsin nx 2 0 if x e [-1, 1] and 


xsin nx «0 if x € (41 


3 
1 3 
1-| [xsin nx | dx + | xsin nx|dx 
-1 1 


1 ? 
=f xsin tx ax + | -xsin nx dx. 
-1 1 


4х 


“cos лх [-cos NX 
Now, f xsin nx dx = x jo 


1 1 sin rx 
z-—3Xc0sTX4—: 
x n 


a 


1 sin лх]! 
Iz|-—xcos nx + —3 
л а Е, 


1 sin rx] ^ 
-|- —xcos nx * —7 
n n 1 


Sr 
2 


15 
10. Evaluate | (4%, where [x] із the greatest integral 
0 


function, 


18 \ 2 IE 
Here, Jaf Mx f pets f рема ТЕТ 
“4 0 1 2 


Dau 


because [x?] changes its definition in |0, D, 1, ¥2), 


132, 1.5] 
1 № 15 
1=f 0dx «| 14х+| 2dx 
0 1 E 
because in [0, 1), [x 2 0; in [1, 2), [7] = 1; 
in [V2, L5], [x7] 2 2 
1=0+ x[ + 2 × ×[ = @-1+215- 2) 
-2-32. 
11. The function f(x) is defined as follows: 
Дю =x, -15х<1 


vx, 1<x<2 
№, 25x54. 


4 
Evaluate f Ғсдах. 
EI 
4 1 z 4 
Here 1-| f(x)dx =| дах + Í f(x)dx + || f (x)dx 
-1 -1 1 2 
1 2 4 
=f x dx + | x dx + | N2 dx 
-1 1 2 
[using the given definition of f (x)) 
х3 [22] 4 
Е]. | 5 | + \2 Із; 
1 


2 
(L1, 2 gon ot 2 
(sje 122) + 424 - 2) 


2 


H 
3 
2 
=5+ 322 - 1) +22 1 


207 
12. Evaluate wf Icos x dx 
-20n 


100 
(j (к-а. 
10 
(a) Clearly Icos х1 is an even function. 


20n 
r=] Icos xl dx 
-20x 


20я 
=2 | Icos x1 dx, using property. 
9 


Now, lcosx! is a periodic function of the period x 
because lcos х! = I cos(x +л)!. 


1=2х20 | Icos x dx, using property 
0 


v2 n 
-4 || [соз xldx + | Icos xdi 
0 2 


using property 
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яр 


= 40 if 


cos хіх + Í — cos xn) 
x2 


0 
=| sin хіх (^їп0<@<п,|зїпх| = sin x) 


(> cos x is negative jf t 8 
2545 = [-соѕ х] = — 00 0+1 


"m S 
ы -40 
40[sin х], [Sin x), [= +1 = 2п +1- cos Ө. 
= 40 + 40 = 80. 
(b) Clearly, f(x) = x - [x] is a periodic functi 5 
а tion of k 44. If fœ) =- I log cos 0 d0, prove that 


f(x *)2xs1-Ix lx €1-0b] +1] 


=x-[xl=f(x. 3) 08-2) 29 ва. 


100 3 
Г &-txpéx = (100 - 10) | (x - tex 
SuSE 


10 


1 
=90 ], xdx – 90 Г [ах 


x Г 
- [| -90| 04, 
210 0 


because [x] = 0 in] 


LI] 
13. Show that] — Isinxldx-2n41-cosf, 
0 


where п е Nand O0 <S0 < 
x 


=- d log les Z- Sin Z)- al dz 


пк+@ 


ї= | Isin xldx 
0 


nx nx +0 
=| Isin х14х + | ріп xldx =1, +: ; 

0 пк =- Р. [estes z+sin =) - Fog 2| az 
пт XR 

Now, =f” lsnzidxen[, (біп іі 

9 "um jon 

(г Isin xl isa periodic ie 
of the period 7) 


MI 


me хл 
= <18 2 [21^ -| 


log(cos z + sin z)dz 


мін 


=n f sinx dx 1 


in the ist 


bm 2- jf pups z sin ә 
(у. біп xis positive : 
[хі 
( 


1 t 1 
ж зы Ф) 
=n [cos 3]; = n + 1) 2 27 21905 2 - 1 log (2 21 іп z)” ( 


9 


пк 


2 ың £L 
sin x dx. Putting £ =" 


N x 

E ow, | E СЕ jj^ 
ө mz E p 
hel зит +2) = Î, E 


=[" to Ls cine [^ оа |а 
T в [cos 5+ sin |+ 1 osf 2 2) 


me. E log cos n - 2) (-42) (Putting Ө= 5 - z) : 


ZI 


Properties and Application of Definite Integrals Dt 


БІ ше imis 
2 
[` i. ^ 
* E log (os + sin 5] (putting ! = -4) 
x 
= log [5-9% ij^ 
d B. . 0 е 
+ f log [cos 215іп 2(4 (using property) 
9 ө 8 
=f log (еҙ- sin 2 (< 7+ sin B 40 
af ig cos? 8 sin? ao 
o 2 2 


x 
= А log cos 0 46 = -f (x), from the question. 


'. from (1), we get 


Л S) ова Foo 


15. If f and g are continuous functions in [0, a] satisfying 
f(x) =Ка - x) and g(x) +g (a - х) = 2 then prove that 


a a 
[ғовак] foz 
4 р 
| f(x) водах = fa – x) - g(a - x)dx, using property 
ч 
= | f(x): (2. - зах (from given conditions) 
a а 
=2 | Кох - J, f(x) -g(x)dx 
a a 
2 | fly gaz =2 | [ох 
0 
a a 
f feo водах = | fox. 
0 


x 
16. If f(t) is an odd function then prove that f fat 
a 


will be an even function. 
x 
Let %-| fdt m 
a 
Asf(t) is an odd function, f(-t) = - f(t). 


-х 
Now, ¢ (-x) = | ДОЧЬ putting -x for x in (1) 
а 


x -X 
tec» foa - | гой 
а 


аз» не 
Vitae 


a 


А А | 
j қан») finir using property 
а 7 


» ғаме = 0, because fU ds ай ald function 
x 


(d= O(a) = 0 80, P(X) = ФОХ 


х А 
Hence $ (т), le. | Fit is an even function, 
^a 


17. Given а function f(x) such that 
(0 it is integrable over every interv: 
(id f(x +) = F(a) for every х anda real t. 


art 
Show that the integral [ fox is independent of 4. 
a 


alin R 


ast г t at 
t=] fexxe f кон] fei | Forde ... 0) 
aet a 
Now, J fex] fit+ dz (putting x = tz) 
t e 
=| f(z, using Gi) 
e 
= | flxdx, using property 
0 
9 t a 
ї=[ Ам f Кох +| f(x)dx, from (1) 
a 0 0 
a t a 
--| кә + | feos +] f(x)dx, using property 
0 0 0 


t 
=| f(x)dx, which is independent of a. 
0 


18. Prove that for n Е №, 
sin 


six 


=2 [cos x + cos 3x + cos 5x +... + cos(2n – 1)х]. 


«2 
Непсе ргоуе that | sin 2nx - cot x dx = 5 А 
0 


Let 5 = соѕ х + cos Зх + cos 5x +... + соѕ(2и – 1)х 
2sin x - S = 2sin x - cos x + 2sin х. cos 3x 
+ 2sin xcos 5x +... + 2sin x + cos(2n - 1х 
= sin 2x + (sin 4x - sin 2х) 
+ (sin 6x - sin 4x) +... 


+ {sin 2nx — sin2n - 2)x} 


= sin 2nx 
sin 2их 
— À5.25 
sin x 


. = 2[cos x + cos 3x + cos 5x +... + cos(2n — 1x] 


19. 


vis Plus it ii Манени са 


A 
f sin 2n 
ain ну eot v id = "ETE! Con x dr 


| 


а 
j 


" 
2 
x ihe зом x [сов X + cos ЗУ + сов Bye f 
0 
+ Conn = | 
^ 
- И [(1 + соз 2x) + (cos 2x + cos 4x) 
04 


+ (cos 4X + cos 6x) +,,, 
+ (соз(2п ~ 2)x + cos 2л}, 


= [1 + 2(cos 2х + cos 4x + cos бх+,., 
0 
+ cos(2n - 2)x) + cos 2) 


хр sin 2х sin 4х біп 6x 
pem sme, singe 


=[0, 2 4 6 
sin(2n - 2)х7" [sin 2n]. 
+— %--- 
2n-2 ], 2n | 
NS 
E 


i n-1 
1,- f sin "4, пеМ, show that I= hes 
M А 


x 
2. 
Using this reduction formula, evaluate [ sin x dx. 


R хр 
x " -1 i 
Here I, - f^ sin"xdx= | sin "7'x «sin x dx 
0 0 


or 


= [sin "=x -(-cos 2) 
r4 
NP EE 2 
= f - cos x + (n - Dein" x cos FE, 
пр 
=| (п — Dsin" x - cos ^x dx 
0 


2 
=(п-1)[` sin" ^x. (1 - sin *x)dx 
D 


z 5 р, ШҮН 
=(n=1) sin" "^d - e - DJ, oe 
5 


z(n-1),.5- (1 - Wn 
I, + (n- 1), = (n- 1,2 


n-1 4 
ПИ 1593 


Properties and рация of DEE Рерих 


; 9-1 
2,2% Lco А Н 
sin "x dx = ly = = |, using (1) 
Now, Г 9 
ved 7-1, „8*6 5-1 
Rege TT ҰЙ! Ж 


BILET 
1 975< 


EET 128, 
eziz 99, “215 


вх6х4 3-1 


^0x7x5 3 


sing dz 


А 
Note All integrals of the form f^ sin "x dx, є М can be 
0 
evaluated by the reduction formula 
n-1 
I, = я 13-2. 
1 
20. Evaluate Í (tx «1 - zx) "dx, n е Nand fis a parameter 
0 


independent of x. Also show that 


1 
ka - п-к. = 1 
| а= 9 (п +1). "С, 


1 1 
| @х+1-х)"4х=[ {(@—1)х + 1) "dx 
0 0 
1 
шскен ا‎ 
0 


| (n-1-1) | (m-1Xt-1) 


1 


NM от...) 


using sum of GP 
Now, (ix + (1 - x)" = "Co(tx)" + "C,(tx) 77? - (1-х) 
+"Cx(tx)"~? (1-x)? +... 


*"C)"7*- 0 7x) iie" cS - x)" 


1 іп 
| (xr*1-x)"dx = | L псіх)". (1-х) х 
Ok=0 


n 1 
=F anf "C, x"7*a - x) к 
К=0 9 


using (1), we get 


1 
nag t ti + eee) 


n 1 
pi spe J "C, x" a - x) ax. 
= 0 


Ке Ey. 
ating coefficients of 1"7 on both sides 


Los 1 n-k k 
п+1 с-| x"^"(1-x)^dx 
0 


1 көке Ж 
aC, f 0-17 d - $02 tn 
А 


aing proper! 


1 
f yk РЕ ےو‎ gi 
z"'-(1-2) ax= ч 
ж ) dan 1)- “©, 


$ 
* @ UV 
21. И к=], 12 UTE 


mn я 
if у=] f) then we hase ГИ 
2 40 ЕГІС 
3 
еш 
=) Е 
2 1-4 
БОК ey ob Ж 
465) 4,5: 4.6 
йу 1 1 
о. 


dr 
y xa f du 
£g] Жак ЖЫ. 
22. 16 ostat] 7 dt, find С 
Differentiating both sides wt. x, 
df uw 4 (rmt, йде? 
— 1 = ——gt|. 
zl S 2 dx Ial 4 et üx 
ы M 4 
2 dy sinx 
or dt ux -2х 
or dy aun 
dx xcos y? 
2 2 
| eas 
23. Find lim — 
хое z д? 
fe dx 
0 


2 xoa 
m В 
Ase »0in[0, х1, f е dx xasx х. 
o 


Hence, the indeterminacy is of the form m 
oc 


So, L'Hospital's rule is applicable. 


d 
limit = lim — 


Yaw d x 2 
2 2х 
dx fr á «| 
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п 1 dx n 
24. Show that < re ae 


Clearly, 4- x? - x^» 0 for x e (0, 1]. 


Also, 4- x? > 4 - x?- x? because 0« x «1 and at x=0 
they are equal. Again, both sides are positive. 


1 1 


4-x' 4-x*- i? 


Т. dx fi dx 
eb [at 
о Vaca) jo 4-11 
Again, 4-x!-x?»4-x!-x? for 0<х<1 and at 
x = 0, 1 they are equal. Also, both sides are positive. 


...)1( 


1 1 
кен: еее E со 


.Q 


.. 4) 


from (1), (2), (3) and (4) we get 


! dx x 


5. 
=<) = —. 
6 '",V4-x-) 492 


25. Letf:0,2 > Rsuch that f(0) = 3 and 


HE Rok к 
fue er Show that 3+4 <f [2.365 
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athematics 


[rows "rep; =f ӨШ of; : e % 


i 1d sni dx 


В -4 
ме, [rente Кесте тт 


сар 1 


* Ж 1 x 1 : 
НИ -Г----а>|-- 
and [fex Г T+cosx [ 1+1® 


pui e t 


From the above two we get, 


5 E < NI < p dx 


1 (5) -3 55; from (1) 


26. А cubic function f(x) vanishes at х--2 and has 


relative maximum/minimum at x = -1 and x= 1. 
is 

и | fede => find fen. 
E 


Let f(x) z ax? + bx? + cx + X; 
then f'(x) = Зах? + 2bx + c. 
From the question we havef(-2) =0 


1 
Ва + 4b - 2+2. =0 E 


1 : iti 
Also, Ро) =0 when х=-№5 (using condition 7 


relative maximum/minumum). 


Ғсо-0 => 3a-2b+e=0 .8 
and f'(]-o 25 Sect В 
a+2b+3c=0 s 
DB) = 4a+4c=0, ie, C=? 
0) => a+2b-3a=0, ie, b=% 
from (1), -8a + 4а +24 +A =0, ie i22 "d 


2_х+2) ° 
f(x) ax? + ах? -ax 2a = a(x * +I А 


1 
Í fdr- Ë gives 
E 3 


р 


tome АҚ 


Properties and Application of Definite Integrals 


] 14 
| a ex? x 2x 


or 


from (4), о) 2 x «xà - x 42. 


77. Let atb=4 where а<2 and let g(x) be а 


Е 1 
differentiable function of x. If >0 for all x, prove 
a b 
that J gadr +] g(x)dx increases as (b - a) increases. 
0 [] 
a b 
Let y -| gGodx +f seodx ... (1) 
0 0 


z=b-a=(4-a)-a=4-20 ssa (2) 


d 
We have to prove that Fa >0. 
PERT d di 
Differentiating (1) w.t.t. a, d = g(a) + g(b) - da 


d 1 
or A = g(a) +50) T (4-2) = g(a) - g(b). 


Differentiating (2) w.r.t. a, de 2-2. 
da 
dy 
dy da g(a)~ 8) g4-a)-g0) 
oe ees T S see (3) 
da 


de 
Аза<2,4-а>а. Also = >0 for all x, implies that g is 
an increasing function. 


$(4- a) > g(a). 


1 
(3) ә “30 ie, y is an increasing function of z. 
dz y 8 


a 


b 
[ „$ (дах +] g(x)dx increases as b - a increases. 
0 


x 
38. Let f=] |t 1|dt. Examine the continuity and 


А з 
differentiability of f(x) in the interval F 1]. 
In 


2<x <-1 then « : E 


x 


x 2 t 
figs -eena-- [id $ 
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2 2 
И. 3 
773 х«[2-2)=- 7% 


If -1 sx s1 then 


x 
f=] репа 
E 
3 
=f режа | реж трае 
n A 


3 г 
=f ата + | (+a 
М 5 


Е 
Fie HIR A 


fe9s- Lx, 


2 2 
As both [-2-:] and ERES polynomial 


functions which are continuous and differentiable 
everywhere, f(x) is continuous and differentiable in 


[21] except perhaps at the turning point of 


definition, i.e., x - -1. 


Now, lim f(-1—h)=lim |-2(-1-1)? - (-1- In] = 
hao ho 2 | 


lim f(-1 +h) = lim ела) tet 
hoo hoo (2 72 


and f(-1) -lssofQ) is continuous at x = -1. 


-1+h)-f(-1 
Again, lim [CUP ge : fen 
hao 


(-1+h)? 
? 


screnei-2 


h 


-1%й%1-- 


І 
= lim 2-0 
hao 


So, f(x) is differentiable at x = ~1. 


3 
s f(x) is continuous and differentiable in Ё 2 1] 


с 
29. If f(x) is a continuous function with f Кй ~ as 
0 


|х|- then show that every line у = тх intersects 


x 
the curve y! «f f (nit 22. 
9 
2 4 2.3 x 
Putting y= mx in yy" + | f(Ddt we get nix + | finat. 
0 0 


x 
Consider the function 6 (x) = m "x 2 +f ftat. 
à 


Exercises 


a a 
1. Prove that f хах) х = [ x"(a - x)" dx. 
a 


a 


x 
т cos 0- ѕіп Ө 
2. Prove that || ———— 10 = 0. 
a 1*sin Ө. cos Ө 2 
ы "m 
3. Evaluate J И dy 


o COS X t sin X 


x 
4. Prove that J log (1 + cos x)dx = -rlog 2 


fa) 
o Жа-/01- 


5. Prove that J 


6. Evaluate [* log(1 + tan хх. 
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f Кй = f(x), 


As f(x) is continuous and jc 


ap ft is also continuous. The derivative da 


dx U 
discontinuous function cannot be continuous. % 


M is also continuous. Again, my? i ДЕ, 


continuous, being а polynomial function. As the Sum 
continuous functions is also continuous, ф(х) is also 


continuous. 
Now, $(0) =0 + i pdt = 
(x) 9 « as |х| > =, because mx? а 
and | өй when |x| > = 
o 


- for all real values of x between -œ and с, Q (x) attains 
values between 0 and =. 


[Note If o (a) =p, ¢ (D) = q and ¢ (x) is continuous then 
evcry value аа p and 4 will be attained by 


(x) for x between a and b—this is clear from the 
graph of a continuous function] 


^. 0) willalso attain the value 2 for some real x andall 
real m. 


: 
et) 22,íe mx? + | ftit 22, 
0 


з 
ie, y^ ftate 
0 


will have real solutions. Hence, tHe problem. 


man 


xsin2xdx — T 

7, Prove that f TERT i E 
а cos x + sin^x 

Evaluate tlte following: 


Li 


8. sne , 
ol*cos^x 
x 
dx т 
9. | mE. we от 
о l+cosa-sinx 2 


R 7 
10. xdx 
о aos 2х + b sin 2х 


п.| 


"ойх 


о 1+ соѕ r 


Properties and Application of Definite Integrals 


xtan x 


1 
کے‎ dx == -— 
12. Prove that f o tan X + sec x Ете) 


л р л 2 
уз. Prove that f xlog sin x dx = - > log2. 


л? 


Pu А 


юра 


44, Prove that J x(Vtan x + cot x)dx = 


1 x 


5, Prove that J? log sin xdx = J? tog cos xdx = - fig 2. 
p». 0 0 2 


ЕСЕ dX юр? 
16. Prove that ^ ов[х ^ Tee Шы; ' 


a 
Prove that 1А log (tan х + cot x)dx -тіор 2. 


1. 
xlogx 
18. Prove iat ES dx = 
о (1+х ay? 
р stan ix zd 
Қы я1+\Мапх 12 


6 
202 
20, Evaluate | ¢“ * + со 21 + 1)xdz, 
9 


n being ап Pen 


Hin’ me کے و‎ А =з. 


21. Prove that Is А T 
- 0с05 


tog tt ave 
esee 


- .2, 
23. Prove that [ "ов ut) dx = f lg +¥) qy, 
о LER? 0 1+x° 


22. Prove that 


2 
sin^x 


24. Prove that у= Л 7! vt dt, 


cos^x 
sin" Vt ШЫҢ cos 
8 
where x € Ш DES the equation of a straight line 
Parallel to the x-axis, Find its equation. 


Evaluate the following: 
2 ҡ 
5. J [cos х – sin x | dx 
26, : 
J ds edat pas 


27. í 2 
Их) = [52 - E i |x -2. evaluate | fdas. 
0 


КИШКЕ 
Fr] is the greatest integer function then evaluate 
І (Мих. 


29 Pay. b 
Tove that г Mx] + [-x]ldx =a - 8, 


Wh + 
те [x] is the greatest integer < х. 


И - Dan +1) 
30. Prove that j [Vxddx = > Dt} ; 
0 


where 1 е N and [x] is the greatest integer < x. 
x 
31. IE f(x) = [х]4х then define f(x) as polynomials in 
0 


the interval [0, 3). 
32. If x > 0, prove that 


Јазы -1] ts - Ge 


Evaluate the following: 


1007 
33. Í V1 - cos 2x dx 
0 


107 
за. | {|sin x] + [cos x | dx 
-10л 


Son 
35. Í sin *xdx 
0 
107 
36. 1 |cos x | dx 
Li 
2 «Un 


37. Show that f [соз x | dx = 2b + sin a, 


од 
Е. 2 ©! 


bec 


38. Prove ты] fodx a 2 = с)йх. 
Hence, show that J sin Wx - cos хіх = 0. 
0 
74 4 а 
39. Show that | feodx =[ f(x)dx + | fa- х)йх. 
0 0 D 
x 
40. If f(t) is ап even function, prove that | f(tydt is odd. 
0 


x 
в] f(t)dt,a #0 odd? Justify your answer. 
a 


> 


Jana fon is 
x 


m= 


41. If f(-x) + f(x) = 0 in the interval pz 


шым 


periodic with period 4, prove that Pici is a 


periodic function of the period A. 
42. If f(a + x) = f(x), prove that 


па а 
Г feoixs e - nf. for. 
a 0 


43. Prove that f(x) = is a periodic function 


sin *x + cos іх 
55 
4 біп2х 

and evaluate | а ds 
x sin x + cos x 


D-152 


44. If f (x) is a periodic edes with the period t then 


bent 
show that INC fdr = Г f(xydx where n М. 
I- a -1 
45. If I, =f cos "x dx,n € Z, show that 1, کے‎ h-a 
0 


2 
Hence, evaluate [ cos "x dx. 
o 


46. If n e N, prove that 2f? sin 
0 


ту dx = aX im, Where bx 


22 


1 
is the middle term in the expansion ох + 
(4x 


47. ШІ, «f tan "x dx, пе М, show that 
0 


Lol 
Ii: - Hence, evaluate | tan x dx. 
9 


ав и, = e 


° 


+(x - 1)"dx, n € М, show that 


1, * nl, 37 (721)* 7. 


Hence, find и < 5 such that 
1 

[ a-n- ée. 
€ 


x 


3n 
а 
3241 "7! 


, 
49. lf | а-у, prove that 1,- 
4 


Problems Plus in ИТ Mathematics 


Гуам 


تبت گے 


56. lim od 


vod 


х 
cos t° dt 


D) 
SS 


a xsin x 


x0 


Establish the following inequalities: 


sin xdx 
= (+x)? sls 


62. Sow that 


n ju mk us dx 


O<k 
o Y1 - K'sin^x- E 


wi- отк 


2 
63. E ет (x - Aix = 0, prove that 0 « < 1. 
0 


64. Find the maximum or minimum value of 
x 


xe^* йс 
[ 


e 


65. Investigate for maxima and minima of the function 


т 
та «30-17-72 
1 


66. Find the intervals of increase of f(x) defined by 
f=] e .200- Dat. 
3 


х © 8 
67. f=] |t-2|dt, examine the continuity ard 


differentiability of f(x) at x= 2. 


68. Find a function of the form f()=22™ +5 s E 


: окай Questions 


pillin the blanks. 


5, Tevalue off sin"x-cos ^" rdr ne Nis 


В sin ёх - — 
7; The value o Ji PT NN 


= j pes m e rdre 
> - E 

Т TE x 
qa The value 01). Tesina 

+ 


dx= 


Е т 2sinr-sin2r 
жие. Е 3 


dx, x 20 then 


lm fine 


; E 174 
i xan" x 

orne м, | EST dr = 
Р о sin x + eos "x 


от. цх |x|) dx has the value 
E 1 т и 
3% Но = ag + E соз kx + X sink 
ге ket est 


= 


then І © (х)4х is 
° 


K ) 4 

> P. The value of Í log[xdx = , where [x] is the 
| 1 

greatest integer function. 


кюн *,0<x<1 whilef(x)=Vx, 1sz<2 


буп] fdr = D 


e p К 3 

йн] Gax? r+ dx = | (Зах? + 2bx + дах, where 
7 1 

2.2, care constants thena+b+¢= 


E 
S The value otf : x [ixi -e? Jax = 
ES 


where А, н, v are depen of x and f@ 
Раев2)-30 and ү (а) + valde =285- 
69. Find ЕЕ РЕС т. 1 Мако пав 
zu * iar which are equally inclined e "* — 492 2 0 
y axes. ^ The value of Г есік dx is 
т. f= treo “1 dx and | "m в sed S ur ar C 
y: (d) none of these 


then find f (x). 


Properties end Application of Defirste Ісікүегір 


ж 2x 
85. uf flan xix = 3. then | ал x)dx is equal to 


т 
2)52 H-V. 
2 
{с)2). {@) nome of these 
E ж 
87.} fixxz-2] оз сал hold t 
$ ғ 
а) fa) is even. (5) fi) 35 odd 
(c) fx ретке i) Rr- r) =- #2) 


lòf- D=] 


(ek Kil 6 


90.12 f(x) Б an етеп funcion then the value of 
] ion 2) A. where ids a constant. is 


fa} a HEED- 
QRA (d? nome of these 


91. The value of j (lee зав 


(a)-1 1994 
(Qi-e^ (d) rone cf these 
өз Let /:R К be a differentiable functor and 
„К 222 
= Then the value of im Г id 
1:3 
(seq) Ob (QUID ^а) 


эз. Let f: R — К and у: R — R be continuous functions. 


Then the value of [^| (f(a) + FEN - желігі 


1 (92 (3)0 


: 
atus] [tit then 


(ул 


(a) f(x) and (а) are continuous in(-l +=} 

(b) Да) із continuous but (х) is not continuous 
(-1, +=) 

(©) F(x), Га} are not continuous at x = Û 

(d) f(x) is continuous at x = 0 but f(x) is not so 


in 


Drs 


95. На, b, ¢ be nonzero real numbers such that 


t 
|] (14 cos Уа 4 ba + edi 
0 


- lu (1 + cos (ax? + bx + суіх 
0 


then the quadratic equation ax? + bx + es 0 has 

(а) no root in (0,2 B 
(b) at least one root in (1, 2) : 
(c) at least one root in (0,1) : 
(d) two imaginary roots 


л 
96. The value of Í M (psin x + qsin *x + rsin Ndr 
depends on Y 
(а)р (b)q (Or (d) p and r 


97. If f(x) is continuous and не N then the value of 
[re - fenis is 
-2 


(a) п/(2) 
(c)0 


(b) 2n 
(d) none of these 


x 
98. The point of extremum of f(x) = f. (t - 2)°(t~ I)dtisa 
9 


(а) maximum at x = 1 (Б) maximum at x = 2 


(c) minimum at x = 1 (d) minimum at x = 2 


(e) none of these 


Problems Plua in UP Mathematics 


force E is computed Бу £= E, gin ènt 


being constants, is equal to 


To LE x 


65, п" 


maximum nor minimum at x = 2 


(а) Ey (b) 0 в. (x, 2) 4 C1, 0) О, е) 
Ey 67 continuous and differentiable 
(oz (9) none of they I : N 1 
n ! B Ba, 70%" - Be Y= 10x yrds 
100. If g(x)= cos ttdi then g(x +n) equals S 71.0 72.0 
? I 74 (N2- Un 75.1 76. n? 
(а) (x) + (л) (b) g(x) - (л) ; 
(х) 
(с) #@) s@) (а) — 
Еу) 
n T in + 
101, The value ot ZL жап x) xis 
-n 1 + COs Px 
2 п? ) 
(a) 2n (b) Ет (с) л? (4)0 


State whether tlie statements are true ог ‘false. 


102. f(x), g(x) are defined іп [a, b]. 


b b o 
и J fcyix» | водах then f()»gt) in & | 
а а 


interval (а, b]. 


103. If y= J, f()dt then E: -f(b. 


104. Г f(x) - сов x dx = Г (f(x) + f (7x)] cos x dx. 
a 0 


99. The average value of the electromotive force Es т а 
2 X 
ji i i . | —— - 0. 
over the duration t € [0, T] where the electromotive 105. Mns уса 
Answers 
1 5 x л? 4 
з. 35 19802+1) &glg2 87 фо) +oCx=-f ft 
-й 
2 2 ا‎ Ж 
9. ласоѕес я 10. =o 11. = 20.0 which is zero when a = 0 
"E: 5.26 وو‎ 
3л $5) 1 ; “693 '4 10 
24. 9715 25.22 26.9 27.7 3 
ag; ا‎ -, 
28.5 1-4-7.....(3 1) 
31. Қа)-0,0<х<1; Қх)-х-1,1<х<2; Ы iT 
f(x) =2х-3,2<х<3 50. 2x log(1 + x2), (2x2 + (1 + x) lol 
ET 1«x? 
33. 20042 34. 80 35.0 36.18 
40. no, because 51. -2x sin x?. eY 


x -X 
Фо) ф(х) = (а +] saat 
a a 


and putting t = —2 in the second we get, 


4 
53. 3 54. 


57.1 


48.3 


+12) 


imum at х= |, minimum at x -? 


73.0 
77.0 


' neither 


78, ллу 


82, 0 

86. (c) 
90. (a) 
94. (a) 
98. (c) 
102, false 


Properties and Application Of Definite Integrals 


79. log 6 


83.0 

87. (c), (e) 
91. (d) 
95. (b) 

99, (b) 
103. false 


a0, 12-1 
3 

84. (a) 

88. (d) 

92. (a) 

96. (b) 

100. (a) 


104. true 


=m Ж 


81.0 


85. (dj 
89. (с) 
93. (d) 
97. (c) 
101. (c) 
105. true 


12. Area 


Recap of Facts and Formulae 


St jndard areas 

The area bounded by the curve y = f(x), the x-axis (i.e., 
y= 0), the ordinates x = a, x = b(b > a) is given by 

3 b 


area = | ydx 


ü 
where y is to be expressed in terms of x from the 


equation of the curve y = f (x). 


d 
no ug fo. 


' The area bounded by the curve x= $ (y), the y-axis 
(e, x =0), the lines (abscissae) y = P; y =й, (q > p) is 
given by 

4 
агеа = [ xdy 

where x M to be expressed in terms of y from the 
equation of the curve х = > (y). 


' The area bounded by a curve y =f (x) and the x-axis is 
Biven by 


b b 
ims] ydx = | (У) =f (x) dx 
a 


b 
=f f(x)dx 


a 


W 
here у= f (x) cuts the x-axis at (4, 0) and (b, 0). 


D-159 


Y 


» Thearea bounded by a curve x = ¢ (y) and the y-axis is 
given by 


area | zay- [ (0s dt =| 9090) 
p р р 


where x = ф (y) cuts the y-axis at (0, p) and (0, 4). 


2. Nonstandard areas 


An area may be bounded by two curves, or à curve and 
a line, or two curves and a line, etc. Such areas are not 
standard areas. In order to compute such areas,do the 
following: 


. Divide the whole area into a number of standard 
areas whose algebraic sum (ie. addition/ 
subtraction/or both) gives the required area. Some 
nonstandard areas are given below. Observe their 
computation. 


O ------=-------- 


Frobxems 


The area bounded by the curves y zx) and y= e(0 


* Seven > 


а 


kK 


The area bounded by the curves у =f (x) and y = ф(х), 


and the x-axis is given by 
à b 
area =f 453754 +f $(x)dx 
a > 


= arfACDA) + ar(CDBC), 
where the points of intersection of the curves with the 
x-axis аге (a, 0) and (b, 0) respectively and the two 
curves intersect at (7, 1). 


3. Sketches of curves 


Clearly, in order to decide the limits of integration and 
sum or difference of standard areas to compute 
nonstandard areas, it is essential to have a rough idea 
about the shape and orientation of the given curves. 


e Sketches of standard curves 


х? +у? =a? 


Plus in Т Macemahics 


-œ 


* Sketches of nonstandard curves 
When the curve represented by the equation is nta 
known curve we take the following Steps to geta 
rough sketch of the curve. 
(a) Symmetry about the axes—If the equation of te 
curve contains only even powers of x then the curves 
symmetrical about the y-axis. Again, if only ers 
powers of y appear in the equation then the curve is 
symmetrical about the x-axis. 


№ < 


the axes—Solve the 


: ints of 
find the рой 


xis, If we get? ч 
t the са! 


(b) Points of intersection with 
equation of the curve and y - 0 to 
intersection of the curve with the x-a. 
one value of x, say a, the curve will cu 
one point only. If x > « when y = 


/ _ inthe |. 
meet the x-axis at infinity. This fact 15 shown jd - 


sketch by drawing the end part of the pee p 
to the positive side of the x-axis. Similarly 


side if x + - when y =0. 
Y 


vc X 
o 


-5 


а.‏ م 


Area 


Solve the equation of the curve and x =0 to find the 
points of intersection of the curve with the y-axis. If 
vx (ок у=» -x) when x=0 then the curve will 
meet the y-axis at infinity. 

B 


0 ( X 

(с) Trend of values— Observe the effect on values of y 
when x changes. See the sign of y for values of x in 
different intervals. If y > 0 for a < x <b, the curve will 
be above the x-axis between the points (2,Ғ(а)) and 


(e, f (b. Instead, if y « 0 then the curve will be below 
the x-axis. 


Y, 


1f y goes on increasing when a « x « b, then portion of 
the graph in [z, b] will be rising lower to higher. But if 
y goes on decreasing in a « x « b, the graph will be 
falling higher to lower. 


у>0%а<х<5 


y<Otva<xn<d 


Observe the effect on values of x when y changes and 
make similar conclusions. 
For example Rough sketch of the curve 
)ر‎ + х3) = ra? - х3). 

Here only even powers of x as well as y appear. So the 
curve is symmetrical about both the axes. 
Put y = 0 in the equation of the curve. 
We get 0 = xa? - x?) ie. x = 0,a, -a. 
So, the curve cuts the x-axis at (0, 0), (а, 0) and (-а, 0). 
Similarly, putting x = 0 we get y = 0; so, the curve cuts the 
y-axis only at (0, 0). 

2 ха? - x?) 
Asy ==, we get, for x > a or x <—a the value of | 


а +x 1 
у? is negative and so y will not be real. Thus, we find the l 
curve cannot go to the right of x = a or to the left o£ x = -2. 
Hence, the rough sketch of the curve is as given below. 


Selected Solved Examples | 


1. Find the area bounded by the curve у = sin "x and the 


lines x = 223 
ines x=0, l yl 2 


қ NA ; isi ard 
The curve is у= sinix, ie, х= siny- This is a stand. 


Ж Я 
Curve. Lines x =0, у= B and y=-7 are the y-axis and 


x 
A b T =, опе 
two lines parallel to the x-axis at a distance 24 on 


above and the other below the x-axis respectively. 


Hence, the shaded payt is the required area 4. By 
symmetry of the curve and the lines, 


ar(OABO) = ar(OCDO) 
A =2 x ar(OABO) 
-2 P (Nure dy =2 |^ sin y dy, 
0 0 


(7 the equation of the curve is x = sin y) 


۵ =2 [cosy] =20+1] =2. 


2. Find the area bounded by the curve y = x(x – Dx -2 
and the x-axis. 

Here the curve is not a standard curve. We make 

rough sketch of the curve. 

Solving with у = 0 (Le., x-axis), we get x = 0, 1, 2. 


0153 


Solving with x = 0 (і.е. y-axis), we get y = 0. 
Hence, the curve passes through (0, 0), (1, 0), (2, 0). 


Thus the curve cuts the y-axis at the origin only and the 
x-axis at two points (1, 0), (2, 0). 


МЋеп0 <х <1,у = х(х - 1)(х- 2) = (9009 = (9. 
When 1 <х<2,у = x(x – 1)(х- 2) = (09 =.(-)- 

. inthe interval (0, 1), the curve is above the x-axis and 
in (1, 2) the curve is below the x-axis. When x > 2, y > 0. 


Thus, the shaded portion is the required area. 
the required area = |ar(OCAO) | + |ar(ADBA) | 
... (1) 


1 1 
ar(OCAO) - | (Y) curve dX = J x(x - 1)(x - 2)dx 


1 
=f (x3 - 3x? + 2x)dx 
0 


2 4 2 
ar(ADBA) = [ (curve dX -&- х?+ x 
1 


3. Find the area bounded by the curve y = 2x - x? and the 
straight line y =-х. 
Here the curve is y = 2x - x. 
у=1-(х2-2х+1)=1-(- iy’; 
so (х-1)°=-у-1). 
This is the equation of a parabola whose vertex = (1, 1) 
and the axis is x - 1 =0,i.e.,x= 1. Also (0, 0) isa point on 
it. When y = 0, 2x - x? - 0. Ѕо,х= 0,2. 
А = (0, 1) and B= (2,0). 


Thus, the required area А is the area of the portion 
shaded in the figure. 


Problems Plus im ИТ Mathematics 


^ = Jar(OABO)| + lar(AOCD)| - lar(BCDBj 


Solving y = 2x - x? and y = -x, we get 


-x22x-x)ie,x!-3x-0 
x=0,3 andy =0,-3 
С-(3,-3). 


Now, ar(OABO) = 2(ar OAEO), by symmetry 


1 
22j Weurve dx 
0 


1 
-2| @х-х?ах 
9 


3 3 
ar(AOCD) = f (Y)line dX = |. — хах 
0 


4. Prove that for any real ¥= 2 


a point on the hyperbola xi- 
area bounded by the hyperbola а ій 
its centre to the points corresponding 


К D 


Area 


& M e! - ety 
сеайух СУ “ү 2 )(2- 


е +e +2 etea 


4 
The hyperbola x?-y?=1 is a standard curve whose 
centre 18 O(0, 0), x-axis ( i.e., transverse axis) cuts the 


hyperbola at АП, 0) and A'(-1, 0). Also, the curve is 
symmetrical about both x and y axes. 


=1. 


. the area in question 
= ar(POQAP) = 2ar(POAP) 
= 2{ar(APOR) - ar(PARP)} 


ана, 


1 2 
-2.5:0R.PR-2[' уйх 
E hc 
hye ete Lel.enl 
=f £f Nx? - 1 dx 
1 


Ы. 1 (e?h eh) 


үһү 


aee -Flog + eT P 
Y 


) 


1 a 1 ehte). 
=> 12527254 —| 5 (et = L 
46 е:71) В 14+е 1) | 2 1 


enpe" DET e : 
-log 2 * (259 : 


2t - -i -t 
eieh (еее е9) 


4 4 
hae eh-eh 
eg EET 
= log (et) = t. 


Note We could have found ar(PARP) as follows: 


Any point on the hyperbola is (x, y) where 
4 t 


Leia tg" 
е - 
aci МС и 


Dice ат 


at A(1,0, t = 0;at P, f «f; 


1 t " 
ar(PARP) = [yix =| ag Ê 
9 4 


5. Sketch the region bounded by the curves у = log x and 
у= (log). Also find the area of the region. 


We know log,x is defined for x > 0. So both the curves 
will be on the positive side of the x-axis. 


Solving with y = 0 (i.e., x-axis), 

y=log,x gives log x = 0.50х=1 

y = (log)? gives (орх)? =0. So x =1. 
So, both the curves cut the x-axis at (1, 0). 


Y Co: y = (109X № 


Now, lim (юр 2)--%, lim (log)? = += 
x2040 х-+0+0 


and log,x <0, (log)? > 0 ућеп0 <x <1. 
Points of intersection of the curves are given by 
log x= (log)? 
log x = 0,1, ie, x=1,e. 
the points of intersection are A(1, 0) and Bee, 1). 
Also, when 1 « x « e we get (log,x)? < log,x. 
Hence, the required region is as shaded in the figure. 


Now, the area of the region bounded by the curves 
e e 
=f ex ix f ах 
yo T a 


e e 
=| log,xdx - | (log) dx 
1 1 


DIN 


J m 
j AMD 1 
(овез) |, -Г saecla 


€ e 
"ej #х-(е-®@+2] loge x dx 


=+e-1)+ 2 [tos oy] н) 


=—+1+2(е-(е- 1 


«3-е. 


6. Find the area bounded by the curves x^ y! -25, 

4y = 14 - х? | and x = 0, above the x-axis. 

Неге Ше сигуез аге 

Ù x? +y?=25 which is a circle of radius 5 and its 
centre is (0, 0), 

GD 4y = 4 =x, x^ < 4. This is the parabola x?-4(1- y) 
whose vertex is (0, 1), the axis is х=0 and at all 
points y «1. As x^«4, only that part of the 
parabola is to be taken for which -2 € x < 2. 

Gi) 4y = x* - 4, x? > 4. This is the parabola x?=4(1+y) 
whose vertex is (0, -1), the axis is x = 0 and at all 
points y >-1. As x^24, only that part of the 
parabola is to be taken for which x > 2 or x < 2. 


Clearly, there are two areas bounded by the curves and 
the y-axis, and by symmetry they are equal. So A, = А. 


Now, A, = ar(ODPEO) - ar(OCAO) —ar(APEA) ... (1) 
Solving x? + y = 25 and 4y = x? - 4, we get 


4+4у+у? =25 
ог у1%4у-21-0. 
So (у%7)у-3)-0. 


y = 3, 7. But y cannot be 7. 
Soy - 3andx-4. 

Р= (4, 3). 
Solving 4y = 4 — x^ and y = 0, we get 
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4-х1-0, ke, x = ±2. So A = (2, 0) and Bey ; 


4 
Now, ar(ODPEO) = jJ (TREE 


=x? dy 


4 4 
-| 25 - x! ах | N5T— 
0 ° 


by (1), 41 = а s 


25 4 
Also, A2 = A = 3 "5+2. 


2 
7. Sketch the region bounded by the curves j7* 


у= - Find its area. 


1+х? 


e vertex is (0, 
tive y-coordinate, 
t y-axis. 


Here y =x? is a parabola whos 
x =0 and every point has posi 
the parabola is symmetrical abou 


Тһе сигуе у= is not a standard cu! 


14x? 
rough sketch of the curve as follows. 


2 
Whenxz0,y-2——-2. 


1+0 s 


For all real x, y is always positive and * 2. 
When y 20,14 x! = «, ie, X > + ог-< 


е 
= even function of X So th 8 


Also у= 
1+2? : 
symmetrical about the y-axis. 


жш in 
Hence, the required region 15 25 shaded 


0), axis 


rve. We makes 


wheny p4 


0, 


red area» ат(ОАСВО) 


The requi 
22xar(OACO) Ф) 


(by symmetry) 


solving у = x^ and y=———— we get 


1+x 


may so, y! «*y-2-0 


ог (*29-D-0 > y-L-2 


But y cannot be negative. 
y =1; so, x = + 1. Hence, А = (1, 1) and В = (-1, 1). 
from (1), the required area 


=2{ar(ODACO) - ar(ODAO)} 
1 1 
=2 |, We, dx - | We, ax} 


"2 
=l 1+х? 


1 
dx -2[ х?ах 
° 


ашлы], -2 [8]. 


WIN 


т 2 
ЕЕЕ 
алі 
. 8. Find the area of the region bounded by the parabola 


(y - 2)* = x —1, the tangent to it at the point where the 


у ordinate is 3, and the x-axis. 


T 
B E me of the parabola is (1, 2) and the axis is 
1 т4-0. 


When y = 0, (0 - 2)3 = x =1, ie, x =5. 
the parabola cuts the x-axis at (5, 0). 
When y =3,(3-2)y?=x-1ie,x=2 


the point of contact of the tangent is (2, 3). 


Th 3 
© equation of the tangent at Q2, 3) is 


ise 


а) 6-2 20) 


Ата 


Differentiating (y -2)? = x -1 wrt x, 


29-2221 


dy — 1 

dx 2-2) 

5 zd. d 

dx}, 28-2) 2 

from (1) the equation of the tangent at (2, 3) is 

1 

y-3-56G-2) 
or x-2y+4=0 -.0) 
The required area 

Zar(ADEF) + ar(ADBA) + ar(AECA) 229) 


The tangent cuts the x-axis at Ғ-(-4,0), obtained by 
solving (2) with y = 0. 


Also, the tangent cuts the line x-1 (ie, DE) at 


5 5 
9-42) геҙ: 
Е 
ar(ADEF) = 5 FE РЕ = = 


ar(ADBA) = ar(ADBGA) - ar(ABGA) 


2 2 
=f (у-2)шейх- | (у – D parabola dx 
1 


-J E-aj- e dx, 
1 1 


(2 for the tangent, y = ша „у (1) 
and for the parabola, у - 2 =Vx- 1} 
312 
ТЕСТА 
1 
44-2 1 
-(-4)30-9-> 


5 
ar(AECA) = | (У)рагаЬо!а dx 
1 


9 
$ 


[o for the upper part of the parabola 
у=2+ Nx - Тапа for the lower 


partitisys2- x - 1l 


2 2 8 
=10-=.81-2@-®=- 
{ > | 3 


X 


by (3), the required area = 4 123 


9. Let O(0, 0), AQ, 0) and B 1, =) be the vertices of a 
triangle. Let R be the region consisting of all those 
points P inside \OAB which satisfy 

a(P, OA) x min {a(P, OB), (Р, АВ} 
where d denotes the distance from the point to the 
corresponding line. Sketch the region R and find its 
area. 


Clearly ^ОАВ is isoceles because АВ = OB = 3 : 


Let BC L OA. 

BC will be the bisector of ZOBA. 

Each point on BC is equidistant from OB and BA. Again 
each point inside ABCA is nearer to AB than OB while 
each point inside АВОС is nearer to OB than АВ. 


(tap) 


So, for the point P е interior of ABCA, 
d(P, AB) < 4(Р, OB) 
and for the point P e interior of ABOC, 
d(P, ОВ) < 4(Р, АВ). 
from the given inequality, 
if P є ABCA, d(P, ОА) < d(P, AB) ... (0 
if P е ABOC, d(P, OA) < d(P, OB) se) 
Now, let AD and OD be the internal bisectors of the 


angles BAC and BOC respectively. 
Any point P on AD is equidistant from AB and OA. 


So, P satisfies (1) if P is а poirt of ADAC. 
Any point P on OD is equidistant from OB and OA. 


So, Р satisfies Q) if P is a point of ADOC. 


Pelle Мах in HT A Сает ех 


the points of required region К are 


Poin 
ADOA. ol yy 
Es 
Now, tan БОС “ос” 
EBOC = 30°; “БОС = 150 


the equation of OD is y = xtan 15°, 
Similarly, the equation of DA is 
y-Ostan 165° . (х – 2) 
ог у= (2 vtan 15°, 


Now, ar(R) = ar(AODC) + ar(ADAC) 


1 2 
= р (op dx + | (У)ра dx 
1 


1 2 
= І xtan 15° dx + | (2- vtan 15° gy 
1 


1 2 


| 


0 
` 1+ tan 60° - tan 45° 
33-1. 

23341 
_ 3-02 
| 3-1 
22-8. 


{ап 60° — tan 45° [1 
+ч->-6-] 


Note The areas of ADOA can be found by the formis 


area = i - OA · DC where 


. ar(AOBA) 
DC = inradius = TET 


С e 
10. Consider a square with vertices at i Re a 
(-1,-1) and (1, -1). Let $ be the region OW”, Ù 


i rer © 
points inside the square which are nea findi" 
origin than any side. Sketch the region 


area. 
Let P(x, y) be any point in the re 
to the question, 


| 
x+y <11-хі, (ұту < 1+ 
1 
logie ge ry <1 


gion S. Then, accordit 


=> y?<l-2x, y! «12x 
x?<1-2y, х?<1+27 


Area 


‚һе point I(x, y) is in the interior of each of the 
ls y^s1-25 yJ" =1+2x, у2Ь10, and 


aral 
P. [+ 2y. 
Now, у? =1-2х 


у?=1+2х => "ر‎ =2 )+2( 


, о), axis is y = 0 and at all points 


Nie 


So, its vertex B= f 


1 
221-2 = am 
x y => x aly 2) 


So, its vertex С- (o 5). axis is х= 0 and at all points 


х2=1+2у > "2+ >) 


So, its vertex D = fo. - д , axis is x = 0 and at all points 
уз-2. 


2 
Hence, the region S as shown in the figure. 


Clearly the region is symmetrical about both x and y 
axes. 


Қ area of 5 = 4{аг(СЕЕОС) + ar(FAEF)} 0 
Ow, solving x?=1- 2y and y! 21 - 2x 
ол Subtraction, we get ins y ?22(x- y) 


“ 


312 - i 
> =з, т | 
: | 


Or xsy or хчу=2. 
When x = y, x? =1-2у = х?+2х-1=0 


-2+\4 +4 
енер 


x = -1 - V2 is not possible as the region 18 inside the 
square, 


When x + y= 2, 
хі-1-2у = х2=1-2(2-х)=2-3 
x ~ 2x +3=0 which has imaginary roots. 

So, Е-(У2-1,/2-1) 


from (1), | 
hi 2 | 
seas | pcr 
0 2: 


replacing y by the corresponding equations of the 
curves. 


mf Ea, i 
i 
| 


3 3 

=(-2 
262) Ж 
(2-1? 


=2 | 


4. 
-30-G -242)2/: 


(2-1)3-(42-1)4 +$ 2- 1? 


11. Let A, be the area bounded by the curve у = (tan x)" 


and the lines x=0,y=0andx=4- 


Prove that for n> А Аа i 
and deduce that a= <А,< T 
2n+2 "^2n-2 


Here A, = [* (tan x)" dx 
° 


(5 


-р tan" 7? х. (sec?x – 1)dx 
0 


An + An = 


n-1 


info, 2], os tan x<1 


(tan x)" 72 > (tan x)" 20 
А 


J‘ can x)" 3x > f (tan x)" dx 
0 0 


An-2>An 
from (1), А, + An < 
n-1 
and An-2+An-27 т 
1 1 
or 2A, < тапа 2An-2> 7 1 
z 1 
"29-2 
nd 2A кеа t ie, А € 
3 n+2-27 442-1 “8? 20041) 
1 1 
леа 3 
нын B uu 


12. The line y = mx bisects the area enclosed by the lines 


x=0,y=0,x=2and the curve y 2 1 + 4x - x^. Find т. 


Here, the curve is х? - 4x21 - y, 


ie,(x-2)!--(y-5) 
It a parabola whose vertex is (2, 5), axis is x - 2 = 0 and 
y <5 at every point of the curve. 


Also, when x = 0, y = 1 + 4x - x? gives y=1. 

So the parabola cuts the y-axis at (0, 1). 

When y =0, y= 1 + 4x - x? gives 
144x-x* =0, i6, x^ -4x- 1-0 


4+ 00 


x- 2 


=2+ 5 


the parabola cuts the x-axis at 


AQ – v5, 0) and B(2 + v5, 0). 


1 20 
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The area enclosed by the lines х = 0, у = 0, »_3 
curve 144 % 
3 


a 
= f? yax = Л (1+ 4x - xax 


0 0 
3 
2 xy 
p z3 
E .,9:1 2 8 
ет 


3 
The area bounded by the lines |» = nx,y-Üanj,.3 
ts | 


According to the question, 
9 1:39. 4 13 


ваш ys reg 


13. Calculate the area bounded by the curve у= 243-2); 
the x-axis and the ordinates of the maximum and 
minimum points of the curve. 

Here y = x(3 – x)”. 

4 o, 


For maximum and minimum points, 


HG 2x. 20-3CD- 


Now, pm 


(3—х)(3-х-2х)=0 


х=3, 1. 
7 ats alt 
ordinates of maximum and minimum points 


х=1,х=3. 
We draw a rough sketch of the curve. 


E 2-0, ie, x= 
When y =0, y = x3 - x)? gives x3 - 7^ 
So the curve cuts the x-axis at O(0, 0) and BG, 0 


Y 


$ 


С (1.0) B(30) 


y=0. 


When x =0, y = x(3 – x)? gives ut 
the orig! 


So the curve cuts the y-axis at 
When 0 <x «3, 


Area 


у=х@-%° = у>0. 
‚100<Х<3, the curve is always above the x-axis. 


As the points of maximum and minimum are 
spectively at A(1, 4) and B(3, 0), the required area is as 

руп ру shades in the figure. 

6 


3 
The required area = а(АСВА) =f ydx 
1 


3 
= (3 - x)? dx 
1 


3 
-] (9x 6х? + х3)4х 
1 


14. Let f(x) = maximum {х?, (1 -37,2x0 - x)) 
where x € [0,1]. Determine the area of the region 
bounded by the curve y=f(x) and the lines y =0, 
x=0,x=1. 
Consider the curves 
у=х2,у= (1-х)? and y=2x(1-x). 
Clearly y = x ?isa parabola whose vertex = (0,0), 
х=0,1.е., y-axis is the axis and it cuts x = 1 at (1,1). 
у= (1- x)! is also a parabola whose vertex is (1, 0) and 
axis is 1 - x = 0, i.e., x = 1 and it cuts x = 0 at (0, 1). 


2 4 


Also y = 2x(1 – x) is a parabola. Changing the equation 
2 


2 1 
mede =] 


So, its vertex is 2) and axis is x=. It passes 


These parabolas cut at 6 , 4) s 


2: 2 
through (0, 0) and (1, 0). 
Let this parabola cut y=(1-x)? and y= x^ at D and E 
Tespectively, 


Solving y = 2x(1 - x) and y = (1 - x)”, we get 
*ü0-:20-3? 


or 
(l~x\(2x-14x)=0 
ыр E 
Id and so у=0,5. 
0.(1,4 
x 


Solving y = 2x(1 - x) and y = x”, we get 
2x(1-x)=x? 
ог х(2-2х-х)-0 


2o 2 4 

1203 and so у-0,5- 
24 

Е-(3%) 


the equation of the curve on the boundary, is 


у= 0) = 1-2),05251 


2x(1 aay 


an А (1.0) 
Js 
у=2х (1-х) 


E ES 
-la-»a« f 2x01 - dx +f. х?ах 
o 1. 2 

3 


Е ВИ. па n 18 1) 
sz) ssim z) 


19: SE TB 
—-2|-7-7z-|* 
81 (s &) 81 


15. The area bounded by the curve y =f (x), x-axis and the 
ordinates x = 1 and x =b is (b – 1) sin (3b + 4). 
Find f(x). 


We know that the area bounded by the curve у = f(x), 


b 
the x-axis and the ordinates x = 1, x = bis j Ғо?ах. 
1 


D-170 


from the question, 


b 
Í fendx = (b - 1) sin@b +4). ог f(b) = sin(3 + 4) + 3(®— 1) cos(3 + 4) 
1 
Differentiating wrt. b, f(x) = sin x + 4) + 3(Х — 1) cos(3x + 4), 
Exercises 
ااا‎ 
1. Find the area bounded by the curves y = Isin хі, the 16. Find the qano of the areas into. which thep | 
x-axis and the lines 1х1 = т. у? = 6x divides the circle x? + у? = 16, tibi | 
2. Find the area bounded by the curve x =2 - y - у? and 17. Find the area bounded by the curves у= bop 
y-axis. х2 +у? = 6x, and the line x =0. Er] 
3. Find the area of the region bounded by an ellipse and 18. Find the area given by x+y<6, x? yee 
the two lines through the foci which are у? < 8x. У ard 
perpendicular to n major axis if the Suis axis and 19. In what ratio does the x-axis divide the ad 
the eccentricity are 2a and e respectively. region bounded by the ЕЛ КЕГІ E % 
4. Show that the area bounded by the curve у=х2-2? TX 
у= ce*(c > 0), the x-axis and two ordinates is 30 окен the: надой bord 
proportional to the difference between the ordinates. 23 ОВ 95 Б! ounded Бу е Cure 
1 x?? 4 y?? - 477, the x and y axes in the fy 
5, Find the area of the larger segment of the region quadrant. Find its area. 
bounded by the curve y = vo - x? and the x-axis that (Or Find the area enclosed by the curve x = aus 
is cut off by the line x- y - 1. y = asin?0 in the first quadrant.) 
$ 2 
6. Find the area bounded by the parabola у = x * and the 21. Find the area bounded by the curve y = xsin rad 
line y - 2x = 2. x-axis in the interval 0 < x < 2л. 
2 
7. Find the area bounded by the curve x - 2y - y^ and 22. Find the ratio of the areas of two regions bounds 
theliey- 2 4 А by the curve y=x"sin2x and the x-axis in te 
8. Find the area bounded by the curve y - 45 - x? and interval 0 < x < п. 
the lines y= 1x - 11. 23. Determine the area bounded by the amt 
9. Find the area enclosed by the curve y=x(x-1) ? the y-axis and the line y = 2. 2 
9(x + 2)? + 16(y +3)? = 144. 24. Sketch the region pu ре ra Ы 
= <х<3 а 
10. Find the area of the region bounded by the curve у= (х- Dx -2x 3 om 
xy 1 and the lines y=x,y=0,x=8. 4y 23(x - 1). Vua - EM - 
š regio! А 
11. Find the area bounded by the curves 25. Determine the area of the Е а 17), 8% 
л т т Зл enclosed by the curve в У = 
y=tanx, -3 5х5 andy = cot, (<x 2” integration. M cant 
and the x-axis. 26. Find the area rud d in th inter! 
= е x-i 
12. Find the area of one of the curvilinear triangles y-(x- 0-2 -3) an 
formed by the curves y = sin x, x = cos !y and the 15 х53. . = ded between the рий 
x-axis. 27.Find the area include co we 
13. Determine the area of the portion of the circle x? = Aay, a > Oand the witch of Agnes У” 1,4 
x?+y?=64 which is exterior to the parabola curve 
у = 12х. 28. Sketch the region enclosed by e ditat J 
14. Find the area of the region bounded by the ya? +× (= ×2 - x? and S Бошї 
parabolas х + 2у? = 0and 3y? +x =1. 29. Sketch the curves and identify the 


15. Find the area of the region situated below the x-axis, 
bounded by the curves x^ « y^ - 4,37 = -Х2у and 
the line y = x. 
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fle =, = sib + 4) + @ = 1)Зсов(зу у ду 


ЖЕ 
by x =3, =2, y= and} 


Find the area of this region. 


30. 


31. 


32, 


35. 


Area 


Find the area enclosed by the curves y = log (x + e) 
el , 


1 
e ‚ — and the x-axis. 
x = log y 
Compute the area of the region bounded by the 
1 
curves y = exlog,x and y = — log x. 


Calculate the area ОЁ the region bounded by the 
curves X-logj, y=2x-x? and the lines 
1-270. 


‚ Find the area of the region bounded by the curves 


y - logox, y = sin nx and the line x = 0. 
Find the area of the region bounded by the curve 
y= tan x, the tangent to itat x = 5 and the x-axis. 


Find the area bounded by the normal at (1,2) to the 
parabola y 2 = 4x (y > 0), the curve itself and the axis 


- of the parabola. 


36. 


37. 


4. 


Find the area bounded Бу the parabola 
y=6+4x-x° and the chord joining the points 
(-2, -6) and (4, 6). 

Find the area enclosed by the curves x? « y? - 4, 


x^4 y! - 6x 8-0 and a common tangent to the 
curves. 


‚ Find the area enclosed by the parabola у? = 2x and 


two tangents to the parabola from the point (-2, 0). 


. Find the area bounded by the curve у = 2x 4-х? the 


х-ахіз and the two ordinates corresponding to the 
minima of the function. 


If the ordinate x = a divides the area bounded by 


x-axis, part of the curve y=1+ 2 and the ordinates 
x 


*-2,x = 4 into two equal parts then find a. 


Find the continuous function f(x) such that the area 
bounded by the x-axis, the curve y=f(x) and the 


ordinates х = 1, х = a is equal to Үт +22 - N2 for all 
а> 1. 


©. The area bounded by the continuous curve y - fe) 


and the linesy =2, х= 1andx=a,a>1is equal to 


2 
3 104)32 34 + 3-22}. Find f(x) if f(x)>2 for ай 


ХЕ [1,a]. 


43. Fi 
Find be R, so that the area bounded by the curves 


17 3- bx and y = + x? is the maximum. 


М. The vertices of a rectangle are (0, 0), (2,0), (2,1) and 


3.1). Find two parabolas having vertices at the 


origin, one having x-axis as the axis and the other 
y-axis as the axis, such that each of the parabola 
divides the rectangle into two equal parts. 


2 
45. Prove that the area bounded Буу= e and 
tra 


E х=0, у=0, х=а is a monotonic increasing 
ction of а. What is the increase in the area as 4 
changes from 2 to 4? 


46. Find the area of the region in the Argand plane in 
which the point z will be located if 


У5<|2| <2/3 and z+ z? - 223 + 8248250. 


Objective Questions 


Fill in the blanks. 


47. The area bounded by the lines |x| + |y| 21 is 


48. The total area enclosed by the lines y = |x|, |x| =1 
and y =0is А 


49. The area in the region х>0, у>0 bounded by 
у= 4°, x20, y 2 1andy-4is 5 


50. Тһе area bounded by y=log,x, the ordinate x ze 
and the x-axis is 


51. The area bounded by y= HL, x20 and the lines 


ухх - 1)x - 3) =015 % 


52. The area bounded by the curve x = cos іу and the 
lines |x| 21 is > 


53. The area of the region bounded by xtay,y=x+2 
and the x-axis is 


Choose the correct option(s). 


54. The area bounded by y-N4-x?, y 20 and the 


x-axis is 
(а) 4r (Ы) 27 
(к (d) none of these 


55. The area bounded by the curve у = sin x, x € [0,22] 
and the x-axis is 
(a)4 
(92 

56. The ratio in which the area bounded Бу the curves 
у? - 32x and x? = 12y is divided by the line x = 3 is 
(a) 15:16 (b) 15:49 

(91:2 (d) none of these 


(50 


(d) none of these 


E 
| 
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28. Y 1 
9 ; 
1.4 2. 2 | 
3.241У1- e^ (eV1 - e? + sin ^e) à area = a (ы | 
, 9n, YI7-1,9 TS ER 
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20. 
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i 42. 22x, x 21 43. + 1 
Pu 44. 32y? = 9x, Ax? = 9y 
24. 2 1 
45. 2-log3 +— tan! —- 
Б Үз: ү. ауз 
7л 4\2 РУ 2 Й 
46. — – 12sin ar Eng + 6 
area = — 4 V3 v5 f 
64 7 1 d 
47. 2 48.1 49.5 50. 
5 А 
es 51. 2 52.2511 53.7 s. 6 
25. 3 а“ 
55. (а) 56. (b) 


Tt ротор allo 


реет рановато, 
Lesh hapa oslo аер 


| 
Ё 
Ё 


| 
| 
| 


| 
| 


4. piffere 
~ _ an equation involving derivatives (i.e, = , қ 
be x dx? 
ок.) in x and y is a differential equation. 


. We know x?+y7=a" is 


ntial equation, its degree and order 


, The order of the highest order derivative in the 
equation is the order of the equation. 

‚ The degree of the highest order derivative (when put 
in rational form) is the degree of the equation. 


` For example 


(i) T x?-2 is a differential equation of the first 
order and the first degree (linear). 


dy dy 2 
(ii) "Ur =0 is a differential equation of the 
dx 


second order and the first degree. 


| 2 
(iii) МЕЗ = x? is a differential equation of the 


first order and the second degree, it being 


2 
14 ta = x° іп the rationalised form. 


` 2. Formation of differential equation 


a circle whose centre is the 
ameter, it will 


origin and a is the radius. If a is a par 
les with the 


represent a family of concentric circ 


` common centre (0, 0). 


Differentiating x? y? = a, 


2x + 2y =0 


16, xix + уду = 0 (in differential form). 


4A Isis a differential equation for all the members of the 
mily and it does not contain any parameter (arbitrary 
constant), 
* The differential equation of a family of curves of 
oues is a differential equation of the first or 
di ined by eliminating the parameter by 
ferentiation. 


one 
der, 


D-175 


13. Differential Equation of the First Order 


Recap of Facts and Formulae 


e The differential equation of a family of curves (like 


gt 42 
=» Oa 1) of two parameters is a differential 
a 

equation of the second order, obtained by eliminating 
the parameters by differentiating the algebraic 
equation twice. Similar procedure is used to find 
differential equation of a family of curves of three or 


more parameters. 


3. Solution of differential equation 

e The general solution of a differential equation is the 
relation in the variables x, y obtained by integrating 
(removing derivatives) where the relation contains as 
many arbitrary constants as the order of the equation. 

e The general solution of a differential equation of the 
first order contains one arbitrary constant while that 
of the second order contains two arbitrary constants. 
So, the general solution of a differential equation of 
the first order gives one-parameter family of curves. 

„ In the general solution, if particular values of the 
arbitrary constants are put, we get a particular solution 
which will give one member of the family of curves. 


4. To solve differential equation of the first order and the 


first degree 
Simple standard forms of differential equation of the 
first order and the first degree are as follows. 


„ Variable separable. Form: f(x)dx + o(y)dy = 0 
Method Integrate it, i.e., find f f(x)dx + [| (y)dy = c 


. Reducible into variable separable. 
Method Make a suitable substitution so that the 
equation becomes variable separable in the new 


variables. 


Forexample Take the.equation (x – y)? = =1. 
х 


This is not in the form of variable separable because 
we cannot write it in the form f (x)d x + o(y)dy = 0. 


dy dz 


DTutx-y-zi -4- 
их-у= =; theni - у dx 


Я 
(у ат! 


= oe = di-—— di 
dx 


which is in the form of variable separable. 


ion. Forms АЕ“ 
« Homogeneous equation. Form: 4-89 


Method Put y = vx and solve the equation in the new 


variables x, v. 
© Nonhomogeneous equations. 
dy axtby te 
y „+ س‎ 


Fom m= 
2 dx ax + bay + C2 


a, b 

Method 1f 2, put xe X +h, y = Y +k such that 
а) b; е 

In this way, the 


ай + bk ey 0, ah + bk t c? = 0. 
Y. Then use the 


equation becomes homogeneous in X, 


method for homogeneous equations. 

a, d 
If ж = by put ax by e v OF ax * 
equation changes in the form of vari 


py =v. The 

able separable in 
XU. 

. Linear equations. Form rd + Р(х) y = 009 


Method Multiply the equation by ef Ponts called 
integrating factor. Then the equation becomes 


ly. eir] =QQ): 


Трох а [| Q(x) POM dx 


"IL 


integrating, y * € 
© Reducible into linear equation. 
d 
Form R(y): x + P(x)» S(y) = 009 
asy) _ 
that dy = Ry) 


25-2 mes ЖӘЙ ERU. E, 
Method Put S(y) = 2; then re uy т ie 


such 


„ 


ax 

which is in the linear form. 
. Exact differential equations. Form Xf (x, МФ = 0. 
o puta differential equation in this 
member the following differentials. 


йе set те ый йг» ined 
RW) ay" The equation becomes yy + P(x)z = Q(x) 


Method In order t 


form, one has to re 
yy xdy- ydx 
(ху) = xdy + ydx а ЕР 22 
> xdy = ydx 
d x .ydx a diog El у-у 
y y Y у 
S dx — xd 
дап" Е- zdy- yas Жап! ІҢ : : 
xj хау! y) хізу 


PRIM 
Cn VEM іг 


Problems Plus in ИТ Math 


ematics 


хау + ydx 


елж 
dsin (ху) м-в! 


5. To solve differential equation of the first order but put 
“1 


Һірһег дергее 
Standard forms of differential equation of the first 52 | 


i egree are as follows (here we dy d 
and higher deg d enote by 9 
e Solvable for p- 

Form (р -fi yntp = 20, У... (0 Ах, yy =0 
Method Solve the first order and first qe 
equations p -fi Tee 
solutions (taking the same arbitrary constant ¢ ta 


each) then фух, у, O : 0 ¥, 0) se $a y ÀO is 


the solution. | 


„ Solvable for y. Form У =f(x,p) 
Method Differentiate y = f(x, p) want. x which gives a 
first order and first degree equation in p and x, Solye 
it to get ф(х, p, с) = 0. 
Eliminate p from y = f(x, p) and Q(x, p, с) =0. 

e Solvable for x. Form x =f(yp) 
Method Differentiate x =f (y, p) wart y which givesa | 
first order and first degree equation in p and y. Solve 


it to get y, p, с) = 0. Eliminate p from x = f(y, p) and 


vty, p, €) =0. 
+ Clairaut's equation. Form y = рх +f(p) | 
Method Differentiating w.r.t. x, we get 


dp 
ix «f'p--7 0. 
dx 


(x, y) =0, ete. Тф, y c) =0, etc. e Я 
е 


р=с or f'(p) + x = 0. 
When p = c, the general solution is 
gives a family of straight lines. 


у=сх+ fc) which 


арх)! 


When f'(p) + x =0, eliminating p from у 
and f" 0 we get a solution which is a cunt 
WU ч all the lines 


(without any arbitrary constant) touching 


given by y = cx +f (с). 


This solution is called the singular solution. 


6. Some results on tangents and normals 


ys! 


(ху) 


22. The equation of the tangent at Р(х, 


улов 


ё 
y) to the or 


Differential Equation of the First Order 
ret 


„ The equation of the normal at Р(х, y) to the curv 
š e 


у -1 
ysfenisY- yog, G 72. 


dx 


„ The length of the tangent = CP = y ^\ | Ta 5 Ы 
Т) Y 


‚ The length of the normal = PD = y Ў h M A 
А бх)" 


„ The length of the cartesian subtangent = CA = y dx 
4 


‚ The length of the cartesian subnormal = AD = y dy 
ж” 


‚ The initial ordinate of the tangent = OB =y = x dy. 
dx 


7. Orthogonal trajectory 

The orthogonal trajectories of a family of curves form 
another family of curves such that each curve of ore 
family cuts all the curves of the other family at ғр?“ 
angles. 
* The 


trajectories of the curves |а, у, A = 0 is the family of 


differential equation of the orthogonal 


curves whose differential equation is f(x, v. = 2 1=0 
i yj 


Method То find the orthogonal trajectories of a family 

я whose differential equation is known, put 
dx. ау. 

“ay in place of z in the equation. The resulting 

differential equation is the equation of the orthogonal 

trajectories. 4 


Selected Solved Examples 


1. Find the differential equation of the family of curves 


у= e'(Acos x + Dsin x) where A,D are arbitracy 
constants. Also write its order and degree. 


Here, the equation has two arbitrary constants. So its 
differential equation will be of the second order. 


We have y = e" (Acos x + Bsin x) س‎ o 
Differentiating (1) want. x, 
BV. Lus i 
di? e" (Acos x + Bsin x) + e" (-Asin x + Bcos x) 
m 
or e =y+e*(-Asin x + Bcos x) 2) 


Differentiating (2) wrt. x, 


у Чу, 
amete (-Asin x + Bcos x) 


+e*(-Acos x = Bsin x) 


or 


dy 
(% 5 


2 


This is : 
his is the differential equation. 


|} y, using (2) апа (D 


2. dy) | 
Solve log, (ШЕ ax + by. 


Here t. a. 
фезе 5 by, 


e "Ydy =e dx 


3. Determine the equation of the curve passing through 
the origin, in the form y=f(x), which satisfies the 


d 
differential A. 
ntial equation he sin(10x + 6y). 


Put 10x + 6y =z; then wetted 
dx dx 


dy 1 ¢dz 
(6-0) 


A l(d 
the equation becomes are = Du sin z 


4 
ог 2 ы sin z + 10; 42 dx 


ve ns ұй, 
dx 6sin z + 10 


3sinz +5 


гог 1f dz fax 


——— te 


2 

1 dz 

2 2tan > 
3.-----%5 


dante 
1 + tan 2 


22 
sec’ > dz 

| 2 
————— eX C 


or = Е 
22 E Be 
5tan 2* 6tan 5+ 5 


j= 


| 
| 
| 
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D-178 
nen fis) - = 
my = 2; ERT (х) - 2 = 
Вг Hm [putting tanc! Putf() - V "heir 
20582 +6#+5 ae 
+ (1) becomes, f'(x) - 37 zf'(x) 
or 1[ “ =х+с 
tege CRUS 
dx 
1 dt x 
or zl зү? 275 e Z9 
(+3) %1-% : 
: 2 
BS -Е--|Род4х 
ol mem. E E i ІР 
5 з? uy 
(+) *(5) o UP -log(1 - z) =f (x) - € 
: f(x) *log(1- 27€ 
#+- 
ilo =х+с (x) +1ор{1+у-/@)}= с. 
sr 1 xc fi 
5 5 
1 51-3 5. Solve xdy - ydx = Nx? y! dx. 
om | A: It is a homogeneous equation. Put y = vx. 
2 d dv 
51+3 tan 4+6) Then f =0 + x or: 


. LV 
or Stan + 3 = 4tan 4(x +0) We have the equation xy -Y = Nx * y* 


— M T ау : Putting in the equation from (D, we get 
5х +3) +3= E : 


dv 
It passes through (0, 0). So, Stan 0 + 3 = Жал 4c x ( +х du tac NE ер К 


dx 
donetur АН тар : 2 dv 
428846 > 4 1 ог xt ex lev 
2 215432: dv — dx 
477.24 We х 
Putting in (1), f dv T£ 
5tan(5x + 3y) + 3 = 4tan (+ + tan ті 3 ; or Vi+0? x 


or 0+ 02+1 =сх 


1[ 43) 4 
or таяу аганын 4х + tan ri 


4 nitg з у. 3.1 cer 
=5 3^5 x x 

-tan 4x-= 

а y+ x+y =сх 


_ 4(3 + 4tan 4х) _ 3 Stan 4x 


254 -3tan 4х) 5 5(4-3tan4x) UN 
s ў 6. Solve (e дует, dy =O 


lj, = Зіап 4х 5). wee 
7731 TOMAS This is a homogeneous equation. 50, PU y 
: . Then -U-X а . So, the equation becomes, 
: x 
4. Solve Zaff РО) : Ws г 
Д yjz A £3 9X 20 
where f (x) is a given function of x. xe — ysin = + xin c. 
dv. p 
Here = ix) ИГО) 0) i or xe"-vasin онто рех) 
dx 


EU 


cct" 


Differential Equation of the First Order 


Я dv 
xe" + x sin v7 =0 


or dx 
dX | esin vdo = 0 е 
x 
dx EM á 
ot | &+fe sin u du = c ..(( 


-v ip 
Е 5% е е 
Now, 12 fe ld n ән tide 


=-е “іп v + fe cos v dv 


= -e "sin v + cos v. 


"n 
les + (sin v)dv 
ж-е "(sin v + cos v) - I 


21--е "(sin v + cos v) 


E M 
=F (sin v + cos v) 


-1 
from (1), log x bate “(sin v + cos v) = c 


1 
epar ар J| 
or logx с+уе [sin + cos 2 3 


7. Show that the differential equation у?ду + (x + у): = 0 
can be reduced to a homogeneous equation. Hence, 
solve И, 


Putx = X, y? = Y. Then dx = dX, 2ydy = dY. 


dY 
2у axr dx Using this in the given equation, 


we get 
dy 1, dY 
3 2—0: жү. = 
y ae +¥ =0; or 2" qx +x +¥=0 


which is a homogenous equation. 


So, in order to solve the equation, 


2 d dv 
Puty” = ox; A ar 
У = ox; then 2y о+х9 


the equation becomes, у « x «y^ = 


1 2 
or MERE езу 


2 di 
o gl dv Us 
2 +x praese 
s 2 


DATS 


or ax vdv - 
x 2 
(i 
dro vdv ET 
Х ن‎ +202 
dx 1(09-2)-2 
к ff 22-2 o 
x 02+20+2 


ог log r+ UEM af 
2 (2+1)? +1 


1 
ог log x +> 105(0*+22+2) - tan "(y+ 1) =с 


1 4 2 2 
or log x+ peg өзі +2) tan + =e 
x rj x 


+x 


1 
or т logy * + 2y7x + 2x?) - tan -c. 


8. Solve (y- 3x3) = 2y- x4. 
Неге, ® 271-4 a 
dx у-3х+3 
Putx=X+h,y=Y+k; then dx = dX, dy = dY 
the equation becomes 
dY 2(Y*k-(X«h)-4 
dX Y+k-3(X+h)+3 
dY 2Y-X*Qk-h-4) 
.0 dX Y-3X«(k-3h43) 
Select h, k such that 2k - h- 42 0, k- 35 43-0. 
Solving these, h - 2,k - 3. 


-. on substitution of x = X «2, y = Y +3, the equation 
dY 2Y-X 


or 


becomes yy -үсзх which is homogeneous. 
ау, 
Put Y = VX; then zy =V +X ух 
тех  ҰХ5Х г dV 2V-1. 
dX VX-3X dX у-3 
yd Vie у-3 ax 
SE ii от Ed -V?+5V-1 x 


V-3 
Integrating, | dV =log X *logc 


1 [2+5 +1 


= dV =log СХ 
-2'-V^«5V-1 
1 2 1 ау 
er ~slog (-V?+5V-1)+5 | ————:——— 31 
2 1 - 01/2) 


-logcX 


оз 


ог 


or 


or 


9. Solve (x + 21704: - йуу=йх+ dy. 


(+2 - 1) = (x + 2y + МУ; — 


ےر 
Put x + 2y =z; henl +2, = ус‏ 
E &x се‏ 


Problems Plus in IIT Mathers! 


5 Рі 
==” 
1 UE m 2 2. 
- slog (V^ + 57¥ -0 += —ar S s М 
ge de ui 
= loş eX 
Y 5421 
к pre 
x 2 
Cm ЗУ N 


sxY-X^ Y^. 1 2Y- (6 * DX 
о а 1 ыты HOY 
2r x? а < 2ү - (5 - 421)! 


1 

| Бгу оу] = 

Гаи – 39 6-321Xx 2|" _адх-2 
х ASS ee =с(х-2) 


ES 


tics 


% (1) becomes, 
2210309 77 
duc з(и + ну+2(с+Ю-—8 
зи +30 + (2һ +3К-7 
“Зи +2г + (Эһ + 2k-8) 
p that 2h + 3k-7=0 
3h +2Х-8=0 


КОО ОЕ аа 


Select h, k suc 


-Q) 
+ Q) 


h-2andsok-l 
іг 2u*37 
ete 


(1) becomes, 5; = By + 27 


de d 
Put e = ш; then 77 du 


where X = ı +2, Y= оз 


A 
2 = 32 
dz 2и+3и= 2% 


2+ T 3u.2u 3427 


a irit ih 


N 
У 9 


ее те PNET IAT Hin gentle titt int 


CORE d 
or == sin |> +€ 
x Ux 


_ Here, (1 yy Sze ААК 
У + د‎ tan yx 


or =, 1 T с; 
с Ltg” 1-у: 
Тыв is in the linear form. Clearly, 
ڪڪ‎ 
Fiezrating factor = e 1937. ا‎ у, 
Multiplying by it, 


Differential Equation of the First Order 


Om 
1 ЕО = 2 Integratin; 
of zest 4 y -D-logc ا‎ 
2 2 x tan” 2 
(х2+02-3) _ LI. зл + 
ا‎ = Фор c= leg c*- s LEE 3: 4 
ог FE: yp? S iuh jay" 
prey? =k -y* 1 = еы, where tan'y =z 
y cos (E -ше-|Өш-б-1%: 
Solve X Ж ер E Б 
11 dx xe Y. c= (tan ly - Пе?" B 
dy =-cos{? 
Here Y 4х y x dy 
13. Solve “= xy) - xy. 
E ВА e 
dv 1.у-- es[ ; this is in the linear form. 
dx X * Here, ey ара? » 
-—dr “ тез s 
Vmgapaptieees T c E a En „шч. 1 dy 
о 26 um == 3 
Multiplying by the integrating factor, pe p zm 
: jy 41.3 1 1 2dy Ж 
ilu ва ELE 
1 1 Е | 
d |1. = сов [= = 
ЕЕ — 
y H 1 : Ld 
4|=|=-——соз|—|йх : Boies 
E oda e >) E 
Itisin the linear form. So, 
« fma سے کا‎ 
x (5) integrating factor = & тез 
ЖЕ а 2 Multiplying by it 
wu x) : 


оле Prol 


ке SQUE ar 
от wg =-(1+2y) 


d. 
Put x? =z; then2x = Jy 
the equation becomes 


4 1, iss ( + one form] 
y y 


І- z” log у 
. integrating factor = € =е 


Multiplying by у 
d 1 2 1 
or art . due "we 
or 


dy- yd. 
xdy-yex o 


х?+у? 


15. Solve xdx + уйу + 


We know, d(x? + y?) = 2(xdx + ydy) 
aly 1 xdy-ydx хау -ydx 
dtan @ + ИСА ор ушр 
1+ &) i5 dei 
x 
the equation becomes 
(exact equation) 


14+ + ап! nh 


1 a 
Integrating, у (x^ + y^) + tan P 


a2 
x 


or xj + y7 + ап 


d 


© 
Ш 
қ 
с 
5 

N | 


Second Method Put x = rcos 0 and y = rsin Ө 


гет жу?, tan в-4) 


dx = drcos Ө + r(-sin 0)40 and 


blems Plus in 1 IT Mathemalics 


dy = dr sin Ө + cos 949 
хах + уйу = res @(cos Өйг — rsin 046) 
+ rsin Ө(зїп Odr + гсоз edo 


=rdr 


xdy — ydx = 7005 6(віп 04” + rcos 040) 


1 


— rsin Ө(соѕ 04» — "sings 
) | 


=r7d0 
the equation becomes 
2 
ara Beo 50 rdr+dð=0 
р? 
r 
rar + [а= fi 7+8=6 
1 AX 
е eg prn x 


c-x*-y? 
y=xtan >"! 


2 


16. Solve xdy - (у + xy (1 +105 x} dx - 0. 
Here, xdy — ydx = xy (1 + log х)йх 
ydx- хау 


= ху + log x)dx 
у? 


ог 
or = Ur xy(1 + log x)dx 
X „[% 2 
_®а|(®\|=х (1 + log x)dx 
y p $ 


or - Are + log x)dx 


y 

8 

y х? үе 1 
ог ا + ےک‎ z” 

xx? 1х? с 

2A uL d rupem 

or A 2415089 3°32 

х2 x 
or -4 ren) 

y 


: n? 
17. Find the equation of the curve passing throug" ' 


whose differential equation is 
их + у?)йх = ду? — йу. 


Here, (xy + y dx = (xy? = x My 
ог у%(уйх- xdy)  x(ydx + xd) = 0 


- yd 
or уз. A ау 0 


x 


А 


Dij й 5 
ferential Equation of the First Order mies 


x 


y (У), [409 _ 
or JU rn 


y „(Кї 460 _ Ur 
m za | тут 0 (dividing by х3у2) 


‚ 2+2 =0 
]t passes through (1, 2). 50 
23+2+26.2= 0 
5102-53. 
с- 4 es 
the curve is y^ + 2x - 5x^y =0. 
18. If Yu Уз are two solutions of the differential equation 
dy 
A + Ро) y = Q(x) then prove that y= y, + c(y; – уз) 
constant. For what relation between the constants 
o, В will the linear combination ay, + Ву, also be a 


solution? 


As у, уз аге two solutions of the differential equation 


Up = 

ax РОУ Q0) 0) 
dc TPO 7 009 ...2( 
dy; 

and “+ P) ya Q(x) NIC] 


From (1) - (2), 


dy dy, 
а-а Г(х)-(у-у)-0 


4 
dx U У) + PG) (у-у) =0 ... (4) 


From (2) - (3), 


d 
de ~ Ya) + Р(х). Qi = yn) 70 E 


1 d 
Fon (and g, de Mor god 
dc» Sige 


E 
BD Rh -у) 
У-у Уу-у 


is the general solution of the equation where сіз any 2 


integrating, log(y = у) = log(ys — 92 + loz € 
or log(y-y) -logce(yi - У) 

у= ур + CY – y». 
Now, y = ay, + Вуз will be a solution if 


d 
qy, (Qi + Вуз) + Р(х). (ay, + Ву) = Q(x) 


d dy 
or а 2+ Pon] +В + Роду, = Q00 
or a- Q(x) + B- Q(x) = Q(x), using (2) and (3) 


(a + B) Q(x) = Q(x). 
Hence a +В =1. 


19. ги и(х) and v(x) satisfy the differential equations 
du do 
dx* рюди-Ғо) and ж” p(x)o = g(x) respectively 


where p(x), f(x) and g(x) are continuous functions. If 
u(x,) > v(x) for some x, and f(x) > g(x) for all x > x, 
prove that any point (x, y), where x > х, does not 
satisfy the equations y = u(x) and y = v(x). 


4 
Неге, zm pa) u(x) =f) 


dv(x 
and ee + p(x) vx) = g(x) 


d{u(x) - v(x) 
dun + p(x)tu(x) – v) =f x) – 800 


d 
or ол (шә -ә(х))- e! pond] = (f) зое [pcd 


С. it was in linear form) 
[ue] 
1 


Ж 
=f оо = #00) е1 0048 dx... 
Жү 


Let (eire =}, per, =н. 
Clearly A, p are positive. 
(ибх) - об. – (иб) – 00100 >0 
г. f(x) > g(x) for x > x, and ML > 0] 
(ибх) - v601 > ше) -жхдін>0 
because u(x) > v(xi) 
u(x) - v(x) 20 for x > ху 


u(x) = v(x) when x > zi. Hence the problem. 


Problems 


70. Solve > +- ot -у=0. 


2 dy 
Here xp? + (y - х)р - y = 0 where p= 3c 
ог ар!-аржур-у-0 
vp(p- D + up -1)=0 
ог (р-1)(хр+у)= 0 
р-1=0 ог хр+у= 0. 
dv 
Now, p-1=0 > На! 
= у=х+с 
xp+y=0 => x Baye 0 
=> xdyt+ydx =0 
=>  d(xy)=0 
=> ху=с 


the general solution is (y - x – С)(ху - с)=0 


dı dy Y 
21. Solve y-2x с l AL 


dx 
dy 
Here, у = 2xp * p^ ? where p = men 
It is in the form y = (x, p) {solvable for у} 
Differentiating w.r.t. x, 
dp 
р=2р+ ov + 2p ! 
4 
2(х +р) = +p=0 
7 з +2х+2р=0 
er Py р 
BE nre .Q 
dp p 
The integrating factor 
[2а 
sé” NETTE ЕР = p?, 
Multiplying (1) by p^, 


р? т +2рх = -2р* 


d 2 2 
قو‎ 
ap x) = -2p 
or d(p x) = -2p dp 
2 с 
px = |-2р'4р=- 3 3 
Thus, we have y = 2xp + p 2 


and 3р?х+ 2p) = 


Plus in ИТ Mathematics 


ору = e = 2р(2хр * P ?) - Qp^x + 2p?) 
= 4xp?- 3px 
=xp°= xy -2xp) 
pQy + 2x 2) =ху+с 
2у+ 2x^ 


2 
Putting this in y = 2хр+р 
2 


y +c 
ЕЕ dne aye 
i 2y + 2x7 2y + 2x 


ду + x2) = 4х(ху + OY +7) + (ху e)? 


dy dy 
22. Solve rj =X ix 
dy 
Here, xp=1 +p” ? where p = dx 
e 
S uid EU) 
which is of the form x = (у, p) {solvable for x} 
i ‘ating (wrk y, == zl alee 
Differentiating (1) w.r-t. y, " “(ee Jas dy 
or ар Lim 
\ p 
1 
- == |4 
у+с p ;) р 
2 
ог у+с=Ё;--1овр ...@ 


the p-eliminant, obtained by eliminating p from (1) 
and (2), is the general solution. 


agit 
23. Solve yx 8) 


dy 
Here, y = xp + p where p = а; 


this is of the form y = xp +f (p). 


Differentiating w.r.t. x, 


dp dp 
рерх +?р qx t 
р 0 
—— г 
мых 
y- xp +p ey =x +e 
x 
х+2р=0 => рт; 


پټ ي 


Differential Equation of the First Order 


pu yemas 
2 E 


kir ei ca pe of Straight lines‏ ابي 
а asingular solution 4y + x? =G.‏ ; 
wr me‏ 


Use the methods of solving first order differential 
2 equation t to find the generat solution of 


dy. d? 14 3 а? y 
dr dx? dx? 
2 


2 
dy р. Then the equation is p dp: 3 ІЗ 


put =~ di dx dx 
dx? 34р 
ur p dx 
dx 
1 d (dp) 3 dp. ЕН pog 40] 34р 
‚ШЕ s iet 
dx 
3 aho = =2 qp integrating, we get 
tog £ JF dp = 3log р * log a, 
a being an arbitrary constant 
d log p + 1 
3 2 pee е%оБР log a _  log(ap 3 арэ 
p Ф аф; 
integrating, – а =ах+Ь 
=ру on ps \- 1 
aan ЖАРА as4) 
а ES 
Nis * b) 
1 
ye 
l ШЕТТЕГІ ue 
_Ү-2ах-Ь 
у= жс 


5 The rate of cooling of a substance in moving air is 
Proportional to the difference of temperatures of the 
j ince and the air. A substance cools from 36°C to 

SC in 15 minutes, Find when the substance will 
ro the temperature 32°C, it being known that the 
"stant temperature of air is 30°C. 


Let the temperature of the substance at time Р mirst 
be T. The rate of. cooling of the substance 
= КТ - 30 C/ minute 


(from the question) 
But the rate of cooling 


7 rate of decrease of temperature - - x 


from the question, — a =k(T – 30) 


ог [-lg(T-30);. =l] ^ 


where t minutes is the required time. 


[-log(T - 30), = 5; 1-43. ш, 


13 
log3- Log >. 
963-5106 2! 


je Bu 3 
log? 2 


minutes. 


26. A and B are two separate reservoirs of water. The 
capacity of A is double that of B. Both the reservoirs 
are filled completely with water. Water is released 
simultaneously from both the reservoirs. For each of 
the reservoirs, the rate of flow out at any instant is 
proportional to the quantity of water left in the 
reservoir. After one hour, the quantity of water in A is 
1.5 times the quantity of water in B. After how many 
hours from the time of release of water, do both A 
and B have the same quantity of water? 


Letat time Е hours, the volume of water in A and B be u 
and v respectively. From the question, 


d 

рек" 20) 
and A - к .Q 
Att 20, u 22V and = V (from the question). 
Solving (D) = I ПОРЕЧЕ 

wee ites .0 


Whent-0,u22V > 2v se 


ол 


G) gives, u = 2Ve и ao} 


Similariy, from (2) we get ? = Ve t sc (6) 
3 
From the question, if ? = o when = 1 then u = 7 To 


w > тие 
and (5) = r= Ve A 
3 xh 
Dividing these, 5 = ay ^7 Ayo 
$ Qe 
eh ed NS 


Let, after T hours, the volume of water in A and B be 


equal. 


Mane = d 


2Ve ^ = Ve 
PT aueh ie 2602 IT =1 


г... м 
Using (0), 2- Fri s 1, іе] -2 
\ 


| (3) 
4 А leg2 

Tlog $= log Die, Те лову 2 
ЮЗ 


after lg, 2 hours the reservoirs will have the same 


quantity of water. 


27. A curve (ог line) passes through Û, 1) such that the 
triangle formed by the coondinate aves and the 
tangent at any point of the curve is in the first 
quadrant and has its area equal to 2. Form the 
differential equation and find the equations of the 


possible curves. 
Let the curve be v = fe 
The equation of the tangent at the point (x, y) of tie 


curve is 


Ү-у- 70 х) s 209 


Solving (1) with Y - 0 and X = 0 successively, we get 


dy 
dy "dt 
у= (Хх), іе, Х = dy „(= OA) 
dx 
dy | dy 
and Yaya ones Vay = * gy COP 


aa 


Problems Plus т ит 


Mathematics 


. the area of the triangle formed by the tangent 
ап 


1 
the axes in the first quadrant = 2 = ОА. OB 


1 p 
or 23 dy X Tx 
dx 
CA RM ү, „ЧУ 
or xe a dx 


7 dı 
or 4p = (Pp 2Y7 xp), taking =р 
=-(у-хр)® y-xp-i2N-p 
ог у=їр Ж N-p 


Differentiating want X, 


р=р+х +2 Бр! 
or EI -0 
dx КЕГІ 
dp 
dx d or йезе 
4р 
Now, Prin psc 


putting in (D, y= ex ix2N-c. 
This gives a family of lines. If it passes through (1, y 
then са 26, ie, 1-0: = 4e 
=» u 400 = с 1 
the line вуз хех ту = 2. 


But in the first quadrant x, y are positive. Soxs v9? 


E 


Now, rig = p< Û. Putting this in QU 
х-р x 
1 1 
vax |- 142 V4 
yax | =] RE 


3 x 
yel е, xy = 1-3. 
хх 5 
Ѕоху=1 


But in the first quadrant х, у are ositive. i 
q i уе P UR o which 


This is the singular solution of the equati 


a curve and it passes through (1, D. d 


; 22 
the required curves (or lines) are Х+Ў 


ху=1. 


28. A curve passing through (1, 
he area of the 
à 20. 


point (x, y) equal to vd . Find t e 
bounded by the curve and the line 2к-У- 


be 1 
H سک ے سے ے‎ 
ere, slope di" yd 


i= 


t 
2) has its доре!” 


v- 2)dy = 2dx 
2 


|и-2у-2 fax PEDILIM 


4 
Jt passes through (1, 2). So m 4=2+¢,ie,c=-4 
у? 
the equation of the curve is Nena 


or ye dy = 4x - 8, Les y = Ao y) - 8. 


curve. 
When у =0,0=4(x+0)-8,ie,x=2 
the curve cuts the x-axis at A(2, 0) only. 
When x = O, y? = 4(0 + y) =8 
or у2-4у+8 = 0; its roots are imaginary. 
the curve does not cut the y-axis. 
agin y =d ey)-8 > у? -4у+4=4х-4 
ог (y-2?24(- 1). So itis a parabola. 
Its vertex C is (1, 2) and the axis is y - 270. 


Now, the line is 2x -y - 470, i vei LE 
0 e y Ое, ожа 1. 


Hence it passes through А(2, 0) and (0, -4). 


(O4) 
Solving y? 
ving y = (v4 y) = Band 2x - y = 4 =0, we get 
V 72( + 4) +4у-8 


V 6y = 0, le y 50,6. 


№ 
Then y= 6, y бов = (5,6). 


< 2 


Tequired area ‘ 
= ar(OABDO) - ar(BCAODB) 


Clearly, the 


Қо в LI 4 
" ANOABDO) = | (Mine ae] tr 


Differential Equation of the First Order 


To find the area, we have to draw a rough sketch of the 


«O 


Dads 


4 5y?^-4y +8 
ar(BCAODB) = J, (сине dy = J, == т 


y? y! 6 
ЕЕЕ 18 +12 = 12 


from (1), the required area = 21 - 12 = 9. 
29. Find the orthogonal trajectories of the circles 


x! y! - ay =0 where a is a parameter. 


Here, xl. y 6 ay = 0; differentiating w.r.t. x, 


de зу ак, 


I: хї+у?ї-ау=0 5 м жу 
y 
a1 0.1 
or aac С 
dx 


This is the differential equation of the circles. 
The equation of orthogonal trajectories is 


wet ا‎ 
у а)” 
í 2o ox, dy 
utting —- 3 мыт 
P ing i in place of as 
or зуба -y r=. 
It is a homogeneous equation. 


dy У 
Puty = ex; Меп = 0 +x ae 
P dx dx 


dv 22 
хе x ғы Б x!-vx =0 
dx 


at de А 
ог wee ї-р?=0 
dx 


lieta ао 


ax 
dy 20 - 
or Se de = 0; ntegrating, we get 
X yer? 


log x+ log + rye loge 


жізеЗес 
v. NC NE 
or ха іе. ty a. 
х 


Note If the orthogonal trajectories form the same 
family of curves as the given family of curves 
then the given system of curves ids called 
sel orthogonal. 


SE Probles P! 
гетсіѕе5 
Exercises 
th 4. ху)= sin x + log x), find 
g to the 24. Шу )-х( g x) у(х). 


1. Find the differential equation correspondin ) 
family of curves у = c(x — c)?, where с is an arbitrary 
constant. 


2. Obtain the 
ах? + by =1, where a, b are parameters. 
of the family of circles 


differential equation of all conic sections 


3. Find the differential equation 
touching the x-axis at the crigin. 


4. Solve x dy + y dx = ху(хйу- ydx). 
dy А E 

5. Solve ға + x tan x +¥ =0. 
d 


в. Solve sec*x- tan уйх + sec ?y tan xdy = 0. 
2 


7. Solve 2  xtan(x +у)+1= 0. 
dx 


2232 dg 
8. Solve (х2+у 29g қ 


9. -si ETEA 
. Solve x+y=sin [2х | 


—— d 
10. Solve \х+у+1 Dex yl 


11. Solve ydx —xdy= Vx? -y7 dx. 
12. Solve v dx + x(x + y)dy = 0. 


х dy х-2у 


13. Solve y dx EN 


14. Solve (146) dx + (a = сы dy - 0. 


d y 
15. Solve Aut. tan ` 
16. By making suitable substitutions, put the equation 
dy 2x!* 2xy?- 4х 
dx x!y-3y) +2y 
in the homogeneous form. 
17. Solve (4x -y + 3dy + (2x -3y - 1)4х =0. 
dy 3x-4y* 2 
18. Solve Pris 45-553 E 


Hence, solve it. 


19. Solve (2x + 4y + тау = (2y + x - 1/4. 


d 
20. Solve x(1 + x?) = yü - x?) + x?log x. 


21. Solve (1 -x5 yi Tx =x+ М". 
do PS 
dx y(x+y?+1) 


an ly, 4Y 
23. Solve (1+2) + (x =e tan ае 


22. Solve 


Jus in ИТ Mathematics 


(1 - х®4у + (2x°y - y -5x°)dx =0, 


25. Solve х 
7 › йу 
26. Solve the equation cos x- q~ (tan Эу = cost 
1, 
m 349 


where Ix! «асау = $^ 
27. Solve ^ + тї = Зх where y(0) =4. 
28. Solve 

dy 1. 

sin уту 7 OSC + у) + cos(x y) 75 sin x -sin 2r, 
29. Solve (1+ x?)dy = у(х = yMx. 
зо. Solve уйх+(х—1)4у = x(x — 1) Чу dx. 
31. Solve ydx + x(1 + xy)dy = 0. 
32. Solve xdy = уху? + DAX. 
33. Solve хах + ydy + (x? + y?)dy = 0. 


dy 
x+Y ax П-хі-уі 
4. Sol Er Ne 
34. Solve dy EI 
= 
dx 


35. Solve the differential equation 


ycos z . (xdy — ydx) + xsin 5 (xdy + ydx) =0 


when у(1) = : . 
36. Find the particular solution of the equation 
2 
уЗ sin х = С05 x{sin x -5) 


ify =1 when x= 3° 


i ee 
39. Solve ІЗ -1|=е -y Gx 


dyy d 
40. Solve (2) += 
dy 


41. Solve у= 2px * Y P^ where P= qx 


Differential Equation of the First Order 


pp Prove that the general solution of the differential 
Naw dy (Фу: 
equation и (2) form a family of 
straight lines and it has a solution which is a 
parabola. 
ax Obtain all the solutions of (y 4 1) у +2= [| 
x dx) ` 


44. Using methods of solving first order equations, 
2 
solve the differential equation x Чу +2 ay -0 
deto de. _ 


^ г . dy d 
45. Reduce the differential equation p -2 a +y=xe%, 


using the substitution y = ve* where v is a function of 
x. Hence, solve the equation when y = 1 and z =0, 


for x =0. 

46. (a) A radioactive substance decays with time such 
that at any moment the rate of decay of volume is 
proportional to the volume at that time. The half-life 
of the substance is the time it takes for half the 
substance to disappear. Calculate the half-life of the 
substance if 20% of it disappears in 15 years. 

(b) A country has a food deficit of 10%. Its 
population grows continuously at a rate of 3% per 
year. Its annual food production every year is 4% 
more than that of the previous year. Assuming that 
the average food requirement per person remains 
constant, prove that the country will become 
self-sufficient in food after n years where п is the 
smallest integer bigger than or equal to 

log 10 - log 9 
log (1.04) = 0.03 ` 

47. Show that the equation of the curve passing through 

(1, 0) and satisfying the differential equation 
(1+ y2)dx – xy dy = 0 will be x? - y^ =1. 

48. Prove that the equation of a curve whose slope at 
-(x ty) 
x 

(2,1), is x? + 2xy - 8. 

49. If the square of the intercept cut by any tangent on 
the y-axis is equal to the product of the coordinates 
of the point of contact then find the equation of such 
curves, 

50, Find the curves for which the length of the normalis 
equal to the radius vector. 

51. Find the cartesian equation of the 
the length of the tangent is of const 

52. Find the curves for which the portion o 
àt any point intercepted between 


(x, y) is and which passes through the point 


curves for which 
ant length. 


f the tangent 
the axes of 


D-13259 


reference, is of constant length. 

53. Find the equation of the curve for which the length 
of the normal is constant (а) and the curve passes 
through the point (1, 0). 

54. Find the family of curves which are such that the 
area of the rectangle constructed on the abscissa of 
any point and the initial ordinate of the tangent at 
that point is a constant. 


: 55, Find the curves for which the portion of the tangent 


included between the coordinate axes is bisected at 
the point of contact. 

56. Find the curves for which the distances of the origin 
from the tangent and the normal at any point (x, y) 
are equal. Е 

57. The normal at any point P(x, y) of a curve meets the 
x-axis at G. If the distance of G from the origin be 
twice the abscissa of P, prove that the curve isa 
rectangular hyperbola. 

58. Find the equation of curves for which the cartesian 
subtangent varies as the abscissa. 

59. Find the equation of curves for which the cartesian 
subnormal is constant. 

60. Find the orthogonal trajectory of the family of 
parabolas y? = 4ax where a is a parameter. 

2 

+ у 1, 

а А БА 

where A is a parameter, is self orthogonal. 


61. Prove that the family of curves 


Objective Questions 

Fill in the blanks. 

62. For the differential equation V 1+ өз =x, the 
degree = - and order = 


63. If the general solution of a differential equation is 
(y +c)? = ex, where с is ап arbitrary constant then 
the order of the differential equation is $ 


d х-у) .. 
64. The general solution oa о is 


x 
65. The particular solution of (x+log y)dy + ydx =0 
where y(0) = 1, is r 


dF(x) 
66. Let dx 


then one of the possible values of kis > 
у -у=1 апа у(0) = -1 


anu 
sin x 4 siny 
e eso ar =F А) 
x АЯ 


67. If y(t) is a solution of (1«t 


then y(1) = E 


D-190 


dy 3 dy 
1. Ed =4у Б аы 2y) 


қ dy 
у 


с 
5. x = tan — 
у 


12. 3 
7. log sin(x *y)t5x'-c 


= 2xy 
x 


Problems Plus in IIT M 


243 @- ер 


dx 


x X+ 
A S ا‎ 


6.tan x: tany-c 


y+c 


8. x + y = atan 


9, tan(x + y) - sec(x + y) 2 x +C 


10. х+с=2\х+у+1 *S loge ys - 1) 


11. log x + sin! 5 


13. y?e м = kx? 


15. сх = sin У 
x 


-Slog 9+1 +2) 
12.кху?=х+2у 


14. x + ye =c 


16. Substitutions: x? = X « 1, y?2 Y +1; 


“3 tan 


423 . Nx?-1 


rs 
Answers 


y dx 


1 2 2 
-7108 (2х7 * 3y -5+(х®-1)(у2-1)| =с 


17. (х+у+2)°=с(у-2х-1)? 
18. (y-x-1)5y-3x-1)-c 

19. 3log(4x + 8y - 1) = 4(x - 2y +c) 
20. y(1 + x?) = x log x - x? + cx 


2 
24. [s ree 2s 
x? 


25. y = 5x + cx N1 - x? 


26. ycos 2x = sin x · cos х 


27. у(х + Vx? + 4) = x3 + (x2 +4)37 


28. 


29. 


d 


alhemaucs 


1 3.3% 
cos y= Sin a= 9 


к 1 ы 
> sin x + 7+ ce Жаз 


1 
5 log у= ту +6 
‚ 2у +1ор(х®+ y?) =с 


sin Qx^ «2y*- 07 


me | 
--л 
: 2xy sin , 


2 
220-1) ED + > 


3 
32. 3x44 4% _ 
3 


y 


с 


Жай 133% 
x 


36. y? = sin x 


.(у-е + с(уғе +c)=0 


0 


. p eliminant of xp? = ce and y = x(p + p?) 


46. nearly 46.6 years 
50.x?t y 2.41 
* Na 


-y* + 


37 

38. Qy - x? – с)(2у + 3x? с) =0 

39. (xy - )x?^- y^ - (= 

40 

41. y? = 2ex + c? 

43. (y +1)c +2 = cx, (y + 1)? + 8x =0 
44. xy + cz kx 

45. ye 

49. x = cet? Wx 

51. x = alog — ^ =E 


65. y(x-1+logy)+1=0 


xP + у28 = 128 


‚у?+(х-1+а)?=а? 


а? 


54. у = схі 2x 
л! 
Jan 1 
56. x? + y= ce 
59. y? = 2ax +C 
62. 1, 2 respectively 
64. yx? = c(y + 2) 


1 
66. 16 67.7) 
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Probabilit 


1. Elementary Probability 


Recap of Facts and Formulae 


1, Sample space and event 


. The set 5 of all possible outcomes of a random 


experiment 15 called the sample space or probability space. 
‚ Every subset of a sample space is an event. 
For example In throwing a dice, the sample space 
с = (1, 2, 3, 4, 5, 6) and n(S) = 6. 
Е, = (1,3,5! c S. So E, is an event and n(E;) = 3. 
The event E, = {1,3,5} is also expressed as the 
event of getting an odd number in throwing a 
dice. 
«$cS and 5c S. So ф and S are also events for the 
sample space 5. ф is the impossible event (null event) 
and 5 is the certain event. 


2. Probability of an event 
If the sample space 5 is discrete (i.e. п(5) is finite) then 
the probability P(E) of the event E is given by 


number of favourable outcomes 
total number of outcomes 
The problems of restricted permutation or 
combination are convertible into problems of 
probability. Students are advised to work out such 
problems by using exercises in the corresponding chapter 
in Algebra. For such problems, 


number of ways under the restriction — (E) 


ж 


ТІР 


P(E) = = 

number of ways without restriction п(5) 
Forexample How many numbers of four distinct 
nd 4 


digits can be made with the digits 1, 2, За 
Which begin with 4? 
It is а problem on restricted permutation. A similar 
Sum in probability will be as the following: 


А four-digit number of distinct digits is written 
i at random by using digits 1, 2, 3 and 4. What is 

е Probability (chance) that the number begins with 
the digit 4?” 


total number of numbers of four distinct 


Here n(S) = 
digits that can be made with 1, 2, 3 and 4 
(without restriction) 
= 4Р,-4!. 
n(E) = the number of numbers of four distinct 
digits beginning with 4 that can be made 
with 1, 2, 3 and 4 
EESTI 
! 
required probability = =. = 2 - i . 


If n(S) and n(E) are both infinite, the probability can 
be estimated by geometrical method as below: 


Р(Е) = favourable length 
~ total length 
favourable area 
total area 


favourable volume 


Or 
total volume 


according as the sample points (outcomes) are 
distributed over a length (one dimension) or an area 
(two dimensions) or a volume (three dimensions). 
For example A football match is played from 4 PM to 
6 PM. A boy arrives to see the match (not before 
the match starts). What is the probability that he 
will miss the only goal of the match which takes 
place at the 15th minute of the match? 
To arrive at the match, the boy has to reach between 
4 PM and 6 PM. So, the total possible length of time 
-2 hours = 120 minutes. Не will miss the goal if he 
arrives between 4.15 PM and 6 PM. So, the favourable 


length of time - 1 hour 45 minutes = 105 minutes 


the probability of his missing the goal 


.= سے“ 


e 0<Р(Е) € 1. 


r4 Problems 
4 


3. Complementary event 


т € » event 
- The complementary event E' (or E or E ) of the ever 


E is the event of E not happening and 
РЕ’) =1- P(E), іе. P(E) + РЕ") =1. 


4. Odds in favour, odds against 


P(E) 
< The odds іп favour of the event E = P E» : 
P(E") 


« The odds against the event E= P(E) 
. If odds in favour of the event E =a: b then 


a 
Бу” 
a+b 


. If odds against the event E =a: b then P(E) = "S 


5. Union and intersection of events 
‚ The union E, Е; of events E, and E; is the event ofat 
least one of the events E,, E; happening. 
« The intersection E, © E; of events E, and E; is the event 
of both the events E,, E; happening. 
+ P(E, UE) = (Ej) + Р(Ез) - P(E, ^ Ej) 
(Addition theorem) 
P(E, U Ej Ej) = PEs) + Р(Е;) + P(E) - P(E, E) 
- P(E ^ E) - P(E; 0 E) + PE, A E20 Ej) 
п 
PE UEU Eu... U Е) == РЕ) - > P(E; ^ Ej) 
ігі і<і:)<п 


+ X PE; E NE) - -.. 


11] КУП 


Le C1 NE n ЕЁ, ©... N En) 


6. Mutually exclusive and independent events 
. Two events E, and E, are mutually exclusive if 
P(E, n E;) = 0. So, for mutually exclusive events 
P(E, U E) = P(E,) + P(E») 
P(E, U E, Ej) = P(E,) + P(E2) + CES) 
. Two events E, and E, are independent iff 
P(E, 0 E) = P(E,)  P(E;). 
Thus, for independent events: 


Plus in UT 


Marcuse 


pE NE = РЕ!) P(E) (Multiplication theorem) 
P(E, 0 £y Ёз) = PE) : P(E): Р(Ез). 
Two non-null events E, E, cannot be mutual 
exclusive and independent at the same time, 
e ЕЕ, E; are independent events then E, Е; ELE 
and E,', Ез are also independent. 2 
. If E, E; are independent events then 
P(E, U Ey) =~ РЕ - P(E;)). 
For any two events A and B we have 
P(A) = P(A A В) + P(A A B^). 


7. Conditional probability 
If E, E; are two events which occur in conjunction 
and E, takes place after E, has taken place (i.e,, Eis 
dependent on Ej) then the probability of E; taking 
place after E, has taken place, denoted by P(E;/ Ej is 
P(E, ^ Е) à 

P(E) 


given by Р(Е,/ Е)- 


8. Expectation 

© The expectation of the random variable x to have the 
value x, is руху if the probability of the value x, is ру, 

„ If the values xy, X2, X3, ... Хи Of the random variable x 
have the probabilities py Por Py -Pr respectively 
then the expectation of x, denoted by E(x), is given by 


n 


E(x) = У xipi. 


i=l 


9. Repeated trial 
If the probability of success in one trial is p an 
failure is q so that p + q = 1 then 

П " tant 
- the probability of r successes in п trials = "Ci: p. os 


fi " ion of 
ie, (r+1)th term in the binomial expansion 0 


qn". - 
• the probability of at least г successes in n trials 


n 
ее ір quo tec: + "CaP 
inn trials 


« the probability of at most r successes 
= "Сод" + "Су gait "C pq" 


d that of 


Selected Solved Examples 


1. If two numbers р and q are chosen at random from the 
set (1, 2, 3, 4, 5, 6, 7, 8, 9, 10} with replacement, 
determine the probability that the roots of the 
equation x? + px + q =0 are real. 


Roots of x? + px +q = 0 are real if p? - 44 20 


"m py 
ог’ р*>44, ie, G) >4 


глєтетагу rrovavuny 


ifp=2thenq=1 
ifp-3thenq- 1,2 
ifp=4 елд = 1,2,3,4 
ир=5 then q = 1,2,3,4,5,6 
ир = 6 then q=1,2,3,...,9 
ifp=7 then q = 1,2,3, ... 10 
ifp =8 thenq=1,2,3,...,10 
ifp=9 then q =1, 2,3, элей 
ifp= 10 then q = 1,2, 3, ... , 10. 
Now, 1(5) = 10 x 10 = 100 
and Е= (0, 1), (3, 1), (3,2), 4, 1), (4,2), (4,3), (4,4), 
(5, D, (5,2), ... , (5, 6), (6, 1), (6, 2), ..., (6,9), 
(7,1), 7,2), ... , 7,10), (8, 1), (8, 2), ..., (8, 10), 
(9, 1), (9, 2), ... , (9, 10), 
(10, 1), (10, 2), ... , (10, 10) 
ЩЕ)=1+2+4+6+9+10 + 10 + 10 +10 = 62. 


the required probability = AS E ES = E 4 


2. А determinant of the second order is made with the 
elements 0 and 1. What is the probability that the 
determinant made is non-negative? 


The number of determinants of the second order that 
can be made with 0, 1 

=2x2x2x2=16 

(С. each of the four places of elements сап 
be filled in 2 ways—by 0 or 1). 

n(S) = 16. 
Let E = the event of getting non-negative determinants. 
Then E' = the event of getting negative determinants. 


Clearly, negative determinants of the second order that 
can be made with 0, 1 are 


НЕ 0 1| |1 1 
: аа) тар 


Per = ME) 3 
n(S) 16 
PCE) =1- P(E) =1- ate 


Hence, the required probability = E х 


3, 
2 Squares are chosen at random from the small 
M drawn on a chessboard. What is the chance 
at the two squares chosen have exactly one comer in 
common? 


T 
tal number of small squares on a chessboard = 64. 


the total number of ways to select 2 squares 
2n(S) = Ca. 


Two squares selected can have a corner common if they 


are selected from two consecutive rows (or columns). 
The number of ways to select two consecutive rows (or 
columns) = 7, because there are 8 rows (or columns) of 
small squares. 

For each pair of two consecutive rows (or columns), the 
number of pairs of squares having exactly one common 
comer =2 x 7 = 14. 


+ the number of favourable selections = r(E) =7 х 14. 


2 the required probability 

mE) 7х _7х14х2 _ 7 

mS) "C, 6x63 MM. 
ый 
ЕЕЕ 
шай 
Bs 
2621 


4. Five ordinary dice are rolled at random and the sum of 
the numbers shown on them is 16. What is the 
probability that the numbers shown on each is any 
one from 2, 3, 4 or 5? 


If the numbers shown be integers ху, x», xs, x, and x; then 
Xı + X2 +X; Xa + д, = 16 

where 1 SX < 6, 1 SX < 6, ...,15 556. 

The number of solutions of this equation 
= coefficient of x in (x + x^» x? « x* ex ext) 


= coefficient of x in (+x +x ++ x + «55 


ЖИЕС 
= coefficient of x" ШЕ x \ 
\1-х} 


= coefficient of x" in(1 2x) (1 73) 5 
= coefficient of x" in (C, = Сух + Cx? =... 

x {C + Cx + бд? + ...+ Cx" + ... tox) 
e " PC Ме» °С; 7 %; 


_ 15.14.1312 , 9.8.7.6 
3 24 24 


= 15.7.13 - 10.9.7 = 1365 - 630 = 735 
n(S) = 735. 
Now, n(E) = the number of integral solutions of 


x + X2 +... + x5 16 where 


2<х,<5,2<Хх;<5,..,25х,65 


= OMEN "EX, geh 


Lm 


Te 


= coefficient of x ^ in (x? + x^ +x" x5» 
= coefficient of x * in (1 + x «x? жазу? 
= coefficient of x * in (1 £x). 4+х2)5 
= coefficient of x * in 
Со Cx + Сәх? +... + sca] 
x (SC, + Cix? + Сухи... + ا‎ 
256, 3C, + 5С, 904 «90,70, 


= 10 +10 x10 + 5x 5 = 135. 
"(Е) 135 9 


the required probability = T 7735 ^49 
n 


5. Out of (2n +1) tickets numbered consecutively, three 
are drawn at random. Find the chance that the 


numbers on them are in АР 
Let the tickets be numbered 1, 2,3, ... , 2n +1. 
. n(S) = the number of ways to select three numbers 
from 1,2,3, ...,2n +1 
= ane e 
Now, possible APs with common difference 1 are 
(1,2,3), Q,3, 4), ..., Qn - 1, 2n, 2n +1), 
i.e., 2n - 1 possibilities. 
Possible APs with common difference 2 are 
(1,3,5), (2,4, 6), ... (2n - 3, 2n - 1, 2n +1), 
i.e., 2n - 3 possibilities. 


Possible AP with common difference п is 
(1,n + 1,2n + 1), ie., 1 possibility. 
n(E) = (2n - 1)+(21-3)+(20-5)+... +1 
=1+3+5+... + (21-1) 


= 22x 1+ (r= 02) on 


the required probability 

ME mn. n?.3! 
TS) "c, (2n + 1)2n(2n ~1) 
z 3n __3п 

2 (2п + 1027-1) 4п?-1 


6. А man parks his car among п cars standing in a row, his 
car not being parked at an end. On his return he finds 
that exactly т of the n cars are still there. What is the 
probability that both the cars parked on two sides of 
his car, have left? 

Clearly, his car is at one of the crosses (x). 

Гек SD Ed 


are m —— 


Problems Plus in ИТ Mathematics 


The number of the ways in which the remainin, 

cars can take their places (excluding the car of dem E 
QU, a (there aren ~1 places for the m 1 
i А ars 

The number of ways in which the remaining m - 1 J. 
can take places keeping the two places on two sid, a 

of 


" -3 
his car vacant =" "Cm -1 


the required probability 
_ (Е) _ ба 
“бу "ӘС, 
=з)! qu prom 


и 
(т-1)!(и-т-2)! (n-1)1 


à _ (n= myn=m=1) 
(n - (n - 2) 


7. Two non-negative integers are chosen at random from 
the set of non-negative integers with replacement, 
What is the probability that the sum of their squares is 
divisible by 107 

Let the two non-negative integers be x, y. 

Now х? + y? will be divisible by 10 if the sum of digits 

in the units places of x and y is 0 or 10. 

The units place of x can be filled in 10 ways 

(. any one of 0, 1,2, 3, ... , 9 can be used). 

Also, the units place of y can be filled in 10 ways. 

the number of ways for the numbers x, y to havea 
digit each in their units places = 10 x 10 = 100. 
The digits in the units place of x? as well as у? canbe 
from 0, 1,4, 5, 6,9 because the square of any number can 
have only one of these digits in the units place. 
Sum of the digits in units places of x^ and у? shouldbe 
0 or 10. 
So, if x has 0 in units place, 
place 
if x has 1 or 9 in units place, 
in units place 
if x has 2 or В in units place, y must 
in units place 
if x has 5 in units pla 
place 
if x has 4 or 6 in units place, y M! 
in units place 
if x has 3 or 7 in units 
in units place 
г the number of ways for the 2 
digit іл their units places whose sum ! 
-1x142x242x241x1*2* 


y must have 0 in units 
y must have30r7 . 


have 4 076 


ce, y must have 5 in units 
ust have 2 orb 


place, y must have 107? 


numbers xy to 
s 0 or 1 


242212) 


have? 


| 
| 


Elementary Probability 


the required probability = = +; З 
50 


dinary pack of 52 

a. From an or cards an even numb. 

cards are drawn at random. Find the Вена" Е 
getting equal number of black and red cards. ae 


In an ordinary pack of 52 cards, 26 are black and 26 are 
red. 
"E total number of ways of drawing even numberof 
cards 
=, + "C + Cg + on +С = 2971.4 1 
(using property of binomial coefficients) 
(Е) = number of ways of drawing 2n cards of which n 
are white and n are black; n = 1, 2, .., 26 


26 26 

- 26, 25 ~ (26, 
2E Cx" cs XC C) 
nel nel 

b, 2 
„®с?+®с2+®с? +... + BCR 


Now, (1 + x) = C, + C, x + Cy x? +... C? 


1 26 
ps) 
x 
Multiplying these and equating the constant terms on 
both sides, 


1 


x 3^ 


26 
constant term in (1+5)? - f A 
x 


азса С? CD. 12,4 CE. 

1 26 

But constant term in (1 + x)? f | 
x 


52 
= coefficient of x? їп nt 


x 
= coefficient of x” in (1 +x) = 2С, 
я 
Сы dO PCI LL 40564 


52! 


ЩЕ) = 9C, "CF S 7-1 
(261? 
! 
ды! 
the required probability = 2 т 21 


-digit number is 59. 


9, 
The sum of the digits of a sever 
ber is divisible by 


UM the probability that this num 


AS7 x 6 = 56 and the sum of seven digits is 5% clearly at 


leas 
on three of the digits must be 9. 

viously, the seven digits of the numbe 
ollows. 3 + 


(2)9,9,9,8,8,8,8 


r will be as 


(9,9,9,9,85 87 


“26 26 1 1 2 
= Су+ C + C +... Cg: z 


nt 
ь 


м 


(09,9,9,9,9,7,7 
(е) 9,9,9,9,9,9,5 
^ the total number of wa i 
ys to form a seven-digit 
number whose sum of digits is 59 
ы 7! 7! 7! 7t 71 
3141 4121* 5121* 51^ 61 
27:6:5 7-6-5 7-6 
ЗО ЛТ атан d 
= 210 zor 0 
A number is divisible by 11 if the difference of the sum 
of the digits in odd places and that of the digits in even 
places is divisible by 11. 


As the number is of seven digits we must have (for 
favourable cases), sum of four digits in odd 
places - sum of three digits in even places 

= 0, 11, 22, 33, 44, 55. 
If the two sums are denoted by x and y respectively then 


(d) 9,9,9,9,9,8,6 


x*y-59 x*y-59 х+у=59 
х-у=0 or x-y-ll or x-y=22 
G) (ii) (iii) 
х+у=59 х+у= 59 х+у=59 
or x-y=33 or x-y-44 ог х-у-55 
(iv) (v) (vi) 


Clearly, (i), (iii) and (iv) do not give integral values of x 
and y. Е 
(ii) => х= 35, у =24; (iv) > х= 46, = 13; 
(vi) 2 х-57,у-2. 
Obviously, from (a), (b), (c), (d) and (е) we get, sum of 
three digits y cannot be 2 or 13. 
Hence, only favourable case takes place when the sum 
of four digits in the odd places - 35 and the sum of the 
three digits in even places - 24. 
іп the favourable numbers we will get, 
9,9,9,8 in odd places and 8, 8, 8 in even places 
or 9,9,9, 8 т odd places and 9, 8, 7 in even places 
ог 9,9,9,8іл odd places and 9,9,6 in even places 
4 the number of numbers divisible by ll 
41 4! 4t 31 
= 31 + 31 х3!+ 31 x 21 


244244 12 = 40 .Q) 


. from (1) and (2), 


the required probability = 517° 21 


10. A, B, C are events such that P(A) =0.3, РВ) = 0A, 
P(C) = 0.8, P(AB) = 0.08, P(AC) = 0.28 and 
P(ABC) = 0.09. If PAUBUC) 20.75 then show that 


P(BC) lies in the interval 0.23 < x < 0.48. 
We know, P(A U В<6)<1. 


Fs 


Also, given that 
P(AUBwuC)2075 
д O75<P(AUBUQS! 25-51) 
PAUBU С) = P(A) + P(B) + P(C) - P(A a Б) 
-P(B ^C) = P(C n A) + P(A ABAC) 


But, 


=03 +04 + 0.8 - 0.08 -P(BO - 028 + 0.09 


by (1,075 $1.23 - P(BC) < 1 
-04$ « - PEO < -023 

04$ 2 P(BC) 20.23 

023 < P(BC) «04$. 


1L Two numbers x and y are chosen at random from the 
set {1, 2, 3, ..., 3r}. Find the probability that x!-y!is 
divisible by 3. 

? = (x + убх - v) and 3 is a prime number. 


1?- y? is divisible by 3 if 


x+y or r-yisdivisible by 3. 
Now, [1,2, 3, ... , 3n] 
7(3,6,9,...,31] O {L 4,7, .., 3n - 2} 
912,5,8,...,3-1 
=AUBUC (say). 
Clearly, if x, y are selected from A or B or C then x + v or 


x - у are divisible by 3; and, if x, у are selected one from 
B and the other from C then x + y is divisible by 3. 


^ the probability of x? — y? is divisible by 3 


= probability of selecting both x, y from А or Bor C 
+ probability of selecting x, y one from В 


and the other from C 
"с, "Cx" C 
a "С, С 
2 3n(n-1) T 2л? 
7 3n(3n-1) 3n(n-1) 
_ a= 3 2 2n 
` 33n-1) 330-1) 
= 5n-3 қ 
2382-1) . 


12. A coin is tossed (m + п) times, m > n. Show that the 
probability of getting (at least) m consecutive heads 


is (n + 2y27 *. 


_ The probability of exactly one of the events 


ПТ Mathematics 


The sequences of outcomes in which’ there 5 
consecutive heads and their probabilities, are as ar 
(here x stands for any one of H or T). lows 


Sequences of outcomes Probabilities 
nr 
(HH ... m times) XX ... X В 1 


T(HH ... m times) хх... X 


xT(HH ... m ) хх .. "275 1 

I .m times) xx ... X 1 8 
НН..т )хх...х 1---4- 

xxTG „.. m times) хх 2 В -1 


xx XT(HH ... т times) vr 
the required probability 
т „де? m +1 
СҮ 4 ТЕЗ! A E ne 
Ej e 72) 1 "ms 
LT Я [nor 
ze me) 
27121 
-() -(2+n) 
2 1+2 
ELI Ў 


13. For the three independent events A, B and C, the 
probability of exactly one of the events А or B 
occurring = the probability of exactly one of the 


«е 


events В ог С occuring = the probability of exadiy 


one of the events C or А occurring =P’ Е (2 
probability of ай the events occuring 
simultaneously be p? where 0 <р «05 then En 
probability of at least one of the events A, B an 
occurring. 

A or? 


Occurring 
= P(A ^ В’) + P(A’ n B) 
= Р(А)- P(B’) + P(A’) - P(B) 
= P(A) - {1 - P(B)} + {1 — Р(АУР(В) 
p = P(A) + P(B) - 2P(A) - P(B) 
Similarly, o 
p = P(B) + P(C) - 2P(B) · P(C) 28 
p = P(C) + P(A) - 2P(C) - P(A) 
()-Q) = 0=Р(А) - P(C) - 2Р(В) : tp -Р ү 
[P(A) - P(C)}{1 - 2P(B)} =0 


EE. 


EM — d 


Elementary Probability 


рд) = РС) ог Р(В)- 


Nie 


1 
ГАВЕА 


x 
(59 uf» 


Li ven) 
put <р < 5 (given 


. PRA) = PO; 

similarly, P(B) = P(O). 

со P(A) = P(B) = P(C) = x Gay). 

Now, P(A U ВОС) 
= ХР(А) – Х(Р(А) - P(B)} + P(A B C) 
= 3x - 3x? +p? (from question). 

Also, from (1), р=х+х-2х-х 


P(AUBUC)=3(x-x7) +p? 


3 1 
= P+ p*=5p3+2p) 


14. The decimal parts of the logarithms of two numbers 
taken at random are found to six places of decimal. 
What is the chance that the second can be subtracted 
from the first without “borrowing”? 


For each column of the two numbers, 


1(5) = number of ways to fill the two places by the 
digits 0,1,2,...,9 


=10 x 10 = 100. 


х 
ххжжжіх 
X X3GCXX 
Let E be the event of subtracting in a column without 


borrowing. If the pair of digits be (x, y) in the column 


Where x is in the first number and y is in the second 
number then 


E= (0,0), (1,0), (2,0), ... , (9,0), 


(1,1), (2,1), ..., (9,1), 
(2,2), (3, 2), ..., 9, 2), 
(3, 3), (4,3), ..., (9,3), 
(8, 8), (9, 8), 

(9,9) 


0-1 .. 
WE)-1049484,, 4241-7 7 75 


FS 


the probability of subtracting without borrowing 
55 


іп each 2l. 
each column 100 
5 5 
the required probability = (о) Е E К 


15.In a multiple-choice question, there are four 
alternative answers of which one or more answers are 
correct. A candidate gets marks if he ticks all the 
Correct answers. The candidate, being ignorant about 
the answers, decides to tick at random. How many 
attempts at least should he be allowed so that the 
probability of his getting marks in the question may 


1 
al 
ехсее: 5 


Each answer may be marked ог unmarked. 
:. the number of ways to tick answers = 24-1, 
(7 the candidate cannot keep all answers 
unmarked) 


As there is only one way of marking correctly, the 
probability of getting marks in one attempt 


=> 15| --- 
(1432 4 
Сену 5,7505), 5 
4 44 ny 
5° [15)”5° [5] *- 

from (1), п = 4,5, ...; 

so, the least value of n =4. 


. thecandidate should be allowed at least 4 attempts. 


16. A consignment of 15 radios contains 4 defectives. The 
radios are taken out one by one at random and 
examined. The ones examined are not put back. What 
is the probability that the ninth one examined is the 
last defective? 


The ninth one will be the last defective if the first eight 
radios «examined contain 3 defectives and 5 
nondefectives, and the ninth radio examined is 
defective. 

The pmbability of drawing 3 defectives and 5 nore 
Gafectives in the first 8 examinations 

4С, x uc. 

Ры: 


Ba 
"c. 
The probability of drawing 1 defective from the 
remaining 1 defective and 6 nondefectives in the ninth 


ets 1 
examination = — 
с, 


the required probability 


мж чурк 


\ 
m 
$ 


17. Three critics review a book. Odds in favour of the 
book are 5:2, 4:3 and 3: 4 respectively for the three 
critics. Find the probability that majority are in 
favour of the book. 

Let the critics be A, B and C. Let P(A) denote the 

probability of the critic A to be in favour of the book, etc. 


ai the odds in favour of the book for the critic А=5:2, 


Similarly, P(B) = and Р()- 3. 
Clearly, the event of majority being in favour 
= the event of at least two critics being in favour. 
2 the required probability 
= P(ABC) + P(ABO) + P(ABC) + P(ABC) 
= РА) - P(B) - P(O) + P(A) - PB) - PO) 
+ P(A) - P) - P(C) + P(A) - P(B) - PIO) 


ттт TTL 7] 7| 7)7 
5,43 
[1-9]? 7 
1 „209. 
=F, 160 +80 +45 + 281355 


ды рмет Вх in IIT Масть iS 


15 Sixteen players. Sy Sy Sy -iSi ply 
tournament, They are divided into eight pai a 
random, From each pair a winner is decided a ч 
basis оға game played between the two Pla the 
the pair. Assume that all the players are of 

strength. ed ib 

(a) Find the probability that the Player S, is among us 
eight winners. the 4 P 

(b) Find the probability that exactly one af en, | 
players S, and S; is among the eight Winners, 


(а) Probability of 8, to be among the eight winners 
= (probability of S, being in a pair) 
x (probability of S, winning in the group) 


EST xi (7 S, is defnitely in a group, ie, ` 
2 itis a certainiy) F 


(b) IES, S are in the same pair then exactly one wing, 
„ $; are in two pairs separately then exactly one 
» will be among the eight winners if S, wins 


loses or 5, loses and S; wins. 


Now the probability of S,, Sz being in the same pair 
and one wins 
= (probability of S,, 5: being in the same pair) 
x (probability of any one winning in the pair) 
The probability of S,, S; being the same pair 


ҖЕ where r(£) = the number of ways in whidilé E 
n(S р 
persons can be divided in 8 pairs when S, Somn ; 
the same pair and n(S)= the number of ways м 
which 16 persons can be divided in 8 pairs 


6! 
л ------ S= سے‎ 
Я nB- 7{ and n(S) FEET 
2 the probability of S,, S; being in the same раї 
мт 
eyar zns 1I 
= 161 «16-15 «15 
Q»y-8! ] 
in the pir 


The probability of any one winning 
S; S2 = certainly =1. 


2 the probability of Sı Sz bein 
1 

15 * 1= 15. 

The probability of Sı 52 being 

separately and one of Sy, 5, wins 


= the probability of S;, 5: being in 
А separately and 51 

+ the probability of Sy, 52 being 
separately and 51 


and one wins = 


twop 


airs 
wins, 5; lot 


gin the same Г i. 2% 


in wo Р , 


É Arx ; г 
| d, ^ the event of throwing r by Ain a throw 


————- a uw 


Elementary Probability 
12! 1 
2! 
Н OU Ы e Clearly, A, = l1, DJ 
M есе HS n d 596111 
E 16! 33*————78111 
سے‎ 16! А, = (а, 2), 0, 
0219-81 —u 22 a= [@, 2), (2, 1) 
2 21°. 51! А, = 10,3), (2, 2), (3, 1) 


uod3:Q 8:7 (1.1) n 
16:15: H 13 


2. the required probability = 2. 


19. A pair of dice is rolled together till a sum of either 5 
or 7 is obtained. Find the probability that 5 comes 
before 7. 

Let £; = the event of getting 5 in a roll of two dice 

- 40,3. @, 3), (3, 2), 4, 0) 


Let Е; = the event of getting either 5 or 7 
= ((1, 4), (2, 3), (3, 2), (4, 1), 
(1, 6), (2, 5), (3, 4), (4, 3), (5,2), (6, 1} 
"Е) 10 5 


PE)= سے‎ 


77 ($) 6х6 18. 
the probability of getting neither 5 пог7 


= 5 13 
= P(E,)=1- P(E,)=1-—=—- 
(E2) (Е) =1 18718 

The event of getting 5 before 7 


= E U (Е.Е) U (EE; E) о... to 

the probability of getting 5 before 7 

= P(E,) + P(E;E,) + Р(Е,Е,Е) +... to © 

= P(E) + P(EJP(E,) + P(Es)P(E)P(E}) +... to = 
1,1 1,13 131 


Edi м. еб. о eo 


9718`9718`18 9° 


=f, (13 азу 

БИ is * (is) +... to% 
dol odas 3 

9 11989978 5) 


-Ina game A throws two ordinary dice. 1f he throws 7 
r11 he wins, If he throws 2, 3 or 12 he loses. If he 
с WS any other number, he throws again and 

Sntinues to throw until either the number he threw 

к 917 turns ир, In the first case he wins and m xe 

wi "nd he loses. Show that the odds against his 
"hing is 251 ; 244. 

of two 


as = KL 4). (2, 3), (3, 2), (4, 1} 
A= (U, 5), (2, 4), B, 3), (4, 2), (5, D} 
A40, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6. DI 
Ав = IQ. 6), (3, 5), (4, 4). (5, 3). (6, d} 
А» = KG. 6), (4, 5), (5, 4), (6, 3] 

Ay = {(4, 6), (5, 5), (6, 4)} 

An = {(5, 6), (6, 5)} 

An = (6, 6)}. 

Now, the probability of A winning 
= (probability of throwing 7 оғ 11 in the first throw) 

+ (probability of throwing 4 first and then 
throwing any number except 7 or 4 any 
number of times followed by 4) 

+ (probability of throwing 5 first and then 
throwing any number except 7 or 5 any 
number of times followed by 5) 

* (probability of throwing 6 first and then 
throwing any number except 7 or 6 
any number of times followed by 6) 

+ (probability of throwing $ first and then 
throwing any number except 7 or 8 any 
number of times followed by 8) 

+ (probability of throwing 9 first and then 
throwing any number except 7 or 9 any 
number of times followed by 9) 

* (probability of throwing 10 first and then 
throwing any number except 7 or 10 any 
number of times followed by 10) 


4 
4 
4 
1 
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6 | * 6) +... to =] ‚дав in favour of being correct ob my Probi 
5 d obtain: 
2 E E 4 1 49 4 "E taining the sa; FA 
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: 9955 probability © eing corre + : ability of A winni 
+ do m Эз 27 „3. b5g 213, ct obtaining the sam : =р+ inning, (when А starts game? 
36 * 36 * 36 36 36 : result T4 EY 4414р + (9999)"p +... to 0 
: : (. A wins if 
3 (27 2 3 : 22. Two students A and B atte 5 : or all ins if he cuts spade in the first att 
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1 i 1 
9* 2| t 35.1 : 8 and 12 respectively. If the odds agai ШЕТ ility of India winning: 414 ata) (at te 
36 a7 t3e? 26 365 m 4 against may; or drawing are respectivel T &1 nung $ 
6 -36 1-= : same mistake by them by aking ely 5 and c If a wi : 1 
2 А probability of their results T 11000:1, find draw gives 2, 0 or 1 point LM n, loss ог : а-ы 
79 = 362 ° % + Де. „де, + 25 36 obtain the same result. eing correct if th i probability that India will score 5 "ds ue find the : 1 ay Us i 
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x 2 24 Ti Я 2 x 25122 A E Ж еге, the probability of A getting correct result. ()2 wins, 2 losses, 1 draw е as follows: - the expectation of A = К 4 
367257396|79718 45 198 | xu Шерба DE o1 win 1 loss, 3 draws : БРА 
i e probabili ; ү à 
t i қ p t i ч эм : P ty of B getting correct rese | (ii) 5 draws : = Rs 350 х x - Rs 128. 2 
0 495 A the probability of both A and B gettin; n dna match either India win or los : The probability of B winnin 
odds against his winning ; adl B Correctreayy | probability of a loss = 1 1,1 Y Rte жар Е 1 
244 UPS - 6) 172"2 3 404p) + (4444) °4р +... t0 | 
P(E’ 1 Th ч In the five matches, the robabili У x 23,1 3531 8 ; 
РЕ) 495 251 9s : : e probability of both A and B gettin $ probability of (i) happening : 4 451) + n n i 
P(E) 244 244 1:244. : 1 1 i incorrect result 5C, хс ec x(dY T Н 24152722755 [ 
495 : 6-80-30): ү? G) dd “6 це 3) | 
5 к 44 (46 %|2| +... fo | 
: Odds against makin; ( win сап tak А 3 4 
: g the same mista ake place in an; : 

21. A and B play a game of tennis. The situati = 1000 :1 ke bj Aud] 111 of the two ee а Dd 1 | 
game is as follows: - The situation of the the probability of A and В makin th mi в. 2 : 1 -AJ 1 
y idcm two consecutive points after a deuce he (incorrect result) = 1 deci | Inthe five matches, the probabili % $ | 
ks ;if T. ofa point is followed or preceded by win : 1001” : ility of (ii) happening „ыб 4* 3.16 48 1 

oint, it i AV as + = ===. і: 
р ы itis deuce. The chance of a server towina ^ ” the probability of A and B being incorrect 2% C, x *C, x °C3 x i 2 H x Bl 42 41-31 15 175 
point is = The game is at a deuce і i : the same mi j qa 7-1 6 
What i and A is serving. : e mistake (incorrect resullt)= 799; * 8 " 1 Ex de S the expectation of 48 
at is the chance that A will win the game? | 101 8 2 E. 6 63 > 324. ; n of B = Rs 350 x туз = Rs 96. 
Let E = th e і e five match т : The probabili iS 
e event of A winning a point. : probability of being correct by C P. S probability of Gii) happening : aa a be ede 
E А = 
Here Р(Е)= 2; 2  PB-1 2.1 : efa В i elie : aap + 4444р) + Gar) agp + .. o =) 
a : btaining th шеге f № 3 uy aes FO 38 y 1 
The event of deuce = D = (Е ^ BUENE) m В. — € required probability : alee 3 М 74 44 in up 
и m. 5 : 2 4 
the probability of a deu О. 3 озу 1.) (3 л 
се ers 3 = s =|7| x - 2 
TE probability of being incorrect by 6 34 7776 7776. 5 (à 4 в 2 8 К (4 EI 
= P(D) = PIE ПЕ) (E n EI : А : 5 У | 
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23239 : : NE expectations? , what are their respective : Mr 4* 36 
The event of А winnin : 8*12 lE th А Qs 115. 
g the game = th d DAE NEL. ш e event of ; a : 
number of deuce lived by ze ae и event ofany : 1 T d - у anyone cutting а spade in one а , ыҚ 
‘ nsecutive points for A : 1001 ^8^ 12 P(E) eie t 3.1 225) the expectation of C = Rs 350 x 175 = Rs 72. 
the required probability 3 s Eoi : 15 
: 1.1 ou P 3 С : The expectation of D 
2 CT els в 12 1001.1. 
il 4 @ + 22 y (2ү. s peur mens т and P(E) T ДЕР 
= +24.2 AN” (Шу (EYE : j oTt = Rs 350 - А 
34 9 (3) 5) B М9 6) 4..tow : But, by obtaining Е resült рой are со 9=1- Р(Е) =1-4=4` (sum of the expectations of A, B,C) 
: incorrect. = Rs 350 — (Rs 128 + Rs 96 + Rs 72)=Rs 54- 
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25. There are n + 3(n > 1) seats numbered 1, 2, 3, --- + 
т + 3. There are also л +3 persons who are holding 
tickets numbered 1, 2, 3, ..., ^ + 3. They take seats at 
random. Find the probability that exactly three 

persons take seats having the same numbers as that 
in their tickets. 
The number of ways in which 3 persons can take seats 
having the same numbers as that in their tickets 
= "*3C,. Of these, let in one of the ways, persons having 
the tickets numbered п + 1, n +2 and n 43 take their 
corresponding seats. 

The remaining n persons are to take n seats such 

of them are in the wrong seats. 

Let Е; = event of the person having the ticket numbered 

i to take the seat numbered i 
the probability that the remaining п persons take 
wrong seats 


I lE = 3.6 
= P(E, E 0 s E) = РЕ U Ea U -+ М En) 


that all 


=1- P(E) U Ej UV... U En) 
n 

-1-| X PE) - X Pj E) 
4-1 1<і,)<п 


+ У PEREA Ex) 


lsiejeken 


ел)" (ЕЛЕ; ОЁ) c (1) 


Now, P(E;) = 1 C~ ith person can take any one ofn 


seats, only one being favourable) 


d 1 
У PE) = У === У 1 
T t ғай Тіл 
1 г 
түй +1+... ton times) 
een et 
n 
n-2 
Py-2 
P(E; N Ej) "p. 


(. m persons сап be arranged in п 
seats in "Р, ways without restriction 
and in" ?P,.. ways when ith and jth 
persons are in their respective seats) 


(n-2)!_ 1 
n! м(и-1) 


1 1 mm 
А )-——— +... to "C times 
yate nn-1) nn-D x. 
D ut 


2" — 
d ии 2! 


"72Ра-з _(п-зу! 


Е. E) = 
P(E; n Ej n Ек) тр, m " 


a (C, "Cr PC PC, +c Е 
м) 3) 


1 E 7 

a С. р 10-9:8:7 10.9.8 10.9 

nn - 1n - 2) B -| 2a 6 ea cma 
T 2 


20010 +120 +45 +10 1) 1 
2% 


10 


X P(Ein Ej 0 ЕЮ 

1siejeksn 
кыы сыш N ; 386 193 193 
n(n - 1)(n - 2) ти 00и 2) OC; timg % SUM = 512 


арте probability of getting at most 6 heads 


ТРТ 
nn- m= 
+, 10, 
i У 2р" + Cı p'a? + PC, p'g* + С, рэд? 
sg iis on + "C po! "C, pg? + сур 


from (1), the probability that the Temai NL "ci + "C, + "C, "C, + C+ icy g 
2 


ning y 


persons take wrong seats when any three 
corresponding seats ЖШ = (1 +10 +45 +120 +210 +252 +210) -L 
1 1 3 n 
=1-{1-—-+>>- on. 1 2 
( эт E i ТЕ: 
ae E vai E 64 
7517317 + (-1) "i 


The probability that 3 persons have taken correct seats 27. A man takes а step forward with probability 0.4 and 
x 1 om NS y backward with probability 0.6. Find the probability 
= тазр; х 573r 1 that at the end of eleven steps he is one step away 

3 from the starting point. 


the required probability that exactly 3 persons take 
the seats corresponding to their ticket numbers 


А50.4 + 0.6 = 1, the man either takes a step forward ога 
step backward. Let a step forward be a success and a 


3 =, s Ei к + " са)" = ` step backward be a failure. 
x à Then, the probability of success in one step - p - 04 = 2 
= 1 1 2 E» —...+(-1) n si 3 
6 б y 3! n | the probability of failure in one step = q = 0.6 = : . 


In 11 steps he will be one ste 1 
| à Ш p away from the startin; 
Find the probability af point if the numbers of successes and failures differ by М 


26. А coin is tossed 10 times. 
s (ii) at least six heads 3 


getting @) exactly six head 
(iii) at most six heads. 


the number of successes = 6, 


the number of failures = 5 


M ial 
ili i ad (success) in one ti 
ыы жасты E" or the number of successes = 5, 
=p the number of failures = 6 
i n | 
ите) ino! the required probability 


the probability of not getting à head (fa 
=" pég ИС. 536 
3 oP @°+ Csp^q 


Xd 
ізі -4-1-2<2 


in 10 EAE 5 3 
(i) The probability of getting exactly 6 heads I = "с, B 49 S d 8 
10! (lY ;j : ШЕР. 
ось“ = тат (2) |2 .2U (ns зү 2,3 
бере 8) E йз В) 5*8 
"mr BÉ svn 
ds 120 Р 10 
(ii) The probability of getting at least 6" 22 5 
8, =46; oy 
Cg pg + vo? д? + VC, pd 2 “| Е 


10 


x 6; pu + "Сю? 


Elementary Probability 


#1 


28. dis 
i probability of a man hitting a target ín one fire is 
T How many times at least must he fire at the target 
in order that his chance of hitting the target at least 


once will exceed Е: 
н m 
еге, the probability of hitting the target in one fire 
1 
spen 


- theprobability of not hitting the target in one fire 


l 3 
=й=1-—=>. 
ата 
Let the man take n fires. Then 
the probability of hitting the target at least once 


71- (probability of nothitting the target m times) 


atl, тая 
f) re () «poe 


. the least value of n = 4. 


5 he must take at least 4 shots to make his chance 


greater than i : 


29. In a sequence of independent trials, the probability 
of success in one trial is i ‚ Find the probability that 
the second success takes place on or after the fourth 
trial. 

The probability of the second success taking place on 

the fourth trial 


= probability of one success in the first three trials 
and success on the fourth trial 


2 
1 (3 1 
bei Ы; 
The probability of the second success taking place on 
the fifth trial 


= probability of one success in the first four trials 
and success on the fifth trial 


3 
„рс |x gandsoon 
| 


3 
есерін ребе 5 О gerund probability 
x "de У 
Аа, 4 1 {АРА L Tuo EES FE Rand y = Rare steeg тану of having atleast one ros 
M AY alanis < I 4} Find the potas, Ма me rainy 
XVI t $ member utisiy the і x T Sy 
се a jog nemden satisfy the 5 M } 
ЕС gon а pui of real numbes x FINE remaining days! 
ou ae c = 2 4) we get a point Шыт mo Ae тты нн кше} 
ecd эй. n YE occ DX orn LS probability of having one rainy day 
==“ - Е ан ul A 


1 
ABA =F then verify which of the follow 
statements are correct 


(2) А and B are mutually exclusive 
(М) A and B are independent 


(x 8745-1. 


(9 AA"B)-Y 
> 2 кБ = ава of that portion of the spar a Î 
2 : in the interior of the parabola 


1 А has 3 shares in a lottery containing 3 prizes and 
„ blanks; B has two shares in а іюбыгу сопы 


2. Three dice named A, B and C are thrown and the 
mimbers shown on them are put for zEc 
respectively in 


£ "wm it rains от 275 i E 

apice is sos балы ы that eel [oom +br+c=0. What is the probability that the 
Е азу What eres x T 2 Gives ёғ 4 equation so formed will have real roots? 
= miny day within a period ق‎ 3 Out of 21 tickets marked with numbers Lto 2L three 
d is 2+ least one rainy 64) hipa |. are drawn at random Find the probability that the 


probability that there are al 


three numbers on them are in AP. 


Pd : week? + Abox contains 2 fifty. x ins, 5 twenty-fiv Ф 
ci : EX S E ы 2 fifty-paisa coins, 5 p ve pasa 
1 Let R be the event of having rain ina 7 coins and a certain fixed number N@ 2) cf tempaia 
Е _ 3 con and five paisa coins. Five coins are taken cut of the 

From: the question, P) 7357 SOT 0 E box at random. Find the probability that the total 

gest one ST Yalue of these 5 coins is less than one rupee and fifty 


Paise. 

Š A ten-digit number is formed using the digits 0109, 
very digit being used only once in the same number. 
Find the probability that the number is divisible by + 


З - The probability of having at 
e = а + 


Gays 5 


с. uie eras sents out orn e on мы 


ДЕ p Find the 
и Wie ds a onito patel of the tickets are drawn at random. 
хез ae SPOS pail gf Probability of the sum of the numbers in the three 
- Clearly, we have to find ер us asm d в 
1 least one rainy day in 6 E 


- day has taken place. x 


qu lf for the events A and B, P) - РАВ) -Ё ang i 
4 2 


2 prizes and 6 blanks. Compare their danos ofso. : 


the | quadratic equation = 


— 7% 


елены Бадам», 


We have RAR) = МАСЕ 
Rm 


КАМ Р-ДА А Б) {`` ҢА = RABY 
А and B are independent. So (b) is correct. 
Two independent events cannot be mutually exclusive 
So fa) is incorrect. | 
ASA and B are independent t A" and B are independent. 
RUD=A4)=1- AA) 


So (is correct, 
AS А and B are independent, А” and Б" are independent 
= REIS ABI=A1-AH 


-1-BRB/A4) {7 A,B areindependent} 


Т. A four-letter word is written down by taking letters 
from the word KANYAKUMARL What is the chance of 
the word to be of all different letters? 

8. A ard is drawn from a pack o£ 52 cards The card #5 
then replaced and the pack is reshuffied It is done six 
times. Find the chance that the cards drawn are two 
hearts, two diamonds and two black cards. 


3. A word of 5 letters is written down at random with 
the letters of the word COLLEGE What Б te 
probability that all the repeated letters were used? 

10. 6 different balls are put in 3 different boxes, no box 
being empty Find the probability of putting the 
balls in the boves equally. 

її. A sixdigit number is written down at random. 
Waat is the chance that the sum of the digits cf he 

number is odd? Also find the chance that the 
number is divisible by 3 but not by 10. 

12. A bag contains 6 coupons numbered 1,2. . 4, Sand 
6. Five coupons are drawn and the coupons аге 
placed in a row at random. What is the probability 
that the number read will be divisible by 6? 

13 Let Xe fri x 580,1 = №. A member of the set X 
is selected at random. Find the probability that the 


раар 


ا 


ا 


4 
: 
: 


ras Problems 


selected number is a solution of the inequation 


х2 3054200 | 
х-15 

14. А bag contains 10 balls. Six bal ; 
attempt and replaced. Another draw of 5 balls is 
made from the bag. What is the chance that exactly 2 
balls are common to both the draws? Also prove 
that the chance remains unaltered if the two draws 
are interchanged. 

15. A question paper is split in two groups—A and B. 
The group А contains 4 questions, each question 
having an alternative. The group B also contains 4 
questions. A student has to answer at least one 
question from each group and he can answer up to 8 
questions. What is the probability thata student will 
answer 3 questions? 

16. A dice is thrown six times and the sum of the digits 
shown is found to be 24. What is the probability that 
each time the digit shown is 
(a)atleast3, (Ы) at most 5? 

17. A and B are two candidates seeking admission in 
IIT. The probability that A is selected is 0.5 and the 
probability that both A and B are selected is at most 
0.3. Is it possible that the probability of B getting 
selected is 0.9? Give reason. 

18. A man and a woman appear in an interview for two 
vacancies for the same post. The probability that the 


15 are drawn in an 


man will be selected is i and that of the woman to 


be selected is ^ - What is the probability that 


(i) atleast one of them will be selected 
(ii) none of them will be selected. 

19. An anti-aircraft gun can take a maximum of four 
shots at an enemy plane moving away from it. The 
probabilities of hitting the plane at the first, second, 
third and fourth shot are 0.4, 0.3, 0.2 and 0.1 
respectively. What is the probability that the gun 
hits the plane? 

20. An article manufactured by a company consists of 
two parts X and Y. In the process of manufacturing 
the part X, 9 out of 104 parts may be defective. 
Similarly, 5 out of 100 are likely to be defective in 
manufacturing the part Y. Calculate the probability 
that the assembled product will not be defective. 

21. Each of two persons makes a single throw with a 
pair of unbiased dice. What is the probability that 
the throws are equal? 

22. A coin is tossed 10 times. What is the probability of 
getting exactly 7 consecutive tails, no two other tails 
being consecutive? 

23. А dice is thrown 10 times. What is the chance of 
getting exactly 6 (іе, 6 but not more) consecutive 


sixes? 


Plus in ИТ Mathematics 


24. 


25. 


26. 


27. 


28. 


29. 


D ‘well-shuffled cards, replacing them after ea 


31. 


32. 


A bag contains 8 balls of two colours, req = 
3 balls are taken out at random. The Proba a 


ility 
ing „d balls than green is 15 чү 
getting more ге green is — ; 
2g 2nd th ta | 


ing more green balls than red i 15: р 
getting gr is E мық 
nurnber of green balls in the bag? 


1 
А hunter has a chance 2 of shooting down a 


from a distance r metres. He takes his fir 
when the tiger is at a distance of 2 E sho} 
misses then he takes the second shot when "i Е | 
is at a distance of 3 metres. If he again DIAS х 
takes another shot when the tiger is at a distance 


4 metres and so on. If he misses at his sixth shot 


then the tiger escapes. Find the probability talis | 


hunter will be successful to shoot down the tiger 

А and B play a game of throwing a pair of di | 
alternately. А wins if he obtains a sum of 6 before 4 
obtains a sum of 7 in the pair of dice. И A begins the 
game, find the probability of 

(i) A winning the game (ii) B winning the game, 
A, B and C toss a coin in succession on the 
understanding that the first one to throw a hed 
wins. What are their respective chances? 

A and B throw with one dice for a stake of Rs 1l 
which is to be won by the player who first throws 6. 
If A has the first throw, what are their respective 
expectations? 

Ina set of five games in tennis between two plays 
Aand B, the probability of a player winning а game 


is 2 who has won the earlier game. А wins the fist 


game. What is the probability that A will winatlest 
three of the next four games? 


hree persons A, B ап 


condition that the first who cuts a 5 
prize; find their respective chances. 


A box contains 2 black, 4 white and 3 гей ie vd 
ball is drawn at random from the box pe 
aside. From the remaining balls in the box Н js: 
ball is drawn at random and kept bes! Е drat 
This process is continued till all the palls qs dV" 
from the box. Find the probability | at dared ` 
are in the sequence of 2 black, 4 white an 


bla 
A bag contains 9 white balls and 1 " 


andom 2 A 
draw! 
lls аге ©" е 


second bag and put in the first. 
that the black ball is still in 


d C in order cut a pkd | 
ch cut?! | 


pade will vit? | 


Another bag contains 10 white balls. ы put] 


33. 


35. 


36. 


37. 


38. 


39. 


40. 


41, 


EM НЕШЕ 
LS 


Elementary Probability 


ша multiple-choice question there а 

alternative. answers, of which one or те four 
correct. A candidate will get marks in E are 
only if he ticks all the correct Mk neas 
candidate decides to tick answers at rando, E: The 
allowed up to 3 chances to answer the Kee heis 
the probability that he will get м 
question. the 


„Cards are drawn one-by-one at random from 
a 


well-shuffled pack of 52 cards. 

(а) If N is the number of cards required to be drawn 
until two aces are obtained for the first time then 
show that the probability of N being equal to n is 
(n = 1)(52 = п)51-л) 

50x49 x 17 x 13 

(b) Find the probability that exactly n cards are to be 

drawn before the first king appears. 


where 2 < n € 50. 


п different letters are put at random in n addressed 
envelopes. What is the probability that no letter is 
placed in the correct envelope? 

A private tutor admits 10 students, boys or girls, ina 
batch. The probability thata student admitted in his 
batch isa girl, is 0.25. What is the probability that his 
batch has 

(a) equal number of boys and girls 

(b) more girls than boys? 

If in 6 trials of an experiment the probability of 2 
successes is 9 times the' probability of 4 successes 
then find the probability of success in one trial. 
Suppose the probability for A to win a game against 
Bis 0.4. If A has an option of playing either a “best of 
3 games" or a "best of 5 games" match against B, 
which option should A prefer so that the probability 
of his winning the match is higher? (No game ends 
ina draw.) 

A hotel has 5 rooms for rental and they are always 
occupied. The owner has 3 TV sets available on the 
rental Rs 20 per day per set. Only one set will be 
supplied to one occupant if he wants it. The chance 


3 
that an occupant will want to hire a setis с. Find the 


Probability that the hotel owner will get Rs 60 per 
day by renting the sets. 

Numbers are selected at random, one ata time, from 
the two-digit numbers, 00, 01, 02, ..., 99 with 
replacement. An event E occurs iff the product of the 
two digits of a selected number is 18. If four 
numbers are selected, find the probability that the 
event E occurs at least 3 times. 


Find the minimum number of tosses 
sa that the probability of getting 
digits on the dice equal to 7 in at leas 
Breater than 0.95. E 


ofa pair of dice 
the sum of the 
t one toss 15 


(Given log; 2 = 0.3010, 102,53 = 04771 } 


42. There are two circles in the x-y plane whose equations 


are x? «y! -2y =0 and x^ «y! -2y - 34 0 A point 
is chosen at random inside the larger circle. Find the 
probability that the point has been taken 

(a) from the smaller circle 

(b) from outside the smaller circle. 


43. Two persons A and B agree to meet at a place 
between 11 noon to 12 noon. The first one to come 
waits for 20 minutes and then leaves. If the time of 
their arrival are independent and at random then 
what is the probability of a meeting between A 
and B? 

44. A real number x is selected at random from the 
solution set of the inequation y? — y - 6 < 0. What is 

G2) 

-4 


the probability that 
x 


20? 

45. Three tangents are drawn at random to a given 
circle. Show that the odds are 3: 1 against the circle 
being inscribed in the triangle formed by the 
tangents. 5 

46. A floor is paved with rectangular marble blocks, 
each of length а and breadth b. A circular block of 
diameter с(с < а, b) is thrown on the floor at random. 
Show that the chance that it falls entirely on one 

(a - c)(b - c) 

ab i 

47. А plane is ruled with parallel straight lines at equal 
distances of 2a. A needle, 21 long (1 < a), is thrown on 
the plane at random. Find the probability that the 
needle will hit any of the lines. 


rectangular block is 


Objective Questions 


Fill in the blanks. 


48. A fair dice is rolled once. The probability thatan odd 
number less than 5 turns up is and the 
probability that a number greater than or equal to 3 
turns up is 

49. The probabilities of two independent events AandB 
are respectively and... , (P(A) > P(B)) if 


Lol 
the probability that both occur is е and the 


probability that none of them occur is 3 


50. Two studi 
respective probabilities 


2 and Y The probability of the problem being 


solved by at least one of them is — - 


ents A and B solve a problem. Their 
of solving the problem are 


Ае NE 


Problems I 


F.20 


51. If A, Bare two equiprobable events such that 
1 
P(A NB) =t and P(A‘ B’) = 5 then 
Р(А) =. 

52. If Lp and LE are the probabilities of 
three mutually exclusive events then the set of 
possible values ofpis 

53. Three faces of a fair dice are yellow, two faces red 
and one blue. The dice is tossed three times. The 


probability that yellow, red and blue faces appear 
in the first, second and third tosses respectively 5 


54. Items coming of a production line are marked 
defective (D) or nondefective (М). Items are 
observed and their conditions listed. This is 
continued until two consecutive defectives are 
produced or four items have been checked, 
whichever occurs first. Then 
(a) the number of elements in the sample space is 
(b) the probability of getting two consecutive 

defectives in the experiment is 

(c) the probability of getting at least two defectives 

in the experiment is 

55. Three letters are written to different persons and 

their addresses are also written on three envelopes. 
Letters are put at random in the envelopes. Then 

(a) the probability that letters are put in correct 

envelopes, is 

(b) the probability that only one letter is put in the 

correct envelope, is 

(c) the probability that all the letters are put in 

wrong envelopes, is 


56. The probability that in a group of N(« 365) peopleat 
least two will have the same birthday, is 


57. The probability of a leap year to have 53 Mondays is 


58. Two small squares on а chessboard are selected at 
random. The probability that they have a common 
side is 

59. 12 persons are asked a question in a random order of 
which exactly 2 persons know the answer. The 
probability that the first four do not know the 
answer 18 and the probability of the sixth 
person being the first to know the answer is 


60. Two numbers are selected at random from 1,2, 3, ..., 
100 and multiplied. The probability that the product 
thus obtained is divisible by 3 is 

61. Three dice are thrown simultaneously. The 
probability of obtaining a sum of 6 is 


62. 


63. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


ив in HT Mathematics 


Urn A contains 6 red and 4 black balls m 
contains 4 red and 6 black balls. One ball jg ^ шур 
random from the urn A and placed in ke nu 
Then one ball is drawn at random from u um 
placed in the urn A. If one ball is now diy and 
the urn A, the probability that it is found to Bein 
3 i 


Aand B are two events such that the Probability n 
а 


zii 
both A and B occur 15 = and the Probability thatay 


525 
leastone о them occurs is =: The probability ofthe 
if P(A) = 2P(B). 


occurrence of A = 


. The probabilities that on a certain day the two а 
ins 


from Calcutta and Mumbai arrive on time at bá 
are 093 and 0.89 respectively. The probability " 


both trains arrive on time is 0.87. Then M 
e 


probability that at least one train is on time is 


If four whole numbers taken at random are 
multiplied together then the chance that the last 
digit in the product is 1, 3,7 or 9, is 


Three ordinary dice are thrown together. The 
probability of getting а sum m(3 < m < 18) on themis 


Four small squares on а chessboard are selected it 
random. The probability that they form a square of 
the size 2 x 2 is : 
А coin is tossed 3 times. The probability of getting 
head and tail alternately is А 
А тдот has 3 electric lamps. From а collection of 10 
electric bulbs of which 6 are in order, 3 are select 
at random and put in the lamps. The probability 
that the room is lighted, is S 

cket 
A bag contains 17 tickets numbered 1 to 17. Аш 
is drawn at random and replaced. А second ded 
carried out. The chance that the first number 
is even and the second odd, is —— ° 


8 persons entered the lift cabin on the 610 5 
of an 8-floor house. If any person can leave MIT 
at any one of the eight floors then the Pr fen 
that all the persons leave the cabin at 


floors, is 


f 
A card is drawn at random from 2 a һәй? 
The chance that it is either an ace 0 


und fl 


P(AuB)- P(A n B) if and only if 
between P(A), P(B) and P(A/B) iS ais ^ 
India play two matches each with s of " 
Australia. In any match the probo? 05 ad 
getting points 0,1 and 2 are 
respectively. 


the Кш 


‚0. 


t 


15. 


78. 


79. 


80. 


81. 


82. 


83. 


85. 


86, 


Elementary Probability 


ssuming that the outcomes are independent, tl 
M ; К he 
probability of India getting at least 7 ond 
| سے‎ ' 


The probabilities of different faces of a biased dice t 
spear а re as follows: 9 


[шетше | 1 | 2 | 2 [+ [5 | 


[e sen [essor 


The dice is thrown and it is known that either the 
face number 1 or 2 will appear Then the 
probability of the face number 1 to appear is 


—‘ 


‚ IF X denotes the number of sixes in four consecutive 


throws of a dice then Р(Х = 4) is 


‚ Let an ordinary coin be tossed 15 times. If P, denotes 


the probability of getting r tails and P, is maximum 


then k = 


Two coins are tossed 4 times. The chance that there 
will be equal number of heads and tails, is 


The probability that an event A happens in one trial 


of an experiment is 0.4, Three independent trials of ; 


the experiment are performed. The probability that 
the event А happens at least once is 


The odds in favour of A winning a game against B 
are4 : 3. The probability of B winning 3 games out of 
7 played is 


The probability of a missile hitting a target is "Two 


missiles are enough to destroy a bridge. If six 
missiles are fired at the bridge, the chance of the 
bridge being destroyed is . 


A diceis thrown six times. The probability of getting 
three sixes, the third six appearing in the sixth 
throw, is 


Let A= (1,2, 3, ..., n] and f be any mapping from 
the set A to itself. If one such f is selected at random 
then the probability of f being invertible 15 


. Two integers x and y are chosen one by one with 


replacement, at random from the set 

1510 < x «10, x is an integer). 

The probability that |x — yl $5is———: 

A trunk-call is booked. It is known that a trunk-call 
booked materialises any time within an hour. The 
chance that the call will take place within the first 15 
Minutes of the booking, is —— * 


If A and B are two events such that Р(А’)=03, 
Р(В) = 0.4 and Р(АПВ’)=05 then 
PIBKAUB’)\= : 


Choose the correct option(s). 


87, The probabilities of two events are 0.25 and 0.50 
The probability of both happening together is 0 14. 
Which of the following is the probability of none of 
the events happening? ! 

(a) 0.39 (b) 0.25 
(c) 011 (d) none of these 

88. The probability that at least one of the events A and 
B occurs is 0.60, If A and В occur simultaneously 
with probability 0.20 then P(A ^) + P(B’) is equal to 
(a) 0.40 (b) 0.80 (с) 1.20 (d) 1.40 

89. The letters of the word ASSASSIN are written down 


at random in a row. The probability that no two S 
occur together is 


A 1 
(а) == (OETI 


1 
(9 15 (d) none of these 


90. If P(A) zz PB)=5 and P(A UB) -i then the 
events A and B are 
(a) mutually exclusive 
(b) independent 
(c) independent as well as mutually exclusive 


(d) none of these 

91. Three identical dice are rolled. The probability that 
the same number will appear on each of them is 

1 1 3 

о) (b) 36 (9) 55 

92. The probability of the event А occurring is 0.5 and of 
B occurring is 0.3. If A and B are mutually exclusive 
events then the probability of neither A nor B 
occurring is 
(а) 0.6 (b) 0.5 
(c) 0.7 (d) none of these 

93. A and B are two independent events such that 


(с) > 


Р(А’ е В) = 2 апа Р(А с\ в)= 5 then P(B) is equal 
to 
4 1 1 
e: og 5 
94. A student appears for tests I, П and Ш. The student 


is successful if he passes in tests I, IL or I, Ш. The 
probabilities of the student passing in tests 1, II and 


1 E" 
Ш are respectively p. 4 and 5° If the probability of 


5 
95 


1 
the student to be successful is > then 
(b) q(l+p)=1 
1 1 
4)-+—=1 
(97 4 


(gp +) =1 


(с)рӯ=1 


ғ Problems 


95. The probability that the wife will be alive 10 years 


mem ік 
hence is — and that of the husband is у Whats 


15 
the probability that at least one of them will be alive 
10 years hence? 


96. А soldier is firing at a moving target. He fires four 
shots. The probability of hitting the target at the 
first, second, third and fourth shots are 0.6, 0.4, 02 
and 0.1 respectively. What is the probability that he 
hits the target? 


517 3 
@) 625 ©) os 
105 


(d) none of these 


97. A and B are two independent events such that 
P(A) = 0.3 and P(A u В) = 0.8. Then 


2 

(b) P(B) = 7 
(PAN Be (d A^ B)-3- 
35 20 

93. А and B are two independent events. The 


probability that both А and B occur is i and the 


probability that neither of them occur is 5. Тһеп 


P(A) is equal to 
I t 5 NI 
(a) 5 (b) 3 (<) 6 (d) 2973 


99. The probability of at least one of А and B occurring 
iss and that of A and B occurring together iss then 
P(A‘) + РВ") is equal to 

6 11 9 23 
ez (515 © то @ 57 


100. The probability that a rectangle picked up from a 


chessboard has the area 6 cm? where the distance 
between consecutive parallel lines on the board is 
lanis 


3 3 
a) 5 ® 5; 
= (d) none of these 


101. Two persons A and B throw two dice each. If A 


throws a sum of 9 then the probability of Y 
throwing a sum greater than that of X is 


1 1 

ae Фу 

íc) 32; (d) none of these 
5? 


Plus in ИТ Mathematics 


102. On à chessboard small squares are either Ыы, 
white, set alternately. Three pawn are 1 


probability that two are on the squares of ES 5 
colour, is Sam, 
8 2; 
(a) 21 e 21 
16 
(c) 21 (d) none of these 


103. A natural number is selected at random 


set X = (x11 s x 100}. The probability that № | 


number satisfies the inequation x *-13x< 30i 


9 3. 
(а) 50 ШЕ; 


(с) i А (d) none of these 


104. If A and B are two events then 

(а) P(A n B) > P(A) + P(B) - 1 

(b) P(A ^ B) > P(A) + P(B) 

(с) P(A ^ B) = P(A) + P(B) - P(A UB) 

(d) P(A ^ B) = P(A) - P(B) 
105. Е E and F are independent events such that 
5 0 < P(E) <1 and 0 < P(F) < 1 then 


(a) E, F are mutually exclusive 
(b) E, F are independent 
(© E, F are independent 
(d) P(E/F) + P(E/F) = 1 
106. IFO < P(A) < 1,0 < P(B) < 1 then P(A/B) is equal to 


(а)1- РА) (p 1 - P(A) 
A B A 
ن‎ (a) 2. 
P(B) P(B) 


107. For any two events А and B, 
P(A) + Р(В)-1 , P(B) 20 
P(B) 
(b) P(A В) ¥ P(A) - P(A ^ B) 
(O P(A UB) =1- F(A)P(B) 
if A, B are independent 
(d) P(A о B)-1- P(A)P(B) 
if A, B are mutually exclusive 
108. The probability that exactly one of the 
А, B occurs is 
(a) P(A) + PB) -2- P(A NB) 
(b) P(A) + P(B) - P(A ^ B) 
(с) P(A) + P(B) -2 - P(A NB) 


(a) P(A/B) 2 


45,52% 
109. Fifteen coupons are numbered from 10 e 


coupons are selected at random one at 


lack т; ғ 


ET 
random on three squares of the chessboarg = at de 


two еуел 


Elementary Probability 


replacement. The Probability that 
number appearing on a selected coupo 


9 8\7 is 
ШО es) 
© B | (d) none of these 


іш a box containing 100 bulbs, 10 are 
what is the probability that out of а 
pulbs, none is defective? 


1) 945 
-5 1 9 
(а) 10 e 2 © (i) 917 
111. One hundred identical coins, each with probability 


of showing up head, are tossed. If 0 «p «1 and 
the probability of heads showing on 50 coins is 


10. defective, 


equal to that of heads showing on 51 coins then the : 


value of p is 


1 49 50 
(7 Ou Ош of 


112. The probability thatan event A happens in one trial 


of an experiment is 0.4. Three independent trials of : 


the experiment are performed. The probability that 
the event А happens at least once is 


(a) 0.936 (b) 0.784 
(c) 0.904 (d) none of these 


113. A fair coin is tossed п times. If the probabilities of : 


getting 4, 5 and 6 heads be in AP then n is equal to 


the largest : 


sample of 5 : 


114. i 1 

4. v unbiased ordinary dice is rolled four times. Out 
s. the four face-values obtained, the probability 
а the minimum face-value is not less than 2 and 

e maximum face-value is not greater than 5, is 

16 

(а) — 1 50 65 
gs т © зт (9) = 


State whether the statements are true ог false. 
115. The probabilities of the events A, B and C are 
s 21 1 
respectively 3'4 and € Then the events are 
mutually exclusive. 


116. If the probability for A to fail in an examination is 
02 and that for B is 03 then the probability that 
either A or B fails is 0.5. 


117. The probability of getting exactly 2 heads in tossing 
à coin thrice is 8: 

118. For any three events А, В and C defined on the 
sample space R such that BCC and Р(А) #0, 
P(B/A) < P(C/A). 

119. In a lottery all the tickets are blank except one, on 
which there is a prize. n persons draw a ticket each 
one after another without replacement The 
probabilities of the 6th person to win the prize i$. 

n 


120. If A and B аге two independent events then 


(а) 12 (7 (©) 15 (9) 14 P(A n В) + P(A)P(B) = P(A). 
Answers 
1.952:715 2.23 10 _ 10 +2) 4 16 0 9 - 
216 3. 133 4.1 "a 29 37737737 Respectively 
5 
20 a 5 631 
ил бото 150 age ve 5% 33.3375 
5 109 512 vae pA 
3 = п)(50 – п51- п 
n 10.— 11.7 3, respectively 34. 0)73.49-50-51 
1 1 1 
0. – 13 5 2 35. -=+...4+(- —- 
13. — -- = 21 3! 1 
6 ы 14.1 15.55 NER п 
3% yy 426 жала ()— 974 
3431 3431 17. по 2х4 
01 1 2133 
95 (i) ve 38. best of 3 games 955 
2.31 з 135 к... 41.17 
416 uni 2 > D 40. 365 
% 7-58 5 3 
из 31 42 (a)z Oz 3.5 4.2 
5.3 26. (i) 2 (95 ӨНГЕН я қ 5 
кек 47. 2 48. 3' 3 respectively 
28. Rs 6, Rs 5 respectively лд 


plus in HT Mathematics 


Е-24 Problems 
| 5 e Ў 
174 5 21 : 74. 0.0875 75.51 16 77.70% Рр 
49. >, = respectively 50. — 51.30 : 3 
273 6 ee 28 34560 ин E 
1 7 : po 79. = zan 81 г; 
52. E 53. 2. 54. (a) 12 (9: (©ту Жш. 125 Tee nr Жа 
5! : 625 eT ,, 91 1 i 
55. (а)1 (һ)1 (91 B 1-—— 2 82. 5328 ete “Ч ОГ P 
jou ыы E. '" ^ 365N-(365-N)!  : АГ 4 i : 
2 1 M 1 E : 86. 0.25 87. (а) 88. (c) 9.) | 
.= .— وم‎ = ecti 
VE xw АР 4 : 90. (b) 91. (b) 92. (d) E 
5 na 95. (b 96. (a | 
60. 0.55(nearly) 61. o 62. 2 63.5 : 94. (а) (b) (а) 97. (0), (с) 
: 98. (d) 99. (b) 100. (4) 164) 
= s) . я 
64. 0.95 6.25. вв. DO : 102. (с) 103. (b) 104. (a), (c) | 
7 я аи” = ы : 105. (b), (©), (d) 106. (с) 1 | 
di 654 a 7 : 108. (а), (с), (4) 109. (©) тоб 
я. 7! 2s : 111. (d) 112. (b) 113. (b), (d) 
87 713 ` 114. (a) 115. false 116. false 117, fals 
73. P(A) + P(B) = 2P(B) - P(A/B) 418, true 119. false 120. true 


Elementary Probability 


Chapter Test 


Time: 120 minutes 


1. In each of the following incomplete sentences, fill in the blank so that the resulting 


N 


. Two numbers А, p are chosen one 


. Two teams A and B play an one 


. Опа piece of paper certain odd num 


. A coin is tossed 4 times whose.two 


sentence becomes correct. 
(a) Two numbers of five digits made by the digits 3, 4,5, 6 are taken at random to add. The 
chance that the two numbers can be added without carrying at any place, 15 
(b) Out of twenty consecutive positive integers, two are chosen at random. The 
probability that the sum of the chosen numbers is odd, is 


(c) The probability that a man fishing at a particular place will catch 1, 2, 3 and 4 fishes 
are 04, 0.3, 0.2 and 0.1 respectively. Then the expected number of fishes caught is 


(d) A dice is rolled four times. The probability of having more sixes than any other 
number at any stage is 


. Each of the following has multiple answers. Choose the correct answer(s). 


(a) The probability that a positive integral power of 137 will have the digit 7 in units place 
of the value of the power, is 
1 1 1 3 
б.т = = = 
3 В.5 С. 0.2 
(b) Acoinis tossed 8 times. The probability of having 4 heads in the even places of tosses is 


8 
C. °C, B D. none of these 


(c) A five-digit number is written down at random. The probability that the number 
written is such that when the digits are put in the reversed order the new number is 
also a five-digit number equal to the original number, is upto two places of decimal 
A. 0.01 B. 0.90 C. 0.81 D. none of these 

(d) The adjoining figure gives the road plan of lanes connecting 
two parallel roads AB and FJ.. А man walking on the road AB 
takes a turn at random to reach the road FJ. It is known that 
he reaches the road FJ from O by taking a straight lane. The 
chance that he moves on a straight lane from the road AB to 
the road FJ, is 
A. 0.25 


m > 


ooo 


B. 0.04 C. 0.2 D. none of these 
after another at random (with replacement) from the set 


(4|1<4<10,е №). Find the probability that x! + Ax + > 0 for all x e К. 

day cricket match. The match is in the last over and the 
situation of the match is as follows: 

Four balls are to be bowled by the team B; no wides or no-balls are bowled; the team Ahas 
to score 16 runs to win. Runs that can be scored off a ball are 0, 1, 2,3, 4, 5 and 6. 


Find the probability that the team A will win by scoring in the last ball. 
ber of horizontal lines at equal distances are drawn. 


An equal number of vertical lines at equal distances are also drawn, forming rectangles. 
The rectangles are coloured black or white, set alternately. Three coins are put at random 
in these rectangles. Let p be the probability of having two coins in rectangles of the same 
colour and the third in a rectangle of the other colour; and p' be the probability of having 
all the coins in the rectangles of the same colour. If p : p' 2 16:5 then find the number of 


horizontal lines drawn on the paper. 
faces are marked with the numbers 5 and 3. What is 


the odds in favour of getting a sum less than 15? 


w дреме косу! l 
a Фау of (a. а aj to be a positive intera 


> уз. < 2 


written don à 


Aifferent digits 1 г 
iat in the muccle 


А A member ol five di 
fue number written has the Largest d 


~ 
babil n 
Find the prob ability ot 


9 Fight dace are thrown А! random ate inn 


sum of five natural numbers i 


10. Ef the 5 ^ 


even 
in the frame as 


Иер vastward of 
ke a 


t1. А ond В are two perms standing, 

shown in the figure. А can take а 

reorthward with equal probabilities while B can tà 
orobabilith 

step westward or wouthward with equal probabilities 

In each move they can step only to an adoring square 


(having a common side). Both A and B take 
random. What js the probability that they wall ret in 
a shaded square? 


12. A wooden rod is ^ ri 
obtain a smaller rod AB. What is the chances 


length? 

33. A coin has probability p of showing ! 
the probability that no two or more co 
and p, = (1 - pp, vt pl Рт 


3 steps at 


1 long, It is cut at random al two p 


Answers 
3125 i 52 1 ё 
1 O Tra fbi 5 (c)2 (d) 1555 2.(а) С 
й x 
T = 
59 5.5: 1 
2271. gh 
=” E 
4-2 103! 85079 7x00 1:8 
tei 71115! 19? 6:2 7 655 
4.2 12.25 
“ым ж 
о 


pation x, +2 


+ T3. 15 Find 


solution of the ичилет 


t random. What rs the probability that 


prung а чот 24 


9), find the probat шу that the fixe пштё Ж 


асе ^ and В on the two sites b 
2 that the rod AB will be of at least | m in 


wad when tossed. It is tossed а times Let р, denote 


nsecutive heads occur Prove that р, = Lps 1- p? 


В ЧА («С 


Î у Tou! conditional probability 
рем» bo Py „Е, are mutually exctusive if 
ЕТ Ofocrepe 1,2, 3, uum 

| vents Eu Ei- С. are exhaustive И 

Pas PE) > РЕЛ = 1. 


EA ELE ,L, are equiprobable and exhaustive then 


BE e FE me PIED 5 
к 


„Н LEES, E, are п mutually exciusive and 
`, exhaustive events and A is an event which can take 
place in conjunction with any one of Е, then 
PIA) = PEL PILAE, + PLE - РАА LL 

> МЕ») - МАЛ ,) 


2. Bayes’ theorem 
ОИЕ. by .E, are n mutually excusive and 


1. An urn contains 2 white and 2 black balls A ball is 

drawn at random. If it is white, it is not replaced into 
| the urn, otherwise it is replaced along with another 
ball of the same colour The process is repeated. Find 
the probability that the third ball drawn is black. 


event of getting white, white in the first 
two draws 


1. event of getting white, black in the first 


two draws 

fa event of getting black, white in the first 
two draws 

! , > event of petting black, black in the first 
two draws. 

ж, CC. 1 
Eten. PIE. Я 
4 " 


2. Total Conditional Probability and Bayes’ Theorem 


Recap of Facts and Formulae 


езһаомте events amd A ту ал eem winch takes piao 
ih Corgurcton with poy ome of Ё, then She pee hairy 
of the event f, Bappereng wien the eveni А міс» 
Place. is given by 

PLES РАЛ + 


PEJA = — 
E mE РАДЕ 


In case of equiprobabie eventa, 


At, 
RE Ed. 


Y РЕ АТ 


Note NE, А} is calculated after the experiment has 
poseur probatüses. МЕ ес. which дет 
known before rhe experiment urbes plicr are 
calied prier probatisties. 


Selected Solved Examples 


because after drawing the first ball which ts white. the 
ball is not replaced, leaving 1 white ball in 3 balls. 


2 ic 
PLE.) = PW) PRB) = — Li 
tee 3G 


because after drawing the first ball which is white, the 
ball is not replaced, leaving 2 black balls in 3 balls 
ив ЖҰ ЖА 
РЕ РІВ РИ = * жы 
because after drawing the first ball which ts black. 
2 black balls are replaced, leaving 3 black Бай» and 
2 white balls. 


іс, esd 
PE = PUB) РАВ) = — x — = (ав above} 
ce on 


FU 


is Probl 


Clearly. PE) + P(E) + PED + PNE 
UNUM CM кы 
6 8.5. 10 


So E, E, Ez and Е, are exhaustive. Clearly, they are also 


mutually exclusive. 
the required probability 
= P(E) РАВ + P(E: P(B/E2) + РЕЗ). Г(В/Е;) 
+ P(EQ - PBE) x 
Now, P(B/E,) = probability of drawing а black ball 
when white balls are drawn in the first 
two draws ` 


because only 2 black balls are 
left for the next draw. 


P(B/E;) = probability of drawing а black ball 
when white, black balls are drawn in 
the first two draws 


‚ because 3 black balls and 


1 white ball are left. 


P(B/E,) = probability of drawing a black ball 
when black, white balls are drawn in 


the first two draws 
3 
C 

=== (аѕ above). 
С 
‘с, 2 

PE) ті” 

ec, 3 


because after drawing 2 black 
balls in the first draw there are 
4 black balls and 2 white balls 
for the next draw. 


from (1), the required probability 


a 8.13 5 3 
6 3 4 5 4 10 3 
141,25 1,28. 
6 4 0 5 0 


2. Three factories A, B and C produce the same product. 
The factory A produces twice as many as B produces 
while the factories B and C produce in the same 
quantity. It is known that 2% of the products of A as 
well as C are defective while 4% of the products of B 
are defective. АП the products of the three factories are 
stocked together. If a product is selected at random 
from the stock, what is the probability that the product 
is defective? 


Let A, B and C produce 2n, п and n products. 


wis Plus ve HT Mathematics 


Let Е, = event of a product being Produceg ata 
E, = event of a product being Produceq Ef 
„= event of a product being Produced te 


2n 


P(ED- 


n 


Ей” = 


2 
2n«n«n 2 
i 
2n«n«n 4 
1 
P(E = 4 ° 


Also, P(D/E,) = probability of a product being 
defective when produced at A 


RUM 
100 50. 
А 4 
Similarly, P(D/E2) = 100 = 25 
2 1 
РО = 355 = 50° 
£) + PIE) + P(E) e 14.141. 
As P(E,) + P(E2) (Е) = *4*47l 


events E,, Е, E; are exhaustive. 
Also, they are mutually exclusive. 
The probability that the product is defective 
= P(E)) - P(D/E,) + Р(Ез) · P(D/E2) + P(E3) - Ву) - 
ME 
2 50 
1 1 1 1 


7100 * 100 * 200 40 


3. А lot contains 20 articles. The probability that the lot 
contains exactly 2 defective articles is 04 and lle - 


probability that the lot contains exactly 3 defective 


T 
articles is 0.6. Articles are drawn from the et 
random one by one without replacement and teste 


till all the defective articles are found. What is tt 


1% 
probability that the testing procedure ends at the 
testing? 

Let .E, = event of containing exactly 2 defective 
articles 
ive 
E, = event of containing exactly 3 defectiv 
articles 
ective at the 


Е = event of getting the last def 
12th testing. 


=0.6 
From the question, P(E;) = 0.4 and P(E3) = 0 
P(E) + P(E4) = 0.4 + 0.6 = 1. 
So, E, and Е; are exhaustive. 


Also, E, and E, are mutually exclusive. 


Total Conditional Probability and Bayes’ Theorem Р 


the required probability 


P(E) = P(E2) - Р(Е/Е + P(E) P(E/E,) а) 
m (E/E) = probability of Betting one defective and 
10 nondefectives in the first 11 draws 
and the last defective in the 12th draw 
Ех Ou 
= x 
эс 


18! 1191 1 
210181" 201 х5 


I^ 


11х91 n 
×» 
20x19 9 190 


P(E/Es) = probability of getting two defectives and : 
9 nondefectives in the first 11 draws and 
the last defective in the 12th draw 


* x "Cy 1 
= 
жс, 9 
ЗЕЕ 
E: 918! 20! 
 35*11x10x9 1 1 
= 20х19х18 9 228" 
by (1), the required probability 
2 it 3. ue 
5" 190 5 228 


1 
xc 
9 


ЫШКЫ лу m. 45 . 9 
75 las 7) 5 1900 1900” 


4. A card from a pack of 52 cards is lost. From the 
remaining cards of the pack two cards are drawn and 
are found to be spades. Find the probability of the 
missing card to be a spade. 


Let Е, = event of losing а card from spades 
E, = event of losing a card from hearts 
Е, = event of losing a card from diamonds 
E, = event of losing a card from clubs 
and Е = event of drawing 2 spades from the remaining 


cards. 


Clearly, py = С 13 _1. pip у= PED) = 
y МЕ = c, TI P(E) = P(Ep) = (Ес). 


ЕЕ, Ер and Ес are exhaustive and they are also 
Mutually exclusive. 


P(E/E ;) = probability of drawing 2 spades when 
one spade is missing 2 


„с 12-11 2 6 
“С; 2 


751.50 1275 


I(E/Ey) = probability of drawing 2 spades when 
one heart is missing 


OEE 2 ae 
sc, 2 5150. 1275 ` 
Similarly, P(E/Ep) = AA 
y, P(E/Ep) = Р(Е/Ес) = Tz ° 


We have to find Р(Е;/Е), i.e., the probability of the 


missing card being spade when the two cards drawn are 
spades. 


By Bayes' theorem, 


P(Es/E)= (Es): PLE/E ) 


P(Es) + P(E/Es) + PE p) - P(E/Ey)) 


+ P(Ep) - P(E/Ep) + Р(Ес) - P(E/E) 


150667 
Е 4 1275 
16 1 78 1 987 1 78 
4`1275 4 1275 4 1275 4 1275 
v 66 66 n 


6678478478 300 50` 


5. In a test, an examinee either guesses or copies or knows 
the answer to a multiple-choice question with four 
choices, only one answer being correct. ' he probability 


21 
that he makes a guess is 3 and the probability that he 
; std 
copies the answer is г. The probability that his answer 


is correct, given that he copies it, is 1. Find the 


probability that he knew the answer to the question, 
given that he correctly answers it. 


Let С = the event of answering by guess work 
С = the event of answering by copying 
К = the event of answering by knowing 


A = the event of answering correctly. 
1 1 
From the question, P(G) = =, PO =g: 


As the question is answered by either guessing or 
copying or knowing, 


151.21 
Р®=1-3-5=5° 
Now, P(A/G) = probability of answering correctly by 
guessing 


z i (^ there are 4 choices and only one 


of them is correct] 


Problems 


PLASC) = probability of answering correctly by 


copying 
1 : 

== (given) 
а Giver 


PLA/K) = probability of answering correctly by 
knowing 
=1 бу if he knows he certainly 
answers correctly). 
We have to find РКА З, i.e., the probability that he knew 
when he answered correctly. 
By Bayes’ theorem, 
P(K)- МАЮ 
РКЈА) = — 
PG) - РАЮ) + РС) - МАЮ) + РК. P(A/K) 


10 
3 2 
ENTE 
347582 
1 1 
2 2 
p m СП 
12 ' 45.2 48 
.2 
729 


6. A speaks truth 3 times out of 4 while B, 7 times out of 
10. A ball is drawn at random from a bag containing 
one black ball and five other balls of different colours. 
Both A and B report that a black ball has been drawn 
from the bag. Find the probability of their assertion 
being true? 

Let B = the event of a black ball drawn from the bag 

T = the event of both А and B speaking truth 


L = the event of both A and B speaking lies. 


1 = 1 5 
Clearly, P(B) = тапа Р(В)=1 Es 


Obviously, B and B are exhaustive and mutually 
exclusive. 
Now, Р(Т/В) = probability of both telling truth when a 
black ball is drawn 
3 7 


4710 


(.- probability of А telling truth -i 


probability of B telling truth = ЕЛ 


P(L/B) = probability of both telling lies when a 
black ball is not drawn 
Е 74 13 


Нр Ла, 
1717104 10 


Plus in ИТ Mats 


> ШЭ di Sawa _ 


have to find Pt B/T), i.e., the probabili 


Wel 
ball was drawn when they spoke truth. ty М. Я 
Ву Bayes’ theorem, 
P(B) - P(T/B) 
B/D =. ERS 
РАВ) - PCT/B) + PCB) - РАВ) 
L8 7 
= 6 4 10 
ER 
6 4 10^ 6 4 10 
21 921. 7 


21:15 36 12^ 


7. In a bag there are six balls of unknown colours, 
balls are drawn at random and found to be ES 
Find the probability that no black ball is left in th 
(Or Find the probability that the bag contained eb; 


3 black balls.) бау | 


Let Ез = the event of the bag containing 3 black bals 
and 3 balls of other colours 


E, = the event of the bag containing 4 black balls 
and 2 balls of other colours 


Е; = the event of the bag containing 5 black balls 
and 1 ball of another colour 


E, = the event of the bag containing 6 black balls 


Clearly they are equally probable and по other 
possibilities exist as 3 balls drawn at random are blak 
means the bag has at least 3 black balls. 


1 2 
P(E,) = P(E2) = Р(Ез) = P(E) = 4 (С. their sum=1). 


Let B - the event of drawing 3 black balls. 
Now, P(B/E;) = probability of drawing 3 black balls 


when E, happens 
а 
с, 20 


4c. 
"BEC 3 
Similarly, P(B/E,) = — = 
$c. 
C, 1 
айыу a 
C; 

6 


С; 
Р(В/Е,)= — = 1. 


C. 
з = Qj 


The bag will contain no black balls after dra! 
balls if B took place in conjunction with E» 


So, we have to find Р(Ез/В). 
By Bayes' theorem for equiprobable events, 


p и МАЕ 


Total Conditional Probability and Bayes’ Theorem ел 
P(B/E 
т ugs nere ТЫ қ 
3 4) + P(B/E,) + P(B/E,) s 30 
Similarly, Pi = 
їл, 1 ilarly, P(E, /W) 755174 
< 20 .2 1 84 30 33 1 
ЕТ! 35 
^M RE WO ING x em 
730° 909 909 
р 2 
g. An um contains 6 black balls and unknown number P(E; /W) = 33 
(<6) of white balls. Three balls are drawn successively sue 1 401254 
and not replaced and are all found to be white. Prove 84° 30°33" 11 
e that a black i i 
that the chanc a black ball will be drawn in the 2 66x70 280 


577 
next draw 15 909 ^ 


Clearly, the urn contains at least 3 white balls. 
Let Ез = the event of the urn containing 6 black 
balls and 3 white balls 
E, - the event of the urn containing 6 black 
balls and 4 white balls 
E; - the event of the urn containing 6 black 
balls and 5 white balls 
E, = the event of the urn containing 6 black 
balls and 6 white balls. 
Each of E, Ey Es, E, are equiprobable and they are 
exhaustive. 


Now, P(W/E;) = probability of 3 balls drawn being 
white in case of E; 


Similarly, P(W/E,) = = = x 
3 


by Bayes' theorem for equiprobable events, 


PE/W)- P(W/E3) 
P(W/E3) + P(W/E,) + POW/ES) + P(W/E«) 
d 
84 


1 
REM = 271 
ва 30 B n 
1 66x70 420 140 


Let B = the event of drawing a black ball in the next 
draw. 


Now, the ball in the next draw may be black after the 3 
white balls were drawn from the bag containing 6 black 
and 3 white balls. Its probability is 
P(E; /W) - PIBE; /W)), etc. 
. bythetheorem on total conditional probability, 
P(B) = P(E, /W)- РІВДЕз /W)} 
+ P(E, /W) - PIBAE, /W)} 
+ P(E; /W) - P(BAEs /W)} 
+ P(E, /W)+ PIBAEs/W} 2... 0) 
Now, P{B/{E; /W)) = the probability of drawing 1 black 


in case of Еу when 3 whites are 
already drawn 


PIBKE, /W)) = 
1 
5с, 3 

РІВДЕ, /W) = — 72 
с, 


2 
PEN WI. 5% 


. using (1), 


= (55 + 132 + 210 + 280) = E - 


REX Problems Plus В 


3. A purse contains 5 coins, each either a fifty-paisa coin 
от one-rupee coin. Two coins are drawn at random and 
are found to be one-rupee coins. Find the expected 
(probable) total value of the remaining coins. 

Clearly. at least two of the coins are one-rupee coins. Let 

r stand for one-rupec coin and f stand for fifty-paisa 


coin 


2 


Let Е. = the event of the purse containing 2r and 3r. 
Е. = the event of the purse containing 3r and 25; etc. 
Clearly, the events are Ғ., E. E, and Ез, and they are 


equally probable. 


1 
PE) = P(E) = PLE = РЕЗ) = 
Also E, E, E, and Е; are exhaustive and mutually 
exclusive. 
Now, P(E/E-) = probability of drawing two 
one-rupee coins when E; happens 


С, 1 
<. 10 
{ С 3 
Similarly, P(E/E.) = —- — 
% 5% 10 
4 
22D. 2 
РЕ) = 2-10 75 
3c, 
Р(Е/Е)-----1. 
°C 


Now, P(E, / Е) = probability of the purse containing 2r 
and 3^ when 2r are drawn, etc. 


By Bayes' theorem for equiprobable events, 


E/E Р(Е/Е,) 
INE; ) = МЕЛ) + PEE + РЕ 
ЕЛЕ») + PEE) + PEE) 
з Tp 
1 4 (E/E 
- 19 = лойт 
1,2,3,, = 
10 10 5 
3 
10 2 
Similarly, Р(Е; (Е) = 1 AES 
; 2.241 
1071075 
23-1043 
10 20 20 
3 
P(E, /E)= 5 -3,0 3 
42,3 3 1: 522080. 
10 10 5 
1 10 1 
./E)- 22091: 
РЕ, /Е) 1.3.3735 
107105" 


the expected total value of the remaining coins 
= P(E,/E) - (value of 3f) 
+ P(E,/E)- (value of 1r and 2f) 
+ P(E,/E) - (value of 2r and 1f) 
+ P(E;/E) - (value of 3r) 


1 ec. 3 shi 
= 5 (5 150) + 50 (Rs 2) + 15 (Rs 250) + 5 (83) 


d dix ps mq 

іе? 20471072 2) 

з 3 3,5 5 
Е 3.,2,3|- р 2625 
Fs is *19*2*2) ч 


Exercises 


1. There are two bags, one of which contains three black 
and four white balls while the other contains four 
black and three white balls. A dice is cast. If the face 1 
or 3 turns up, a ball is taken out from the first bag. But 
if any other face turns up, a ball is taken from the 
second Бар. Find the probability of getting a black 
ball. 

2. Three urns contain 2 white and 3 black balls, 3 white 
and 2 black balls; and 4 white and 1 black ball 
respectively. A ball is drawn from ап urn chosen at 
random. What is the probability that а white ball is 
drawn И the choices of urns аге equiprobable? 


3. An um contains two balls each of which веш 
or black. A white ball is added to the шт. e] 
probability of drawing a white ball from the um prei 

4. The probability that a certain electronic сом 
fails when first used is 0.10. If it does 
immediately, the probability that 
is 0.99. What is the probability that a new 
will last one year? Е 

5. A factory А produces 10% defective 
another factory B produces 20% 
bag contains 4 valves of factory 
factory B. If two valves are drawn 


ро. 


valve 


А and 5 V 
dom fro? 


atran 


not 
it lasts for 016 yl 


n 
defective anad 


Total i i 
Conditional Probability and Bayes' Theorem dn 


pag find the probability that 
defective. 
в An unbiased coin is tossed. If the 
pair of unbiased dice is rolled 


obtained by adding the numbers sh а 
; od. If the result is Own on them is 


note а tail, a card froma well- 
pack of eleven cards numbered 2, У ita heiss 


picked and the number of the card is noted What i 
the chance that the noted number is either Tar 8? и 
A bolt factory has three machines A, B and C 
" manufacturing respectively 25%, 35% and 40% of the 
total production. Of these the machines produce 5%, 
1% and 2% defective bolts respectively. A bolt is 
selected at random and it is found to be defective. 
Find the probability that it was manufactured by the 
machine (a) A (b) B (c) C. 

$. There are three bags each containing 5 white and 2 

plack balls. Also, there are 2 bags each containing 1 

white and 4 black balls. A ball is drawn at random 

from a bag and it is found to be black. What is the 
chance that the black ball came from the first group? 

A can hit а target 4 times in 5 shots; B can hit 3 times 

in 4 shots and C twice іп 3 shots. They fire once each. 

If two of them hit, what is the chance that C has 

missed it? 

10. A bag contains 5 balls of unknown colours. A ball is 
drawn and replaced twice. On each occasion it is 
found to be red. Again, two balls are drawn at a time. 
What is the probability of both the balls being red? 

11. A letter is known to have come from either 
MAHARASIRA ог MADRAS. On the postmark only 
consecutive letters RA can be read clearly. What is 
the chance that the letter came from MAHARASTRA? 

12. А bag contains 10 coins of which at least 2 are 
one-rupee coins. Two coins are drawn and both are 
found to be not one-rupee coins. What is the probability 
of the bag to contain exactly 2 one-rupee coins? 


13. A man has three coins A, B, C. The coin A is 
unbiased. The probability that a head will show 


at least one valve is 


Tesult is a head, a 
and the number 


- 


Я s Wr uc 
when B is tossed is 3 while it is з in case of the coin C 


A coin is chosen at random and tossed 3 times giving 2 
heads and 1 ta'l. Find the probability that the coin A 
was chosen. 


14. A person goes to office either by car, scooter, bus ог 
2 


train and the probabilities of these are 1, 3 ‚тапа 
4 4 


1 
7 respectively. The probability that he reaches office 


late if he takes car, scooter, bus or train is 2, 1 , i or 
Ж. е 

F Given that he reached office in time, find the 
probability that he travelled by a car. 


Objective Questions 
Fill in the blanks. 


15. The probability that in a year of the 22nd century, 
chosen at random there will be 53 Sundays, is 


16. There are two bags X and Y; X contains 3 white balls 
and 2 black balls, and Y contains 2 white balls and 
4 black balls. A bag and a ball out of that bag are 
picked at random. The probability that the ball is 
white, is 


17. There are two coupons each with a word written on 
them. On one of them the word РАТМА is written 
and on the other PLATE. A coupon is taken at 
random and 3 letters are selected at random from 
the letters of the word on the coupon. The 
probability that the selection contains two vowels, is 

18. Two persons X and Y throw two dice each. The 
probability that Y throws a sum greater than X is 

when it is known that X throws a sum of at 


least 8. 
Answers 
11 > 1 9 1 
Lx 23 3.2 £0891 12.5 13.55 14; 
5 7 51 
5. 029 193 ыз ox 15. > 16.-= TI 
6. — 7. (а) 69 ) 69 69 28 15 19 
15 10 17 
27-2 6 377 18. — 
43 9. 13 10. 550 19 108 


ша 


we 


уге 
Ач У" 


= 


ы 


> 


n 


> 


Total Conditional Protability and Bayes! Theorem 


Chapter Test 


Time: 75 rests 


3 black balls, A d 3 balis at random fom $t. He Éen 
drops 3 red balls into the i i ue 


bag and again draws out 3 balls at random. What is бе daro 
that the latter 3 balls will be of different colours? 


A bag contains n coins of unknown values, A coin is drawn at random and itis бошай whe 

a rupee. What is the chance that it is the only rupee coin in the bag? 

Ina city filmland there are 3 male superstars and 3 female superstars. A Girector decies to 

make a film with 3 superstars. If the film has 2 male superstars and 1 female spentar, Se 

chance of the film to be a hit is + while the chance is 2 Н there ace 1 male and 2 тас 
2 

superstars. If the 3 superstars are from the same sex, бе chance of te fim being 2 hit is 

2 E 2 

15 "At the time of making the film, only 3 superstars are available tosign ix Ge fim Hie 

director takes them all then what is the probability of his Был being а i? 

Three groups А, B and C are competing for positions on the Еселі of Dietes of a 

company. The probabilities of their winning are 05, 03 and 02 mspeczyey The 

probabilities of introducing a new product На particular ртотр wins аге respectively 07, 

0.6 and 0.5. Find the probability that a new product will be introduced. 

A purse containing 16 notes, four each of denominations Rs 10, Rs 20, £s 52 ad Fs ИЮ, is 

left on a table. A maid servant steals two of the notes. After that the man takes ont two 

notes at random from the purse and finds that they amount to Rs XD. What is Se 

probability that an amount of Rs 200 was stolen by the maid servant fom his posse? 

An urn containing 6 white balls and 4 black balls. A ball is drawn at random and is рш 

back into the urn along with 5 balls of the same colour as that of the ball drawn. A ball is 

drawn again at random. What is the probability that the ball drawn now is white? 

A bag contains p white and q red balls. m(m < p, m < д) balls are drawn from the hag one by 

one without replacement. Prove that the probability of the mth ball being red is <= . 


> А box contains N coins, m of which are fair and the rest are biased. The probability of 


getting a head when a biased coin is tossed is $- A coin is drawn at random from the box 


and tossed twice. The first time it shows head and the second time it shows tail What is 
the probability that the coin drawn is fair? 


For a student to qualify, he must pass at least two out of three examinations. The 
probability that he will pass the first examination is p. If he fails in one of the examinations 


then the probability of his passing the next examination is 5. otherwise it remains the 
same. Find the probability that he will qualify. 


a 


ғғ 


i Problems Plus in IIT Mathematics 


Answers 

1. Ея 2. 2 
100 n(n +1) 
103 

3: = 4. 0.63 
300 
1 3 

5. 51 63 

8 9m Rer 

> 2p^-p 
т%8М 9.2p" =} 


T. Integrated Thats 


Unstruetlon АШПА hi sot in bun hiis) 


Sel A 


ЖАШ in the blanka in each of the following во that the емин statement becomea (rie 


(a) ‘The number of dissimilar terms in the expanslon of (a + 2h rc)" ja 


coeltfieient o£ a^ b * e? ja 


= ly 
(b) The value of | o а 
| yı Vi 
(c) Let Үү ШЕТІН Xm ы? ' 
с КО = e) ! '} : % , ۴ ? 
ete ug i, Киа) and [a b e] #2, Then ініне. № 
termes Of r, а, b and с, 


(d) И Тохи 4 Oniny - 


and (he 


А 9 
sin А = 20 then the number of solutions of the equation. ds 


9 Бас | ў Ag 
12 Each of the following has a number af alternative answers of which one or more are 
correct, Choose the correct answer(s), 


(a) An ordinary coin is tossed p timen, Ithe probability of getting 7 heads ів equal to that 
of 9 heads then the probability of petting 2 heads ts 
И) 


15 2 E 
» 9n B, 15 ‘ Uy D, none of these 


(b) Га normal to the parabola y? = дих makes an angle y with Hs axis then it will eut the 
curve again at an angle 


D ur fl 
AT B. tan (Шап y) C. tan Е tan v) D, none of these 
(c) If f (x) = [tan ?x], where [y] Is the greatest Integer function then 
A. lim f(x) does not exist ІҺ f (x) là continuous at x = 0 
XU 
C, f (x) is not differentiable at x = 0 D, f/^(0) =1 
(d) If ay, ау, ay, oe, пу are positive numbers In AP whose common difference In d and 
п 
= У n, then 
kel 
Mun NI res tcu meee 
Avs, 20° Va; + (п = 1)dn Bape ТЕПН 
" -»---- 
C. X da Maye tg va” Ay en 12, none of these 
hel Uk 


4 "| ; 
(о) Ги; Yr); ra |, 2, 3, tee ің ü pequence of points on the eurve у "x. Nhe tangent м P 
cuts the curve again at P, , , for alli e. N, Then у, yy yy ore are in 
АТАР В. СР C. ИР D. none of these 
T-3 


e commun мй 


Fh үк ЙТ Martem 


тілек 


алмай =>? 
аа аға P ane perpendicular to 


LA Dec D АСИ that т $ 

gmake t.) 7€. 5s Powe that the medians tot 
ви 9 АН 4 7” 
(act other 


к 
Jecf- orig 
tomm- 8 cutters an angle ot 1 at the ongin. Find 


Share of чес “7 
із аъла АЁ FF 
É “гр лт сї Dre AX cms Are the chond АК 
алых €x e ni х= A xw Ux € 
PETAR xv 5 = n | 
» : k- = - M7 eT 
stew ek =! | ^ = | 
А = Kor > xar t | 
жазғай = -— £8 m °» №“ + ¥ 1! 
т Ня ^ 
» Als fed the mman ing factor 


gist ра а бА 2 
2 кесе aî кк < А с^ the boundary of a circular field 
iacent aî y А у 


ете Фа т? 

еке а XE 

2% $ the field reach g the farthest 
pete ben cung 


g7 а horse 
те ce o— 


ur FON pO The Met cam &7а7 < = 
теге Kon Фе ОА те be сат — В LAOE = @ prove that 
dtm - E i 
- ұз Pese that at maot wo points with rational 
< m тыла ёк сеге Єх 
Ls Lar bw асч сеси watt 
cmi cx € мот COP S. 
ses wx made at random with the digits 0, 1, 2, 3, 4 


15 А шім ct x cages whee 5 t 

Whats te cane >ы meaner of mem ЖУ | | 
у Tesuph the poe L Q having the differential equation 
` irant bounded by C, and the lines 


ғой he асте et Oe SE Ч 


red yemTamio 


wherea ci «b, acu «b 


» 
Роем", 


A | 
Lit a Prowe that y^ > 24 =: defines a эше valued function y = fü) 
к | 
[^ IS dae tien scopis ай агана andi а чаршы 
е م م‎ | à 
in terms of 4, b and c is given by 


inclined wat: the hee УСК Prove that 1 
mE 


“42 2× мет any real number е 0 


- всех 
хе! = 


е > е} 


Set B 


23 Fili the blank in aach of бе following so thatthe resulting sentence becomes US 

ќа) Aducontinanus fonction y « Го eatisfying 3? + у* = 4is given By —— . 

(5) An elipse has ОБ as the seminsimor axis F and F“ are its foci and the angle FBF isa 
right angie The eccentriciry of the «рэе 15 _ ke 
to) A dice is thrown 3 times and the sum of the three numbers shown is 15. Then 

probability of the Erst throw beng fout is om 


(d) isin û 2.22 <0 < За then sin = — 
22 Each of the following has à number of altermatve answers ізі which one or more a 
correct. Choose the correct answert:) 


(а) The number of positive rc 
e roots of the " 
equation xe" 2 falling in the interval (0, 1) is 


А. опе Biwo С 
.zero 
асам y TERRITI 2 D. infinite 
i. 22 a вы Dae is equal to 
Аха! , 
B fri Cr 
D. none of these 


Н-П e ein TL 
-0,v-0 
then the function f(x) is 
A. continuous and monotonic increasing everywhere 
B. continuous and differentiable everywhere 
C. nondifferentiable and monotonic everywhere 
D. differentiable and monotonic everywhere 
(d) If x € 10, 1] then the minimum value of v + x + Lis 
3 
A. 4 B.1 C3 D none of these 
(e) The point on the parabola x? = 4ay which is nearest to the circle 
х? зу? 24ах + 1282 = 0,15 


А. (-4a, 4а) В. (2a, а) C. (4и, 4а) D none of these 


23 If tan O = тап ¢, m > 1 then prove that ап = 9)! sa. 
um 
1 1 я 2" cos(n = Lr - cos ит 
24 Prove, by induction, that | MM dx » 22, fot all n e М 
v 1-cost 
1, 2 ”- > + 
2.5 For what real а, the graph of the function һа E аты = 2 is always 
x3 8x + 


below the x-axis? 
26 Let f be a differentiable function satisfying f(r + у) = fix) + figs and fixi 3 for ай 
x e R. M f(x) = x? g(x) then find go. 


a 
2.7 Prove that X. (п - kycos ŽE = ~ у, where n 2 3 is an integer 


ket 
28 If Р. qand rare noncoplanar vectors, prove that 
o © at ati 
| den 
gar Быр рх A "PPP qe raj 
Ip; e$ nb 
29 - ABC is inscribed in a circle of radius r M AB = AC and b а the altitude from A to BC 
then write the perime Aer P of the АВС as a function of ала! Also nd 
ат ДАВС} 
lim SEES. 
h-9 , 
E coefticents. 
2.10 Let к ekle зен ея jer 
If the points А and B represent + амі г АХ š Argar : Pus 
on where O i the grigio hen paree bt pisi 1) 


QA = OB, Z АОВ = сія 


Problems Plus in UT Mathematics 


a 
Tan xd n 
ixi Seg 


231 Ке) (1 + ізін хі?) TE 


Ь,х=0 
lan 2 
un л 
"n з eret 
6 


Determine а and b such that fis continuous at x = 0. 


1 — M 
212 Evaluate Í , ex Nr +х+1 dx. 


Set С 


3.1 In each of the following, fill in the blank so that the sentence becomes true. 
(a) The straight line joining the points (0, 3) and (5, -2) is a tangent to the curve 


Йс= 


у= 
E ea.. 


(b) The range of the function f(x) = 4х2 12x, хе [-1, 3] is 
(c) Two vertices of an equilateral triangle are (-1, 0) and (1, 0) and its third vertex lies 

above the x-axis. The equation of the circumcircle of the triangle is 
(d) From a group of 10 doctors, 8 engineers and 7 lecturers, a man unknown to their 


status makes a selection of 8 persons. The probability that in his selection there are at 
if no distinction is made 


least two doctors, two engineers and 1 lecturer, is 


between persons of the same profession. 
32 In each of the following, alternative answers are given. Choose the correct answer(s). 


(а) The number of solutions of the equation 12cos *x — 7cos 2x +4605 х=9 is 
A. zero В. two C. infinite D. none of these 


(b) lf x” + pz + gisan integer for all integral values of x then 
A. pisa fraction and 4 is an integer B.p and 4 both must be integers 
D. none of these 


C. p and g both are fractions 
^^ ^ ^ ^ ^ 2 
{© Ez, b are unit vectors then (а x b) + (a - b)" is equal to 
A.0 B.1 C- D. none of these 


bag B contains 4 white and 5 red 


(d) The bag A contains 2 white and 3 red balls and the 
selected bag. It is found to be 


balls. One ball is drawn at random from a randomly 
red. The probability that it was drawn from the bag B is 


Э 5 5 25 
А. В. 16 Cig 5.5 


14 
(е) fiz) is а function of the complex variable 2 such that the remainders are 1 +i and 


1-i when f(z) is divided by z-i and 2+1 respectively. When f(z) is divided by 


2121 the remainder will be 
D. none of these 


A.z-1 8.0 С.2+1 
зи 
33 E +z =x” +x)" = Y, a,x" then find the value of ay + 2, + 4; + 45 —- 
red 


24 India end Australia play & 
for India. What is the largest number of different forecasts for the results in the five 


matches? What is the probability of making wrong forecasts in two of the test ma j 


ve test matches, each match ending in a win or loss ОГ ge 


Integrated Tests 


3.5 Three coterminous e 
5 edges rec 
ibe shortest distance ee rectangular parallelepiped are of | 
‚ the faces of the terminal па diagonal of the paralleleni of lengths a, b and c. Find 
al points of the diagonal, the mre п en oning 
/ Ч meeting the diagonal. 


3.6 Let Aj rz 1,2, 3 
8 1*9) s 4H аге п points i 
и points ona circle of unit radius, Prove that the sum of th 
Stances is not greater than n? EM 


3.7 Circles are inscribed i 
е inscribed in the acute angle made by the pair of li 
Pair of lines V3(x? + у?у- 4ry =0 in 


the first quadrant, If each cj 
; . ch circle touches the nei 
3 ў i 5 the neig ing ci 
has the radius n then find the sum of the radii оГ БЕЛЕ Bes 2 ач 
n such circles. 


3,8 Prove that two parabolas y? 
а Зу = ax and y? = de(x - 4 
y 7 b) cannot have а common no 
rmal other 


than the common axis unless L >2 
mec 77 


3.9 А ПЕ рынша tower is surmounted by a tight cone. From a poi 
ground, e of elevation of the nearest point of the top of ie ме andl oe ‘ e 
4 » ? cti 3 
cone are and 45 respectively, and from a point nearer to the tower bya dant x 


they are respectively 45° and tan `' [3]. Fi i 
y р у and tan Bl Find the height of the top of the cone and the 


diameter of the tower. 
л 


3.10 Prove, by induction, that Г sin "0 - [log(sin Ө)". sin 29 40 = (-1)". —2m9 _ 


MT (т+2)°°! 
where т, п are positive integers. 

3.11 A curve y=f(x) passes through the point P(1, 1). The normal to the curve at P is 
ay -1)+ (х – 1) =0. If the slope of the tangent at any point on the curve is proportional 
to the ordinate of the point, determine the equation of the curve. Also obtain the area 
bounded by the y-axis, the curve and the normal to the curve at P. 

3.12 (a) Find the functions that coincide with their derivatives for all x є К. 

(b) Prove that the function y=f(x), given parametrically by x=sint,y=sink, satisfies 
the differential equation (1- x) f(x) - xf (x) + py (x)=0 where dashes denote 
differentiation wrt. x. 


ТЫР reer ss 
Ere d ell) 


AE 


A ARR 


Rec d: 


aE 


Problems Plus in ИТ Mathematics 


Answers 


SetA 


= 1 ¬ > -» > 
1.1 (а) 91, 27720 x 3° x 2? (b) - + NT NS c (c) 3r ° (a + b + c) (d) O 


1 
12 (а) A (ЫС (с)В (а) A,B,C (e) B 1.5 x? + y? - ax - 2by + 7 (a? +51) =9 


1.6 bex * + cay" + abz і + b(c + a)z 2x + a(b + с)у 222 
+ c(a + b)x ?y? — (b ey? — (c + ay? - (a + 2241 
4 N5 кте V5 + 1 
32., 8. 9. .5 


5 
2х5 1.10 
520 _ 1 


1.9 


Set B 


2.1 (a) f(x) = =x x20; f(x) =-V4—-x2 жеб ©) > © (а) (2345-1 


2.2 (а)А (b)B,C ()A (аув (gc 25 “<-> 
3 پم‎ 
2.6 80) = rx #0 2.9 P = 2(2rlhi + V2rh -h*),0 Sh < 2r эв; 
r 
2 3 6753 5 
2. =~, = — — 
Пани = Nez 212 7 + 15g 108(2 + 13) 
Set C 
a. эр 37-1 
3.1 (a)4 (b) [- 8, 72] (c) x^* y = ту-1=0 (d)—— 
V3 38-1 
3.2 (a)C (b)B (сув (ар (e) C 
33 .4"71 AU 
34 3 Т 
са аЬ bc а 222-4341 (3 1 + 242^" 
35 ==> or - р ВС к= Җи Оа тамо. 
Vc? +а? Va? +6? Vb? + с? 43-1 | шы i 
443-6 
3.9 E 3.11 y =e, (е1) 


3.12 (a) у= ce * 
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